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Abstract: We take a classical result on the interplay between complex and Fourier
analysis in one variable (that the space of bounded holomorphic functions on
the unit disc and the Hardy space on the torus are isomorphic), and extend it to
functions in infinitely many variables. This will present several difficulties that we
sort out.

Resumen: Tomamos un resultado cldsico sobre la interaccién del andlisis complejo
y de Fourier de una variable (que el espacio de funciones holomorfas y acotadas
en el disco y el espacio de Hardy en el toro son isomorfos) y lo extendemos a
funciones en infinitas variables. Esto presenta varias dificultades que deberemos
sortear.
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Hardy spaces and holomorphic functions of infinitely many variables

1. Introduction

LetD = {z € C : |z]| < 1} be the open unit disc and T = {z € C : |z| = 1} its boundary (that we call the
torus). We denote by H_ (ID) the space of bounded holomorphic functions on the disc and by H_ (T) the
Hardy space on the torus (precise definitions are given in section 2). A classical result in analysis states that

H(ID) = Hy(T);

that is: both spaces are isometrically isomorphic as Banach spaces. Our aim in this note is to present an
analogous result for functions of infinitely many variables (or, to be more precise, defined on subsets of
infinite dimensional spaces, see theorem 43). This was done for the first time by Cole and Gamelin [4]. We
follow here a different approach, based in the one given by Defant et al. [5] using results from Rudin [6].
We do it in several steps. First we are going to analyse the proof of the 1-dimensional case, so that we can
transfer it to functions of several complex variables and, finally to infinite dimensional spaces. In order
to achieve this goal we have to face several issues: to find proper analogues to D and T for several and
infinitely many variables, find a good definition of holomorphy in this setting, and to find a device that
allows to extend the results from the finite to the infinite dimensional case. We assume some knowledge of
the basic concepts of complex, harmonic and functional analysis.

2. The 1-dimensional case

As we explained before, we are going to look at the interplay between complex and harmonic analysis,
and all the time we will keep one foot in each side. We begin by defining the spaces we will be dealing
with. First of all, the space of holomorphic functions on D is denoted by H(ID). We consider the following
subspace.

Definition 1. We define the space H,,(ID) = {f: D — C : f is bounded and holomorphic}.

Theorem 2. H_(ID) with the norm
Iflleo = sup [f(2)]

z€eD

is a Banach space.

Proof. Let {f,}ro be a Cauchy sequence in H,(ID). The space C. (D) of bounded continuous functions
on the disc (that obviously contains H,(ID)) is Banach (see, e.g., Cerda’s book [2, Chapter 2]). Then, the
sequence converges uniformly on ID to some bounded continuous f : ID — C. But then {f,}5-, converges
uniformly on the compact subsets of D to the function f, and a straightforward application of Morera’s
theorem (see Stein and Shakarchi’s book [8, Theorem 5.2]) shows that f is holomorphic. L]

Remark 3. 1f Uis an open subset of C, then a function f: U — C is analytic on U if, for every point g, € U,
there exist r > 0 and a sequence {c,};,—o C C which depend on z, such that

(s8]

fl@) = Z cn(z—z0)", foreveryz € (zo+rD) C U,

n=0

where 7, + rD = {z € C : |z — 20| < r}. This is, f admits a power series expansion in a neighbourhood of
each point z;, € U. One of the key results (probably one of the most important ones in complex analysis)
is that every holomorphic function is analytic [8, Theorem 4.4]. In our particular case, that is, on the disc
D, it is known that f : ID — C is holomorphic if and only if there exist coefficients {c, }i—; C C such that

f@) =Y e
n=0

for every z € D. This convergence is, moreover, absolute on D and uniformonrD ={z € C: |z]| < r} for
every0 <r<1.
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This is our main object in the side of complex analysis. Let us explore now the side of harmonic analysis.
On T we consider the normalised Lebesgue measure, and the corresponding space L,(T). This means that,
for each f, the integral has to be understood in the following sense:

1 27 )
(w)d =—f () dr.
Afww 21 ), f(e

If f € Li(T), thenw € T ~ f(w)w™" is again in L;(T) for every n € Z (because [w™"| = 1). Then, we can
define the Fourier coefficients of f in the following way.

Definition 4. Given f € L,(T) and n € Z, the n-th Fourier coefficient is defined as
fny = f Fwyw™ dw,
T

Let us note that
0 oot < [ 17@ywidw = 7l
T
and the operator L,(T) — C defined by f ~ f(n) is continuous. We can now define the second space we

are going to be dealing with.

Definition 5. The Hardy space on the circumference is defined as
H. (T)={f € L(T) : f(n) =0 forn < 0}.
Theorem 6. H_(T) is a closed subspace of L. (T), hence Banach.

Proof. The result follows as a straightforward consequence of the fact that the operator f — f(n) is
continuous. (]

Thus, the goal of this section is to prove that
(2) H(T) = Hy(D)
as Banach spaces. That is: there is an isometric isomorphism between these two spaces.

Remark 7. Let us give the first step towards the proof. Each f € H(T) defines a family of Fourier
coefficients { f(1)}%,, and we may consider the (in principle only formal) power series given by Z‘::O f(n)z".
Note that (recall (1) and the fact that || f||; < ||f]le)

2 1" < Ifllee D) 121" < 00 = 2] < 1.
n=0 n=0

Then, the functiong : D — Cgiven by g(z) = Z:; 0 f(n)z" is well defined and, by remark 3, is holomorphic.

In other words, the operator H,(T) - H(ID) given by f — g(z) = Z::o f(n)z" is well defined. It is an easy
exercise to check that it is linear and injective. The main problem now is to show that in fact it takes values
in H, (D) (that is, the function g defined in this way is bounded) and is surjective.

Our first concern is to show that the function defined by the power series is indeed bounded on D. To do
this, we will reformulate the function in more convenient terms. We bring now our tool for this purpose.

Definition 8. The Poisson kernel p: ID X T — C is defined as

3) p(z,w) = D, wrinlyn,

nez

forzeDand w € T, where z = ru withu = z/|z| € Tand r = |z].
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Hardy spaces and holomorphic functions of infinitely many variables

Remark 9. Let us note that, since |w| = |u| = 1and 0 < r < 1, we have

Do wTrrrhn < Yt =1 42 Z "< oo.

nez nez

Hence, the series in (3) converges (even absolutely) for each fixed w € T and z € D and p is well defined.
Moreover, by the Weierstrass M-test (see Rudin’s book [6, Theorem 7.10]), the series converges uniformly
onrD X T forevery0 <r < 1.

Proposition 10.  The following statements hold:

lw]* — |z
1. p(Z,LU)= W >0 forallw e T and z € D;

2. f p(z, w)dw = 1 for every fixed z € D.
T

Proof.

1. Letw € T and z € D. Observe that

e = 3w = 3 (5)"+ 5 (5

nez n=1 n=0
_wr wo wu(l —r?)
Sa—wrtw—rm_ uw — ru? — rw? + r2wu
1—r? _ 1-r2

1—r2 2 4 p2 1 — ruw — ruw + r2
_ |w|* — |z[* _ JwP -z
w2 —zw—zw + [z [w—z[?

> 0.

2. If we fix z € D, the series in (3) converges uniformly on T. Then, we may change the sum and the
integral as follows:

/P(Z, w) = Z w My dw = Z rinlyn / " du.
T

T nez nez

A straightforward computation shows that

2. .
(4) /W—"dw = / " emmmdw L ifn =0, .
- o 2n 0, ifn#0.

A direct consequence of proposition 10.1 is that p(z, w) is bounded for each fixed z € D. Then, for every

f € L,(T), the function given by w —~ p(z, w)f(w) again belongs to L;(T) and the function P[f]: D - C
given by

me=fmwmww
T

is well defined. In fact, since the series defining p is uniformly convergent on T (for fixed z € D), then

fp(z, w)f(w)dw = _/(Z w‘”r'"'u) (w) dw
T

nez

(f fw)w™" dw) rinly?
nez

= fooyrirlur

nez

(note that this series converges because |f(n)| < ||f]l, 0 < r < 1 and |u| = 1). In this way, we may define an
operator P (that we call Poisson operator) acting on L,(T) by doing f — P[f].
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Remark 11. If f € H_(T), then f(n) = 0 for n < 0 and, for z = ru € D, we have

> fortut = 3 forinut = Y foyret = Y, fne”.
n=0 n=0 n=0

nez

Then, P (restricted to H,(T)) is exactly the operator that we already considered in remark 7. We have

PIfI2) < f bz, W) dw < [1f f 10z, w)] dw = 1fll
T T

and, hence,
(5) sup [P[f1(@)] < [Ifllco-
zeD

This shows that P[ f] is bounded or, in other words, P: H,(T) — H_ (D) is well defined and continuous.

Roughly speaking, what the operator P does is to “extend” functions on T to D. Let us see how this operator
acts on some particularly nice functions.

Remark 12. We begin by considering trigonometric polynomials. There are functions Q : T — C that can
be written as

M
Q(w) = Z ann)
n=N

where q,, € C, N < M € Z. First of all, for each n € Z, taking (4) we have

M M .
A ¢, IfN<n<M,
A = | D) guwiw"dw= )] ckfwk‘” dw=1" =0

T k=N k=N  JT 0 otherwise.

Then, y
P[QI(z) = Y. Qmyr™ur = 3 ¢, rlun,
n=N

nez

This function is continuous on all D and coincides with Q on T.
This, in fact, also happens to every continuous function.
Proposition 13. Let f € C(T). Then, P[f] extends to a continuous function on D which is equal to f on T.

Proof. By the Stone-Weierstrass theorem [6, Chapter 7], there is a sequence of trigonometric polynomials
{Qu}n=o converging to f with the supremum norm || - ||,. As we already observed in remark 12, each P[Q,,]
is continuous on ID. On the other hand, (5) gives

IP[Qn] = PIQm]llco = [IP[Qr — Qulllo < [1Qn — Quallo

for every n and m. This implies that {P[Q,]};L, is a Cauchy sequence in C(ID) and, hence, converges
uniformly to some continuous function F on D. For each w € T we have

F(w) = lim P[Q](w) = lim Q,(w) = f(w). .

One would expect that, whenever a function is defined on D and is restricted to T, then “extending” it to
D with P would give us the original function. We have that, at least if the function is holomorphic on D
and continuous on D, then this is the case. This shows that, when restricted to this space, the operator P is
surjective.

Proposition 14. Let f: D — C be holomorphic on D and continuous on D. Let Jir denote the restriction
of f toT. Then, P[fir] = f onD.
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Hardy spaces and holomorphic functions of infinitely many variables

The last tools we need to prove (2) are some basic concepts of functional analysis related with the weak
topologies. We just recall here what we are going to need later. For a deeper study, the reader is referred
to Brezis’s book [1]. Given a Banach space E, we denote its topological dual by E*, and given x € E
and x € E*, we write (x, x*) := x*(x). For each x* € E*, we consider the function ¢,.: E — C, defined
by ¢,«(x) = (x,x*). Then, the weak topology o(E, E*) on E is the finest topology that makes all the
maps (@) g+ CcONtinuous. A sequence {x,}5-, in E converges to x in the weak topology if and only if
{(x,,, )}, converges to (x, x*) for all x* € E*. Similarly, for each x € E we may consider the function
P, . E* - C defined by ¢,(x*) = (x, x*), and the weak-star (or weak*) topology o(E*, E) is defined as the
finest topology on E* making all the maps (¥, )cg continuous. A sequence {x;;}n-, in E* converges to x*
in the weak* topology if and only if {(x, x};)};—, converges to (x, x*) for all x € E.

Remark 15. A key fact when dealing with weak topologies is the Banach-Alaoglu theorem [1, Theorem 3.16],
by which the closed ball Bg. = {f € E*: ||f]| < 1} is compact in the weak* topology.

Let us also recall that (L,(T))* = L,(T), and the duality is given by

f9 = f fw)g(w) dw
T

for f € L;(T) and g € L, (T). An important fact for us is that, since L,(T) is separable, the closed unit
ball of L (T) is metrizable in the o(L,, L;)-topology [1, Theorem 3.28]. These two facts imply that every
bounded sequence in L (T) has a subsequence that converges in the o(L,, L;)-topology.

We are finally ready to state and prove the main result of this section. Given a function g € H (D), we will
denote by c,(g) the n-th coefficient of its power series expansion centered on 0.

Theorem 16. The Poisson operator P: H,(T) — H, (D) defined as f — P[f] is an isometric isomorphism

so that c,(P[f]) = f(n) forall n € N,.

Proof. From remarks 7 and 11 we already know that it is well defined, continuous and injective. It is only
left, then, to see that it is onto. Let g € H_ (D), and consider its power series expansion (recall remark 3)

(o9

(6) 9@) = D ca(9)",

n=0

which converges absolutely and uniformly on rID for every 0 < r < 1. Now, for each n € N we consider the
function f,, : T — C given by f,(w) = g((1 — 1/n)w). Note that

lfnlleo = sup | fu(w)| = sup |g (1 — 1/m)w) | < sup |g(2)| = ||9||c-
weT weT zeD

Then, {f,}7=; is a bounded sequence in L, (T) that, in view of remark 15, has a subsequence {,, };-, that
converges to some f € L, (T). Notice that ||f]|e, < ||9]le- Our aim now is to see that, in fact, P[f] = g.
First, if n € Z, the weak* convergence implies

00 = [ " dw = (g0 = fim fy ' = lim F (0
T o0 — 00
But, since the series in (6) converges uniformly on T, we have (recall again (4))

fo () = fT @ dw = [ 3,01 - ) wmw

had LY (g) ifn >0,

— _1\m m;,,—n _ (l_n
- Z Cm(g)(l nk) -/[;w w dw_io ,

m=0 ifO > n.

Hence,
cu(g) ifn>0,

f(")z{o if0 > n,
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thus f € H,(T). Moreover, for z € D,

o)

Pflz) = ) f(n)z" = Y en(@)2" = 9(2),
n=0

n=0
and by remark 11 we have ||g|| < ||f]lco- n

We have the result for functions of one variable. Our aim is to extend this to an analogous result in infinitely
many variables. As an intermediate step we have to look at it for functions of several (but finitely many)
variables. We do this in the following section.

3. The N-dimensional case

We want to reproduce in this section the program that we presented in section 2. As there, we have to
keep a foot in the world of holomorphic functions and another foot in the world of Fourier analysis. But
before we proceed we have to define the concepts and spaces that we are going to work with.

Definition 17. Let U be open in CV. A function f: U — C is holomorphic if for every z € U there exists a
unique Vf(z) € CV so that
lim &+ M = fR) = (V@) h) _
im =
h=0 1Al

0,

where (x, y) = Zf\il x;y; for x = (X1, ..., Xn), ¥ = (1, .., Yn) € €N, and h — 0 with the usual topology on
CcN.
Remark 18. Given a holomorphic function f: U C CN - C and fixed N — 1 coordinates, that is,
Ay, e QGjyy Gjypy ey AN € C, then the restricted function g(z) = f(qy, ..., i1, 2> Gjg1 ..., ay) is holomor-
phic in its domain of definition and ¢'(z) = (Vf(ay, ..., Gj_1, 2, @1, - aN))j. Because then
lim I8+ —9R) —g'®@) _,  J@+h) = [R)=-(VIR)h
h—0 |A h—0 Al

wherez = (ay, ..., @j_1, 2, Q11 -+, AN) andh = (0,...,0, h,0, ...,0) with h in the j-th coordinate, and (V f(z), h)
as in the previous definition (not a scalar product). This limit equals 0 since f is holomorphic.

Akey fact of the bounded holomorphic functions space is the following version of the Weierstrass theorem [5,
Theorem 2.4].

Theorem 19. Let (f,), be a sequence of holomorphic functions on rDN that converges uniformly on all
compact subsets of rDN to some f : rDN — C. Then, f is holomorphic.

Following exactly the same proof as in the one-variable case (theorem 2) we have that it is a Banach space.

Theorem 20. H (DV) = {f: DN — C : f is bounded and holomorphic} is a Banach space with the
norm ||f|le = sup_pn |f(2)]-

In the one variable case we had that every holormorphic function is also analytic. This is also true for
finitely many variables, as we shall see in theorem 23. But before we get into that we have to make clear
what it means that a series converges in this context.

Remark 21. If (c;);cs is a family of scalars with I being a countable family of indexes, we say that (c;);s is
summable if there exists s € C (which we call the sum of (¢;);c; and write s = Zie] ¢;) such that for alle > 0
there exists a finite set K, C I such that |s — ZieF ¢;| < € for all finite sets Fy C F C I. This is equivalent to
the following three statements:

1. (Cauchy’s criterion) for all € > 0 there exists a finite set i, C I such that | )]
F C I\F;

¢ < efor all finite sets
ieF
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Hardy spaces and holomorphic functions of infinitely many variables

2. (absolute summability) (|¢;|);er is summable, which equivalently means that sup FCT finite >
in this case ZLEI leil = SUPpr finjee ZieF leil;
3. (unconditional summability) for every bijection o: N — I, Zf;lca(n) converges; in this case

DiierCi = Z:LO:] Co(n)-

Let us fix some notation. A multi-index is an N-tuple & = (e, ..., ay) € NJ. Given such a multi-index and
some z = (z;, ..., zZy) € CN, we denote

ieF |Ci| < 005

=7
A monomial is any mapping of the form z — z<.
Example 22. The first example of power series in N variables is
>z,
aeNy
that converges if and only if |zj| < 1for every j = 1,...,N and, in this case,
N

1
% ==l

aeNy J=1

This follows immediately from the fact that every finite subset of ]Nf)\r is contained in {0, 1, ..., M }N for some

M, that
S =Dl (X )

ae{o,1,...M N

and the formula of the geometric series.
Theorem 23. Let f: DN — C. The following two statements are equivalent:

1. f is holomorphic;
2. there exist coefficients (c,(f ))aeINN c C so that
0

f@= 2, calf)2",
aeNy
for every z € DN.

Moreover, in this case, the convergence is absolute and uniform on each compact set of DN, and the
coefficients are unique and can be computed as

S 4N
Coc(f) f / A+l Lan+l gN d{l
(27‘[1) Gl=e1 Jinl=en S a1+ §QN+
forany 0 < p; < 1and a = (ay, ..., ay) € NY.

Proof. Suppose first that f is holomorphic. Let z = (zy, ..., zy) € DY and choose = (py, ..., py) such that
|zjl < pj < 1forall 1 < j < N. Then, applying N times the Cauchy integral formula for one one variable, we

obtain f(§ 6
12 >
J@= (2m)Nfg| . fg )G —a N

IEnI= PN

But 1/(§ — zj) = z:;-:o zjj/fj 7 , so this can be rewritten as

z ) kN
_ 1
f@= (Zm)N /;1 =p1 */{N =PN (kl =0 k1+1) (kzo 11\€]N+1)f({1,“ S o 4

N=
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Since these series converge uniformly on compact subsets, they commute with the integration and,
therefore,

> S tn) )
f(Z) = ( f { dé’ ) g
klzzo kz (@mi)N [$1l=p1 I$NI=pN k1+1 kN+1 N ! N
So for each a = (ky, ..., k) we can define
f(&, s N
(7) Co{(f) (27‘CI)N f /. k1+11 ) é’N . dé’l
[$11=p1 I$NnI=PN N

and notice that it does not depend on the choice of . With this, we get that f is analytic as

flz)= z c(f)z* forallz € DN

N
a€Ny

and the convergence is absolute (recall remark 21). Let us see that the series converges uniformly in
every K, compact subset of DV. Since DY is open, there exists ¢ > 0 such that (1 + ¢)K C D. Now, given
z = (21,-.,2n) € K, define s(z) = ((1 + €)|zy], .., (1 + ©)|zn]) € [0, 1)V, so z € s(z)DV and, therefore,
{s(z)D" : z € K} is an open cover of K. Hence, there exist zy, ..., z,, € K such that K C U 1s(zJ)ID Then it

is enough to check the uniform convergence on subsets of the form sD" with s € (0, I)N . To see this we
choose = (py, ..., pn) such that s; < p; < 1 for all j and use (7) to get

ag S
ealDIs* < 1l

Since 3\~ s%/p% converges (recall example 22), the Weierstrass M-test [6, Theorem 7.10] implies that
0

EaeN{," c.(f)z* converges uniformly in sDN. Let us assume now that f(z) = Zaewf)\’ b.z* (pointwise) for

every z € DV, Pick some 0 < r < 1 and note that |b,z%| < |ber® --- r®N| for every z € rDN. But the series
2 [bar® -+ r*N| converges (by assumption) and, by the Weierstrass M-test, the series >,  b,z% converges
uniformly on sDY for every 0 < s < r. In particular, the polynomials given by

b,z*
ae{o,1,..,.k}N

converge (as k — oo) uniformly to f on sDV for every 0 < s < r. By theorem 19 we have that f is
holomorphic and bounded on sDY and, since s is arbitrary, f is holomorphic in DV. In particular,

S ) _
celf) =g fg - f; T Sy =

ISNI= PNg N

ddy -+ d¢y = be. n
Be JNN (27‘(1) /Q“I =p1 '/;N| =PN §a1+lm N

Now we move to the Fourier side. Analogously to the one dimensional case, we have to define the Fourier
coefficients and then the Hardy space which we are going to work with.

Definition 24. Given f € L,(TN), for each « € Z" the a-th Fourier coefficient is defined as

f@={ fww*dw.

™™

Just as in (1), we have |f(a)| < ||f]; and the operator L;(TN) — C given by f ~ f(«) is continuous. This
immediately gives the following.

Theorem 25. The Hardy space
Ho(TN) = {f € L(TV) : f(a) = 0 fora ¢ NY'}

is a closed subspace of L (TN) and, therefore, it is a Banach space.
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The goal now is to show that there exists an isometric isomorphism between these two spaces, the space
of holomorphic functions and the Hardy space. For that purpose we define the analogous tool to the one
we used in the one dimensional case:

Definition 26. The N-dimensional Poisson kernel py : DV x TV — C is defined as
N
pn(zw) = [ [ p(zj wy)
j=1

for z € DN and w € TV, where u € TV is given by u; = zj/|z;| and r = (1}, ..., y) by 5 = |z;|, and we write

[e4 a
rlal = fl *--I’Il\]Nl and z = ru.

The absolute convergence of the series defining p(z, w) in (4) gives

pN(Z’ LU) = Z w—O(r|0c|u0(,
aezZN

for every z € DN and w € TV. Also, the series converges uniformly on rD" for every 0 < r < 1.
Proposition 27. The following statements hold:

1. py(z, w) > 0 forevery w € TN and z € DY;

2. f pn(z, w)dw = 1 for every fixed z € DN.
TN

Proof. Both statements follow from the one-dimensional case (proposition 10) and Fubini’s theorem. =

Definition 28. Given f € L,(TYN), we define the N-dimensional Poisson operator for f by the function
By[f]: DN - C given by

mmw=f

T

pn(z, w)f(w)dw = Z Fflayrys,

aezZN

By[f1is well defined for every f € L;(TN) since |f(e)| < ||f]l;, ¥ € [0,1]N and u € TV.
Theorem 29. For each N € N, the N-dimensional Poisson operator

By: Hy(TN) - H_(DN)
is an isometric isomorphism such that c,(By[f]) = f(«) for all « € NY.

Proof. On the one hand, observe that, for f € H,(TV),

®) Rlfl) = D, flwz*

aeNyY

for every z € DN and (recall theorem 23) By[ f] is holomorphic on DV. Moreover, using the properties of
the N-dimensional Poisson kernel (proposition 27), we have that

B[]l < sup f |pn(2Z, w)f(w)] dw < ||f]leo sup f Pn(Z, W) dw = [|f]lco-
™ TN

zeDN zeDN

Therefore, By[ f] € H,, (DY) and the operator By is well defined and continuous such that f(a) = c,(B/[f])
for every f € H,(TN) and « € N}'. The uniqueness of the coefficients shows that the operator defined
is injective. It only remains to see that By is surjective. We take some g € H,,(DV) and, for each n € N,
consider the function defined by f,(u) = g((1 — 1/n)u) for every u € TV, which is in H_(T") and has
Fourier coefficients f,(a) = c,(g)(1 — 1/n)%l. Indeed, since the monomial series expansion of g converges
uniformly on rTY for every 0 < r < 1, we have that

c(@)(1 =1/n)  for « € NY,
0 otherwise.

fn(a)=/ fn(w)w‘“dw={
TN
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Clearly, ||fulleo < l9lle for every n € IN. With exactly the same argument as in remark 15 we can find a
subsequence {f,, };=, which o(L,, L,)-converges to some f € B;_(n)(0, ||g]|-)- As a consequence of the
weak convergence,

ce(g) fora e NV,
0 otherwise.

fla) = f fww *dw = ;im fTank(w)w_“ dw =
TN -

This implies f € H,,(TY). Moreover, by (8) we get By[f1(z) = g, and then || f||c = [9]/co- L]

4. The infinite-dimensional case

We jump now from finitely to infinitely many variables. To do so, we will restrict the problem to finite
variables, we will apply the finite-dimensional theorem and, using some powerful tools, we will go back to
infinitely many variables. We have, then, to face two problems:

* to define a proper setting for our problem in the infinite dimensional setting,

¢ to find tools that allow us to jump from the finite to the infinite dimensional case.

We begin by tackling the first issue: to translate our problem to the setting of infinite dimensions. We start
by defining the main components of our result. Firstly, we need to find a proper substitute for DV. Then,
we need to understand the concept of holomophic function in infinite dimensions. Finally, we define the
Fourier coefficients for infinitely many variables.

As substitute for DY we could think of the unit ball of the Banach space ¢, (the space of bounded
sequences with the supremum norm || - ||). However, this candidate presents some problems, since the
space c,, (of sequences with only finitely many non-zero elements) is not dense in (¢, || - ||). So, we
may choose a “smaller” space: this is going to be the Banach space ¢, = {{z,}5=; € C : lim,_ g, = 0},
and we will consider its unit ball B, as analogous to DN. Recall that the dual space of ¢, is the space
() =6 ={{zplnm C C: 2,010:1 2| < oo}

The analogue to TV will be the infinite dimensional torus T® = {{w,}, : w, € T foreachn € N},
which is a compact space by Tychonoft’s theorem. Also, since T* is a grup with the product coordinate to
coordinate, we are able to work with the Haar measure (see Cohn’s book [3, Chapter 9]).

The definition of holomorphic functions on B, is a particular case of the Fréchet differentiability, which is
valid for any normed space and any open subset.

Definition 30. Let U be an open subset of a normed space X. A function f: U — C is said to be
holomorphic if it is Fréchet differentiable at every x € U, that is, if there exists a continuous linear
functional x* € X* such that
lim L&+ = ) = x*(h) _
im =
h—0 (1Al
In that case we denote the unique x* by df(x), and call it the differential of f at x.

0.

Remark 31. The restriction of every holomorphic function to finite dimensional subspaces is again holo-
morphic. More precisely, given a holomorphic function f: U — C and M an N dimensional subspace of X
with basis ey, ..., ey, then we just take the inclusion iy, : M — X, e; — ip(e;) = b; and consider, for each
2o € U N M, the vector V(f o in)(Zo) = ([df(z0))ine(er)));,_, = ([df(20))(bi)),_,, which is the differential
of fiynm- Indeed,

L G ) = )~ V(o i)k B S G0+ ) = &) = T[4 Gl bh
o Tl Ao Il

In particular, if f : B, — C is a holomorphic function and N € N, the restriction fy : DY — C defined by
NGz zn) = f(zZ, 4,28, 0,0, ...) is holomorphic.

Remark 32. Given a holomorphic function f : DN — C, we may see it as a function on B, (let us denote it
by f) just by adding zeros f(z) = f(zj, ..., Zn» 0, -..), which is holomorphic.
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Theorem 33. The space Hy,(B,)) ={f: B.
sup |f(2)] is a Banach space.

— C : f is holomorphic and bounded} with the norm ||f]| =

0

2€B,

This fundamental fact is a consequence of the following simplified Weierstrass type theorem, a proof of
which can be found in the book of Defant et al. [5, Theorem 2.13].

Theorem 34. Let X be a normed space, and (f,) a bounded sequence in H,(Bx) that converges to
f 1 Bx — C uniformly on each compact subset of By (i.e., with respect to the compact-open topology).
Then, f € Hy,(Bx) and ||flle < sup,, [|falleo-

Before introducing Taylor coefficients, let us fix some notation that will be used frequently throughout this
section. We will write
N = [JNY and z®™ =]z
NeN Nez
When convenient, we will also identify (o, aty, ..., an) with (ay, ay, ..., an, 0,0, ...). Given f € Hoo(BCO) and
N, let fy: DN - C be its restriction, that is, NGz zn) = f(z1 528 0,0, ...). This is a holomorphic
function on DV (see remark 31) and, by theorem 23, can be expanded as a power series

@)Y= 3 calfi)2

aeNy

for every z € DN. This, in principle, provides us a set of coefficients {c,( fN)}oce]NON for each N. But, as a
matter of fact, when we increase the dimension we only add “new” coefficients for the “new” dimensions.
Let us be more precise. If M > N and a € N¥ (that we identify with (a;, ..., oy, 0, ..., 0) € N} and call
again «), then

ca(fn) = ca(fm)-

Indeed, by theorem 23 we have

1 F oo Eans 0,.2)
canUv) =GR f L f o et v 4,
P1 P

N+T 51 SN N+1

and using Cauchy’s integral formula,

27 Froer 00,
o) = gy fm fp e W4

N+ T 51 0N
_ 1 f&, o Ny 0,.0) ~
T riN /ﬁ;T '/I;NT W dy -+ dg; = ca(fiv)-

Then, each function f € H(B,,) defines a unique family of coefficients {c,(f )}a]N(N), that we call Taylor
0
coefficients. In other words, each function f defines a formal power series

f~ 2 ez

ae]N((,]N)

The problem now is that f(z) may not coincide with Y’ c,(f)z®. Toeplitz [9] gave an example of a function
f € Hy(B.,) and a point z € B, for which ] c,(f)z* does not converge. In other words, when we deal
with functions of infinitely many variables, holomorphic and analytic are no longer equivalent. This is a
problem for us, since the proof of the isometry between the spaces, both in the case of one and several
variables (recall theorems 16 and 29) depends heavily on the fact that a holomorphic function has a
representation as a power series.

We now move on to the Fourier part, as we did in the previous sections. Given f € L;(T®) and a € Z™,
we define the a-th Fourier coefficient as

f@) = f Fww dw
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and the Hardy space
Ho(T®) = {f € Loy(T®) : f(a) = 0ifa € Z™ \ NJV}.

Once again, we have that |f(a)| < ||f]|; for every a. We are also going to use the following two facts, the
proof of which can be found, for example, in the book of Defant et al. [5, Chapter 5].

Proposition 35. If f;, f, € L;(T®) are such that f,(a) = f,(«) for every a, then f, = f,.

Definition 36. An analytic trigonometric polynomial is a function Q € L;(T*) of the form

Q= Z agw?.
aeF;N((]N)
F finite
Proposition 37. The set of analytic trigonometric polynomials is dense in L;(T®).

With this we have accomplished the first goal that we stated at the very beginning of this section: to define
a proper setting on which to formulate our problem. So, our goal now is to show that

H(T*) = Hy(B,)

isometrically as Banach spaces. Since we have lost the equivalence between holomorphy and analiticity,
we cannot adapt the proof of the finite-dimensional case, and we have to go a different way. What we are
going to do is to go “down” in each side (holomorphic and harmonic) to N variables, apply the result that
we already know (theorem 29) and then “climb up” again to the infinite dimensional setting.

Ho(T®) ——— Hy(B,)
1+ +
| |
| |
| |
+ +
Hy,(TN) —— H, (DY)

So, we now need to find tools that allow us to go “down” and “up” in each side (this was the second goal
that we stated at the beginning of the section). We start with the holomorphic part. Given f € H,(B,,) and
N € N, by remark 31, fy: DN - C, where NGz - zn) = f(Z1, 928 0,0, ...), is a holomorphic function
on DV, This is the way to go from infinite to finite dimensions. We will use the next theorem (taken from
the book of Defant et al. [5, Theorem 2.21], sometimes known as “Hilbert’s criterion”) to go the opposite
way (that is, to “jump” from finitely to infinitely many variables). But before we need a tiny observation.

Remark 38. 1f g : DN — C is a holomorphic function with g(0) = 0 and |g(u)| < C for every u € DY, then
9 <cC ,
©) lgw)| < lrsr;gvlunl

for each such u. Indeed, for 0 # u € DY, define h: D — D by h(¢) = 1/Cg(¢ - m). Then, the

classical Schwarz’ lemma (see Rudin’s book [7, Theorem 12.2]) yields |h(¢)| < |¢] for all { € D, which for
¢ = max,, |u,| gives our claim.

Theorem 39. Let (ca)aeN(N) C C be so that
0

(10) Z lcoz%| < 0o forevery z € DN and every N € N, and
aeNy

(11 sup sup | Z caz"‘| < 0.
NeN zeDN aeNy

Then, there exists a unique f € H.(B.,) such that c,(f) = c, for every a € ]NSN). Moreover, ||f]|. equals

the supremum in (11).
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Proof. For each N € N we define the function fy : DN — C by
In(@) = Z (%

aeNy

By (10) and (11), this function is in H,,(IDV) (every analytic function on IDV is holomorphic by theorem 23).
Moreover, | fy(z)| < 7 for all z € DN and all N (where 7 is the supremum in (11)); in other words, || fyll < 7
for every N. We look now at these functions as defined on B, (recall remark 32), and our aim is to show
that (fy)n converges uniformly on every compact subset K C B, . We choose then some compact K C B,
and we want to see that (fy)y is uniformly Cauchy on K. We fix z € K and define for 1 < N < M the
holomorphic function (remember that we look to the functions fy as defined on B )

M

fN.M . H D->C by fN‘M(u) = fN(Zl’ vy ZND 0, 0, ) — fM(Zl! 2N U, O, 0, )
n=N+1

Then, fy»(0) = 0 and by (11) we have | fy p(w)| < 3n foru HIX:NH, and hence by (9), for these u,
<3 .
@] <39 max |

Now we pick r € ¢y such that K C {x € ¢y : |zj| < |5 for all j € N} (take r; == sup
taklng u= (ZN+1, aeey ZM)!

ek SUPs |zx|) and then,

|/NE@) = (@] = | fom@Nt -0 20| <37 max  |ny.
N+1<n<M

Using the fact that r € ¢), we obtain that {fy}yen is a Cauchy sequence in H,(B.,) with respect to the
uniform convergence on compact subsets, and then converges to a certain function f that, by theorem 34,
belongs to H,(B,,) and satisfies || f||, < 7. Let us see that c,(f) = c, for all a. Take a € NMando <r<1.
Then (note that ¢, (f) = ¢, for all N > M), if we take N > M,

3 o o 1 & s G 0, .2)
ca—ca<f>—hlrvnca(fN)—h]gn—(zm)M f{ B f{ M-l B
F&o e o0, s“M,o 2 4 _
Finally, we have » < ||f||, since
n=supsup | 3 co2 |—sup sup 1/4(@)] = Il < I e .

N zeDN ae]NN

We move now to the side of Fourier analysis. To begin with, we need a way to go from T*® to TV in a
reasonable way. Given f € L;(T*) and N € N, we define

f[N](w) = f(w, z)dz.
Teo

Recall that H (T*) C L,,(T*) c L;(T*). Let us see that with this definition everything works fine.

Lemma 40. Given f € Lp(T“) with p =1, 0, and N € N, we have the following:

() fin) € Lp(TN), and || finllp < IIfllps
(i) finy(@) = f(a) for every a € Z{';
(iii) if p=1, then fixy — f in L;(T*®); if p = oo, then finj — [ in the w(L, L,)-topology.

Proof. Let us first look at (i). If p = 1, using the monotonicity of the integral together with Fubini’s theorem
f(w,u)du

we have
Wil = f iy ()] dw = f dw < f ( / |f(w,u)|du>dw
™ TN |JTe TN 0

- [ wardwn = [ ir@idz= .
TNXT ©
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If p = o0, recall that

NI

f f(w,u)du s/ |f(w, w)| du
o oo

< f 1l dut < [1flle f du = [|fllo, almost everywhere,

so we have || finjllo < [1fllo-
For the proof of (ii) take « € ZN and f € L,(T*). Then, again by Fubini’s theorem,

Jiny(@) = f ( f(w,u)du)w—adw= f fw, w(w, w)~* d(w, u) = f(a).
TN \JTe TNxTe

We begin the proof of (iii) by considering L,(T®). Let us suppose first that f € L;(T¥) for some k.
Then, a straightforward calculation shows that f; = f for every N > k. In particular, fin; — f for every
fe UkE]N L,(T*), and as an immediate consequence of the density of trigonometric polynomials on L, (T)

(proposition 37), these functions are dense in L, (T®). Now, by (i) for p = 1, the projection L;(T*®) — L,(TN)
given by f — fi is a contraction. Given f € L,(T*) and ¢ > 0, we can take g € UkLl(Tk) such that
llg — flli < &/3 and, by the previous coment, || fin] — ginjlli < €/3. Since gy — g in L;(T), there exists
Ny € N such that ||g;n; — gll; < /3 for every N > N,. Then, for every N > N, we have

vy = fll < Mlfivy = givall + llginy = gl + 119 = flh <&

It is only left to show (iii) for p = co. Given f € L,(T*), we have to show that (fiyy, -) = (f, -) pointwise
on L,;(T*). Using (iii) for L,;(T*), this holds true on the dense subspace L (T*) of L,(T*), and using
(i) for L,,(T), all functionals (f{ny, -) are uniformly bounded on L,(T*); that is, for every h € L,(T*),

[fivpy W< 1 flleolllly-

Then, given h € L;(T*) and € > 0, we can take g € L,(T*) such that ||z — g||; < T Since (fin}, 9) —

(f, 9), there exists N, € N such that [( fiy; — f, g)| < &/2 for every N > N,. Then, for every N > N, we have

[Uinp 1) = (1 < [inp B = @l + (K b= 9)l + (i @) = (F> 9)]
< 2/Ifllllh = gl + Kfiny = fr 9] <e. u

Proposition 41.  Given f € H,(T*) and N € N, we have the following:
(I) fiN] € Hoo(TN)f and ”ﬁN]Hoo < “f”oo’
(i) finy(@) = f(a) for every a € NY';
(i) finy = f in Hy,(T) in the w(L, L,)-topology.
Proof. Tt is a consequence of lemma 40 and the fact that H, (T*) is a closed subspace of L (T). [

Theorem 42. Let {C“}aeN(N) C C. The following are equivalent:
0

(i) there exists f € H,(T*) so that f(a) = c, for every a € ]NSN);

(i) for each N € N, there exists fy € H,(TV) so that fy(a) = c, for every a € NY satisfying
sup || fylle < 0.
NeN

Moreover, in this case |||l = supy [l/nlle-

Proof. Taking fy = fin) in proposition 41 immediately gives that (i) implies (ii) and sup,,_\ [I/nllec =
SUPyen Ifivilleo < (1f lco-

Assume that (ii) holds, consider the sequence {fy}yen as @ bounded sequence in L (T*), and let K =
Supy I1/nlleo- Using remark 15 we can find a subsequence {fy, }ren that o(Ly, L;)-converges to some

[ € Lo(T*) with ||f]| < supy [Ifwll- Take now a € Z®™ and find L > 1 such that a = (a, ..., a1, 0,0...)
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with a; # 0, and some k, such that for all k > k, we have N, > L. As a consequence, we have f,:,k(oc) =Cy
for all k > k,, and therefore

¢y ifae ]N(()]N),

) = ~aqu = i ~a quw = lim fiy, (@) =
flor= [ sawea=fim | oo = fim fy @ =16 THET

Finally, the uniqueness of the Fourier coeffients (proposition 35) shows that fy = fj5) and completes the
proof of the equivalence. n

We finally have at hand everything we need to prove the result we are aiming for.

Theorem 43. There exists a (unique) isometric isomorphism
R, Hyo(T%) —» Hy(B,)

so that c,(P,[f]) = f(a) for every f € H,,(T®) and all a € ]N(()N).

Proof. Our aim now is to define
Poo : HOO(TOO) - Hoo(BCO)V

satisfying our requests. First of all, given f € H,(T*) we consider fiy] € H_(TN) defined in (41), that
satisfies f(a) = ﬁN](oc) for every « € NY. Theorem 29 provides us with gy = P[ finl € H_ (DN) satisfying

fing(@) = c(gn) for all @ € NY and ||gnlle = [lfingllo < [If]lco- Now, for each a € N we consider
¢y = f(a) and, by theorem 29, the family {Cal oo satisfies (10) and (11). Then, by theorem 39, we can
0

find g € H(B,,) with f(@) = cy(g) foralla e ]N(()]N) and ||9|le < ||flleo- In this way, B, is well defined and a
contraction.

Conversely, given g € H,,(B,,), define for each N the function gy € H,,(Dy) as the restriction of g to the
first N variables. Then, again using theorem 29, look at fy = By![gn] € He(TY). Considering this time
¢y = cq(g) foreach o € ]N(()]N) and using theorem 42 we obtain f € H,,(T*) with ||f||c < ||9lle- Finally, the

uniqueness of the Fourier coeffients shows that fiy; = fy for every N and, therefore, B[ f] = g. (]
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