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A b s t r a c t : We study spectral data for pairs (𝐸,𝜑), where 𝐸 → 𝑋 is a vector bundle
over a smooth projective variety and 𝜑∶ 𝐸 → 𝐸 ⊗𝑉 is an endomorphism “twisted”
by another vector bundle 𝑉 → 𝑋, satisfying a commuting condition 𝜑 ∧ 𝜑 = 0.
When 𝑉 = 𝛺1

𝑋 these pairs are known as Higgs bundles, which are intimately related
to linear representations of the fundamental group of 𝑋.

Studying spectral data for this kind of objects consists on describing the fibres
of a certain Hitchin map. In order to do this, we review the construction of the
universal spectral cover and the spectral correspondence given in a recent paper by
Chen and Ngô [2].

R e s u m e n : Realizamos un estudio de los datos espectrales de pares (𝐸,𝜑), donde
𝐸 → 𝑋 es un fibrado vectorial sobre una variedad proyectiva lisa y 𝜑∶ 𝐸 → 𝐸 ⊗ 𝑉
es un endomorfismo “torcido” por otro fibrado vectorial 𝑉 → 𝑋, satisfaciendo una
condición de conmutación 𝜑∧𝜑 = 0. Cuando 𝑉 = 𝛺1

𝑋 estos pares se conocen como
fibrados de Higgs, que están íntimamente relacionados con las representaciones
lineales del grupo fundamental de 𝑋.

Estudiar los datos espectrales para este tipo de objetos consiste en describir las
fibras de una cierta aplicación de Hitchin. Para hacer esto, repasamos la construc-
ción de la cubierta espectral universal y la correspondencia espectral dadas en un
artículo reciente de Chen y Ngô [2].
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Universal spectral covers and the Hitchin map

1 . I n t r o d u c t i o n

Let 𝑘 be an algebraically closed field, 𝑋 a smooth projective variety over 𝑘 and 𝑉 → 𝑋 a rank 𝑟 vector bundle
over 𝑋. We are interested in studying pairs (𝐸,𝜑), with 𝐸 → 𝑋 a rank 𝑛 vector bundle and 𝜑∶ 𝐸 → 𝐸⊗𝑉 an
“endomorphism twisted by 𝑉”, satisfying a commuting condition: 𝜑 ∧ 𝜑 = 0 as a morphism 𝐸 → 𝐸 ⊗ ∧2𝑉.
Locally, this means that 𝜑 can be written as (𝜑1,… ,𝜑𝑟), with [𝜑𝑖,𝜑𝑗] = 0.

A particularly interesting situation occurs when 𝑉 = 𝛺1
𝑋 is the cotangent bundle of 𝑋. In that case we say

that such an (𝐸,𝜑) is a Higgs bundle. These objects were introduced by Hitchin in 1987 [5] in the case that
𝑋 is a Riemann surface, and later generalized by Simpson [6] to Kähler manifolds of higher dimension.

When 𝑘 = ℂ is the field of complex numbers, a theorem of Corlette [3] and Simpson [6] identifies the
moduli space of stable Higgs bundles with the character variety parametrizing irreducible representations
of the fundamental group 𝜋1(𝑋) on GL𝑛(ℂ).

We denote byℳ𝑛,𝑉 the moduli stack of such pairs (𝐸,𝜑), where 𝐸 has rank 𝑛. The Hitchin morphism is
defined as the map

ℎ𝑛,𝑉∶ ℳ𝑛,𝑉 →
𝑛

⨁
𝑖=1

𝐻0(𝑋, 𝑆𝑖𝑉) ∶ (𝐸,𝜑) ↦ (𝜎1(𝜑),… ,𝜎𝑛(𝜑)),

where the 𝜎𝑖(𝜑) are the coefficients of the “characteristic polynomial” of 𝜑,

𝑝𝜑(𝑇) = det(𝑇 − 𝜑) = 𝑇𝑛 +∑𝑛
𝑖=1 𝜎𝑖(𝜑)𝑇

𝑛.

We are interested in studying the fibres of this morphism.

When dim𝑋 = 1 and the twisting bundle is a line bundle 𝑉 = 𝐿, if 𝐿𝑛 is base point free, then for a generic
𝑏 ∈ ⨁𝑛

𝑖=1 (𝑋, 𝐿
𝑖) there exists a smooth spectral curve 𝑌𝑏, with a finite morphism 𝑌𝑏 → 𝑋 such that the fibre

of the Hitchin map over 𝐿 is in correspondence with the Picard group of 𝑌𝑏. This was shown by Hitchin
in 1987 [4] in the case of Higgs bundles (𝐿 = 𝛺1

𝑋) and later generalized by Beauville, Narasimhan and
Ramanan [1] for a general line bundle 𝐿.

In particular, what Hitchin proved in [4] is that the Hitchin map endows the moduli space of stable Higgs
bundles on a Riemann surface of genus 𝑔 ≥ 2 with the structure of an algebraically integrable system.

We seek similar results to that of Beauville-Narasimhan-Ramanan for general values of dim𝑋 and rk 𝑉.

A recent paper by Chen and Ngô [2] has shed some light into this problem, by (among other things)
giving an interpretation of the Hitchin map in terms of “universal spectral data” and a proving a spectral
correspondence for Higgs bundles over projective surfaces.

In this document we review some of the main ideas of Chen and Ngô’s interpretation of the Hitchin map
and the spectral correspondence.

2 . U n i v e r s a l s p e c t r a l d a t a

Let 𝐸 be a 𝑘-vector space of dimension 𝑛. Consider 𝜑1,… ,𝜑𝑟 a family of 𝑟 endomorphisms of 𝐸 that
pairwise commute, that is [𝜑𝑖,𝜑𝑗] = 0. This family generates a 𝑘-algebra 𝐴 = 𝑘[𝜑1,… ,𝜑𝑟]. The evaluation
morphism 𝑘[𝑋1,… ,𝑋𝑟] → 𝐴 ⊂ End𝐸 endows 𝐸with the structure of a 𝑘[𝑋1,… ,𝑋𝑟]-module. Geometrically,
this can be interpreted as a sheaf ℱ over the 𝑟-dimensional affine space �𝑟

𝑘 such that 𝑝∗ℱ = 𝐸, where
𝑝∶ �𝑟

𝑘 → Spec(𝑘) is the natural morphism.

In the particular case where 𝑟 = 1, so 𝐴 = 𝑘[𝜑] for some endomorphism 𝜑∶ 𝐸 → 𝐸, since 𝑘[𝑇] is a PID,
𝐴 can be written as 𝐴 = 𝑘[𝑇]/(𝑚𝜑), where (𝑚𝜑) is the ideal generated by a polynomial 𝑚𝜑 which is by
definition the minimal polynomial of 𝜑. The roots of 𝑚𝜑 are precisely the eigenvalues 𝑥1,… , 𝑥𝑠 ∈ 𝑘 of
𝜑. If 𝐸 = ⨁𝑠

𝑖=1 𝐸𝑖 is the spectral decomposition of 𝐸 associated to 𝜑 and 𝑛𝑖 = dim𝐸𝑖, we can consider
the characteristic polynomial 𝑝𝜑(𝑇) = (𝑇 − 𝑥1)𝑛1 ⋯(𝑇 − 𝑥𝑠)𝑛𝑠. The Cayley-Hamilton theorem asserts that
𝑝𝜑(𝜑) = 0, and thus the minimal polynomial 𝑚𝜑 divides 𝑝𝜑. Geometrically, this implies that the sheaf ℱ is
supported in a closed subscheme of Spec(𝑘[𝑇]/(𝑝𝜑)).
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In the general case of 𝑟 > 1, the ring 𝐴 is of the form 𝑘[𝑋1,… ,𝑋𝑟]/𝐼, for 𝐼 some ideal that in principle can be
generated by several polynomials. However, we can take the primary decomposition of 𝐼, 𝐼 = 𝔪𝛼1

1 ⋯𝔪𝛼𝑠
𝑠 .

This induces a decomposition of 𝐸, 𝐸 = ⨁𝑠
𝑖=1 𝐸𝑖. If we denote 𝑛𝑖 = dim𝐸𝑖, we can consider the ideal

𝐽 = 𝔪𝑛1
1 ⋯𝔪𝑛𝑠

𝑠 . Using the Nakayama lemma, one can prove a generalized version of the Cayley-Hamilton
theorem asserting that 𝐽 ⊆ 𝐼. Geometrically, this means that the sheafℱ is supported in a closed subscheme
of Spec(𝑘[𝑋1,… ,𝑋𝑟]/𝐽).

Therefore, we can associate to the algebra 𝐴 = 𝑘[𝜑1,… ,𝜑𝑟] a formal combination of points of�𝑟
𝑘 sd(𝐴) =

∑𝑠
𝑖=1 𝑛𝑖[𝑥𝑖], with∑

𝑠
𝑖=1 𝑛𝑖 = 𝑛, where 𝑥𝑖 is the point of�𝑟

𝑘 associated to the maximal ideal𝔪𝑖. This formal
combination sd(𝐴) is known as the spectral datum of 𝐴.

The set parametrizing formal combinations of points of�𝑟
𝑘 of length 𝑛 is the symmetric product 𝑆𝑛�𝑟

𝑘 =
(�𝑟 × (𝑛)… ×�𝑟)/𝔖𝑛. A classical theorem ofWeyl shows that there exists a closed embedding

𝜄𝑛,𝑟∶ 𝑆𝑛�𝑟
𝑘 → �(𝑘𝑟 ⊕ 𝑆2𝑘𝑟 ⊕⋯⊕ 𝑆𝑛𝑘𝑟) ∶ ∑𝑛

𝑖=1 [𝑥𝑖] ↦ (𝜎1,… ,𝜎𝑛),

where 𝑆𝑖𝑘𝑟 is the 𝑖-th symmetric product vector space of 𝑘𝑟 and� denotes the functor sending a vector
space over 𝑘 to the associated affine space (regarded as a scheme), that is�(𝑉) = Spec(𝑘[𝑉]). The elements
𝜎𝑖 are defined as

𝜎1 = 𝑥1 +… + 𝑥𝑛, 𝜎2 = 𝑥1𝑥2 + 𝑥1𝑥3 +… + 𝑥𝑛−1𝑥𝑛, … 𝜎𝑛 = 𝑥1⋯𝑥𝑛.

In particular, for 𝑟 = 1 the map 𝜄𝑛,𝑟 is an isomorphism by the Fundamental Theorem on Symmetric
Polynomials.

We can now consider an “universal characteristic polynomial” by defining the map

𝜒𝑛,𝑟∶ �𝑟
𝑘 × 𝑆𝑛�𝑟

𝑘 → �(𝑆𝑛𝑘𝑟) ∶ (𝑥,∑𝑛
𝑖=1 [𝑥𝑖]) ↦ (𝑥 − 𝑥1)⋯ (𝑥 − 𝑥𝑛).

Indeed, note that 𝜒𝑛,𝑟 (𝑥,∑
𝑛
𝑖=1 [𝑥𝑖]) = 𝑥𝑛 − 𝜎1𝑥𝑛−1 + … + (−1)𝑛𝜎𝑛. We define the Cayley scheme as the

0-fibre of this map,
Cayley𝑛(�

𝑟
𝑘) = 𝜒−1𝑛,𝑟(0).

The natural projection 𝑝𝑛,𝑟∶ Cayley𝑛(�
𝑟
𝑘) → 𝑆𝑛�𝑟

𝑘 is called the universal spectral cover.

The following theorem sums up the main properties of this map:

T h e o r e m 1 . The universal spectral cover 𝑝𝑛,𝑟 is finite of degree 𝑛 and generically étale over the set (𝑆𝑛�𝑟
𝑘)′

consisting of multiplicity-free formal combinations. For 𝑎 = ∑𝑠
𝑖=1 𝑛𝑖[𝑥𝑖], we have

𝑝−1𝑛,𝑟(𝑎) = Spec (
𝑘[𝑋1,… ,𝑋𝑟]
𝔪𝑛1

1 ⋯𝔪𝑛𝑠
𝑠
) .

Thus, 𝑝𝑛,𝑟 is flat if and only if 𝑟 = 1 or 𝑛 = 1. Finally, if 𝐴 = 𝑘[𝜑1,… ,𝜑𝑟], the associated sheaf ℱ is
supported in a closed subscheme of 𝑝−1𝑛,𝑟(sd(𝐴)).

The last part of this theorem can be interpreted as a “universal version” of the Cayley-Hamilton theorem.

3 . T h e H i t c h i n m a p

We come back now to the situation of the introduction, where 𝑋 is a smooth projective variety over 𝑘 and
𝑉 → 𝑋 is a rank 𝑟 vector bundle over 𝑋. We can consider now the scheme 𝑆𝑛(𝑉/𝑋), which is the result
of twisting the space 𝑆𝑛�𝑟

𝑘 by the GL𝑟-torsor attached to 𝑉. In other words, 𝑆𝑛(𝑉/𝑋) is a fibre bundle
over 𝑋 with fibre 𝑆𝑛�(𝑉𝑥) over 𝑥 ∈ 𝑋. We denote by ℬ𝑛,𝑉 the set of sections of 𝑆𝑛(𝑉/𝑋). The embedding
𝑆𝑛�𝑟

𝑘 ↪ �(𝑘𝑟 ⊕ 𝑆2𝑘𝑟 ⊕…⊕ 𝑆𝑛𝑘𝑟) induces an embedding 𝜄𝑛,𝑉∶ ℬ𝑛,𝑉 ↪⨁𝑛
𝑖=1𝐻

0(𝑋, 𝑆𝑖𝑉).

It is clear now that this gives a fatorization of the Hitchin morphism as ℎ𝑛,𝑉 = 𝜄𝑛,𝑉 ∘ sd. Therefore, the
problem of studying the fibres of ℎ𝑛,𝑉 is reduced to the problem of studying the fibres of the spectral data
map sd∶ ℳ𝑛,𝑉 → ℬ𝑛,𝑉.
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Consider now a section 𝑏 ∈ ℬ𝑛,𝑉, which is a map 𝑏∶ 𝑋 → 𝑆𝑛(𝑉/𝑋). If we twist the universal spectral cover
by the GL𝑟-torsor attached to 𝑉, we get a map Cayley𝑛(𝑉/𝑋) → 𝑆𝑛(𝑉/𝑋). Taking the fibered product of 𝑏
and this map we get a degree 𝑛 finite morphism 𝜋∶ 𝑌𝑏 → 𝑋 factorizing by an embedding 𝑌𝑏 ↪ 𝑉. This is
the spectral cover. Moreover, if 𝑏 is generically multiplicity free, then 𝜋 is generically étale. However, 𝜋 is
not a flat morphism in general.

Suppose now that (𝐸,𝜑) is a pair with spectral data 𝑏, then the twisted endomorphism 𝜑∶ 𝐸 → 𝐸 ⊗ 𝑉
can be seen as a morphism 𝑉∨ → End𝐸, which induces a morphism 𝑆•𝑉∨ → End𝐸. Since 𝑆•𝑉∨ = 𝑝∗𝒪𝑋,
the previous morphism defines a coherent sheaf ℱ on 𝑉 such that 𝑝∗ℱ = 𝐸. The universal version of the
Cayley-Hamilton theorem implies that the support of ℱ is contained precisely in the spectral cover 𝑌𝑏.
Therefore, we have a correspondence between those pairs (𝐸,𝜑) with spectral data 𝑏 and coherent sheaves
ℒ on 𝑌𝑏 with 𝜋∗ℒ = 𝐸. Moreover, we have the following lemma from commutative algebra:

L e m m a 2 . Let 𝐴 be a regular ring and 𝐵 a finite 𝐴-algebra. Any 𝐵-module 𝑀 is maximal Cohen-Macaulay
over 𝐵 if and only if it is locally free as an 𝐴-module.

This implies the following correspondence:

T h e o r e m 3 . The functor 𝜋∗ gives an equivalence of categories between pairs (𝐸,𝜑) with spectral data 𝑏
and maximal Cohen-Macaulay sheaves on 𝑌𝑏 of generic rank 1.

The main problem with the above result is that, since the map 𝜋 is not flat in general, the category of
maximal Cohen-Macaulay sheaves on 𝑌𝑏 might be empty. A way to solve this problem is by “modifying” 𝜋
in order to obtain a flat morphism 𝜋̃∶ ̃𝑌𝑏 → 𝑋. For example, if dim𝑋 = 1, since any coherent sheaf on a
curve can be decomposed as a direct sum of a locally free and a torsion sheaf, we can obtain a flat spectral
cover just by removing the torsion of the structure sheaf. When dim𝑋 = 2, a construction by Chen and
Ngô [2] yields a Cohen-Macaulayfication of the spectral curve.

Moreover, note that if the spectral cover is an integral scheme, the corresponding sheaves over it are
torsion-free and, if it is smooth, then they are locally free. In the case where the twisting bundle has
rank 1 and its 𝑛-th power is base point free, Beauville, Narasimhan and Ramanan found that these good
conditions on the spectral cover are in fact satisfied for a generic 𝑏. It would be interesting then to find
similar conditions for the cases of general values for dim𝑋 and rk 𝑉.

R e f e r e n c e s

[1] BEAUVILLE, A.; NARASIMHAN, M. S., and RAMANAN, S. “Spectral curves and the generalised theta
divisor”. In: Journal für die Reine und Angewandte Mathematik. [Crelle’s Journal] 398 (1989), pp. 169–
179. ISSN: 0075-4102. https://doi.org/10.1515/crll.1989.398.169.

[2] CHEN, T. H. and NGÔ, B. C. “On the Hitchin morphism for higher-dimensional varieties”. In: Duke
Mathematical Journal 169.10 (2020), pp. 1971–2004. ISSN: 0012-7094. https://doi.org/10.1215/
00127094-2019-0085.

[3] CORLETTE, K. “Flat 𝐺-bundles with canonical metrics”. In: Journal of Differential Geometry 28.3 (1988),
pp. 361–382. ISSN: 0022-040X. https://doi.org/10.4310/jdg/1214442469.

[4] HITCHIN, N. “Stable bundles and integrable systems”. In: Duke Mathematical Journal 54.1 (1987),
pp. 91–114. ISSN: 0012-7094. https://doi.org/10.1215/S0012-7094-87-05408-1.

[5] HITCHIN, N. “The self-duality equations on a Riemann surface”. In: Proceedings of the London Math-
ematical Society. Third Series 55.1 (1987), pp. 59–126. ISSN: 0024-6115. https://doi.org/10.1112/
plms/s3-55.1.59.

[6] SIMPSON, C. T. “Constructing variations of Hodge structure using Yang-Mills theory and applications
to uniformization”. In: Journal of the American Mathematical Society 1.4 (1988), pp. 867–918. ISSN:
0894-0347. https://doi.org/10.2307/1990994.

110 https://temat.es/monograficos

https://doi.org/10.1515/crll.1989.398.169
https://doi.org/10.1215/00127094-2019-0085
https://doi.org/10.1215/00127094-2019-0085
https://doi.org/10.4310/jdg/1214442469
https://doi.org/10.1215/S0012-7094-87-05408-1
https://doi.org/10.1112/plms/s3-55.1.59
https://doi.org/10.1112/plms/s3-55.1.59
https://doi.org/10.2307/1990994
https://temat.es/monograficos

	1. Introduction
	2. Universal spectral data
	3. The Hitchin map
	References

