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Axial algebras of Monster type (27, n) for orthogonal
groups over I,

&4 Yunxi Shi Abstract: Axial algebras are commutative non-associative algebras generated by
University of Birmingham special elements called axes satisfying a prescribed fusion law. They were intro-
yxs40@1@student.bham.ac.uk duced by Hall, Rehren and Shpectorov. This class has applications in physics, group
theory and also elsewhere in mathematics. Here, we introduce the axial algebras of
Monster type (27, 1) and give an overview of the flip construction for such algebras.
We also apply it to the non-degenerate orthogonal groups O%(2k, 2). We describe
the classes of involutions (flips) of O%(2k, 2) and for each flip we investigate the
corresponding flip subalgebra. In this way, we build a new rich family of examples
of algebras of Monster type (27, ).

Resumen: Las dlgebras axiales son dlgebras conmutativas no asociativas generadas
por elementos especiales, llamados ejes, que satisfacen una ley de fusién prescrita.
Fueron introducidas por Hall, Rehren y Shpectorov. Tienen aplicaciones en fisica,
teoria de grupos y también en otras dreas de las matemadticas. Aqui introduci-
mos las dlgebras axiales de tipo Monster (27, 7) y damos una visién general de la
construccién por involucién para tales dlgebras. También la aplicamos a los gru-
pos ortogonales no degenerados O%(2k, 2). Describimos las clases de involuciones
(flips) de O%(2k, 2) y para cada flip investigamos la correspondiente subalgebra. De
este modo, construimos una nueva e interesante familia de ejemplos de élgebras
de tipo Monster (21, n).
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Axial algebras of Monster type (27, )

1. Introduction

In 2009, Alexander Ivanov [5] turned the key properties used by Masahiko Miyamoto and Shinya Sakuma in
their calculations of vertex operator algebras generated by two Ising vectors into the axioms of a new class
of algebras called Majorana algebras. A Majorana algebra is a commutative non-associative algebra A over
the field of real numbers generated by special idempotents with the fusion law M (i, i) and satisfying

some additional properties. In 2015, Jon Hall, Felix Rehren and Sergey Shpectorov [3, 4] refined and
generalised the axioms of Majorana algebras and these new axioms became the axioms of axial algebras.

In this text, we start by providing the background on axial algebras. Then we introduce the notion of
3-transposition groups, from which we derive the Matsuo algebras. After that, we turn to the flips of
Matsuo algebras and we explain how a flip leads to a flip subalgebra that is an algebra of Monster type
(21, n). In the case of orthogonal groups over the field with two elements, we obtain two types of flips and
further split them into conjugacy classes. For each class we determine the dimension of the flip subalgebra.
Our approach is similar to that of Vijay Joshi [6] who completed the case of symplectic groups over F,.

2. Background

2.1. Axial algebras

Let F be a field. All algebras in this text are over F and they are non-associative, that is, not necessarily
associative. For a set 7, the set of all subsets of F is denoted by 27,

Definition 1. Let F be a finite subset of F and * : & x & — 27 be a symmetric binary operation. The pair
(&, =) is a fusion law over F.

Examples of fusion laws can be seen in Tables 1 and 2.
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Table 1: Fusion law J (7)) Table 2: Fusion law M(a, )

Definition 2. Let A be a commutative algebra. For a € A, the adjoint endomorphism ad,: A —» A is
defined by b — ab for all b € A.

ForA € F,let A (a) = {b € A : ab = Ab} be the 1-eigenspace of ad,.
Definition 3. Let F be a fusion law over F. Then, a € A is an F-axis if
() aisanidempotent,i.e., a®> = g;

(i) ad, is semisimple and every eigenvalue of ad, is in F, i.e., A = Az(a) = P 1erAr(a);
(iii) AyA, C @veA*M A,(a) forall 4, u € F, where 1 * u is the product in F, hence a subset of F.

Definition 4. Let A be a commutative algebra. We call A an F-axial algebra if it is generated by a set of
F-axes.

Definition 5. An F-axis a is primitive if A;(a) = (a), that is, A,(a) is 1-dimensional. An F-axial algebra is
primitive if it is generated by a set of primitive F-axes.

Jordan algebras are examples of axial algebras.
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Definition 6 ([7]). A Jordan algebra is a commutative algebra A satisfying the following condition:
(1) (Jordan Identity) x*(yx) = (x?y)x for all x, y € A.
Every idempotent in a Jordan algebra satisfies the Peirce decomposition that amounts to the fusion law
e).
Definition 7. An axial algebra of Jordan type 1 is a primitive axial algebra generated by a set of axes satisfying

the fusion law J ().

Definition 8. An axial algebra of Monster type (a, ) is a primitive axial algebra generated by a set of axes
satisfying the fusion law M(«, ().

The Griess algebra is a 196, 844-dimensional algebra over the field of real numbers. This algebra is an axial

algebra of Monster type <1, i).

4 32

2.2. 3-Transposition groups

Definition 9 ([1]). Suppose that G is a finite group and C is a normal subset of involutions (elements of
order 2) of G. If C generates G and for all ¢, d € C, o(cd) is at most 3, then the pair (G, C) is a 3-transposition

group.

Let V be a vector space over F,, g: V — F, a non-degenerate quadratic form and (-, -) the associated
symplectic form. Let G = O%(2k, 2) be the orthogonal group associated with Vand q, where dim V = n = 2k
and q is of type ¢ € {+,—}. Take w € V. Themap r,,: u — u + (u, w)w is called a transvection and it
lies in G if q(w) = 1. Take C = {r, : w € V,q(w) = 1} to be the class of transvections. Then, (G, C) is a
3-transposition group.

2.3. Matsuo algebras

Definition 10. Let (G, C) be a 3-transposition group and F be a field with char IF # 2. Taken € F, n # 0, 1.
Let A = M, (G, C) be the algebra with the basis C and the product o defined by

c ifc=d,
cod=10 ifO(Cd):Z,
Z(C+ d—e) ifo(cd) =3,

where ¢,d € Cand e = c4.

This algebra A is the Matsuo algebra corresponding to (G, C) and it is of Jordan type 7.

2.4. Flip subalgebras

Consider a Matsuo algebra A = M, (G, C).
Definition 11. A flip is an involutive automorphism of A.
Involutive automorphisms of G preserving C act on A, and hence they are flips.

Definition 12. Let a,b € C be such that ab = 0, i.e., a and b are orthogonal. Then, a + b is called a double
axis.

Definition 13. Let o be a flip of A. The flip subalgebra is generated by all single and double axes contained
in the fixed subalgebra A,.

Theorem 14 ([2]). Every flip subalgebra is a primitive axial algebra of Monster type (21, 1).

TEMat monogr., 2 (2021) e-1SSN: 2660-6003 133



Axial algebras of Monster type (27, )

3. Flip subalgebras in the orthogonal case

The following theorems give us the information about the flip subalgebras for all possible flips in the
orthogonal case.

Theorem 15 ([8]). Let U be a maximal totally isotropic subspace of V with a basis {u;, ..., uy}, where each
u; is non-singular. Let ¢ = t; = 1, -1, forall 1 <i < k. If i is odd, then the dimension of the flip
subalgebra is 2"=3 4+ 2"~=2_ If i is even, then the dimension is 2"~% + 2"~=2 — §2%=2 where § = 1 for plus
type and 6 = —1 for minus type.

Theorem 16 ([8]). Let U be a maximal totally singular subspace of V with a basis {u, ..., ux_g}, where

B = 0 for plus type and § = 1 for minus type. Let ¢ = o; = oy, 0y, -0y, 1 < s < l%J, where
.| k-8

U = (upj_1,Up)), forall 1 < j < [TJ’ and oy, = 11

is 2n72 4 2n=25=2 _ gok—1,

0#ueU; r,. Then, the dimension of the flip subalgebra
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