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A b s t r a c t : In many fields such as image classification, geostatistical surveys, and
air pollution, regarding the limitations of resources, time and technology, spatial
sampling plays a crucial role. In spatial sampling, a set of sample locations are
chosen such that the spatial prediction at unobserved locations be optimal. While
many studies are focused on only one objective function as the predictor variance,
and the predictor entropy, in applied problems we are interested in more than
one objective. In this study, the optimization problem of spatial sampling with
minimum cost is investigated from both the perspective of covariogram estimation
and kriging variance. For this purpose, a bi-objective optimization problem of
soil sampling has been considered. The first objective function is the mean total
error and the second objective function is the cost of the distance travelled by
the sampler. The mean total error is the sum of the ordinary kriging variance
and uncertainties of the estimated covariogram parameters. The non-dominated
sorting genetic algorithm-II and Taguchi method is applied to this problem. The
results show the proper performance of this algorithm in multi-objective spatial
sampling for spatial predictions.

R e s u m e n : El muestreo espacial juega un papel crucial en muchos campos, como
la clasificación de imágenes, los estudios geoestadísticos y la contaminación at-
mosférica, con respecto a las limitaciones de recursos, tiempo y tecnología. En el
muestreo espacial, se elige un conjunto de ubicaciones de la muestra de forma que
la predicción espacial en las ubicaciones no observadas sea óptima. Mientras que
muchos estudios se centran en una sola función objetivo, como la varianza y la
entropía del predictor, en los problemas aplicados interesa más de un objetivo. En
este estudio, el problema de optimización del muestreo espacial con coste mínimo
se investiga tanto desde la perspectiva de la estimación del covariograma como de
la varianza de kriging. Para ello, se ha considerado un problema de optimización
bi-objetivo de muestreo de suelos. La primera función objetivo es el error total
medio y la segunda función objetivo es el coste de la distancia recorrida por el
muestreador. El error total medio es la suma de la varianza ordinaria de kriging y
las incertidumbres de los parámetros estimados del covariograma. Se aplica a este
problema el algoritmo genético de ordenación no dominante-II y el método de
Taguchi. Los resultados muestran el buen funcionamiento de este algoritmo en el
muestreo espacial multiobjetivo para las predicciones espaciales.

K e y w o r d s : spatial sampling, spatial prediction, multi-objective optimization,
uncertainty.
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Multi-objective spatial sampling

1 . I n t r o d u c t i o n

Optimization of spatial sampling is a critical issue applied in many areas, including geostatistics, air
pollution, and epidemiology. In spatial sampling, a set of sample locations is chosen. The spatial prediction
at unobserved locations is optimal for the predictor variance and the predictor entropy. While there
are several types of research on the single-objective spatial sampling, in many applied problems we are
interested in more than one objective in sampling [4]. This paper aims to use Non-dominated Sorting
Genetic Algorithm-II (NSGA-II) in spatial sampling subject to the spatial correlation of data. The rest of
this paper is organized as follows. Section 2 is devoted to the problem statement. Materials and methods
are introduced in Section 3. This section recalls some preliminaries on multi-objective optimization theory
and customizes the NSGA-II for the introduced spatial sampling optimization model. Numerical results
are provided in Section 4.

2 . P r o b l e m s t a t e m e n t

In this paper, the soil sampling of a field in Silsoe, Bedfordshire, UK, shown in Figure 2, is investigated [5].
It is assumed that the sampler enters and leaves the field at the corner {100, 100} and collects 50 sample
points across this domain. The first objective function is the spatial mean total error defined by [5, 7]

( 1 ) 𝜎̄2𝑃 =
1
𝒜
∫
𝑠∈𝒜

(𝜎2𝑂𝐾(s) + 𝐸[𝜏2(s)]) d𝑠,

where 𝜎2𝑂𝐾(s) and 𝐸[𝜏2(s)] are the squared prediction error (ordinary kriging variance) and the uncertainty
in the estimated spatial model (covariogram) parameters, respectively, and
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where 𝝀𝑇, 𝜕𝝀
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, and 𝐶𝑜𝑣(𝜃𝑖, 𝜃𝑗) are the vector of kriging weights, the 𝑛-vector of partial derivatives of the
kriging weights with respect to the 𝑖th variance parameter, and the covariance between the 𝑖th and 𝑗th
parameters, respectively. Furthermore,

( (𝜆𝑖)𝑛𝑖=1
𝜓 ) = [

(𝐶(𝑠𝑖 − 𝑠𝑗|𝜽))
𝑛
𝑖,𝑗=1

⃗1

1⃗ 0
]

⏟⎵⎵⎵⎵⎵⎵⎵⏟⎵⎵⎵⎵⎵⎵⎵⏟
𝐴

−1

× ( (𝐶(𝑠0 − 𝑠𝑖|𝜽))
𝑛
𝑖=1

1 )
⏟⎵⎵⎵⎵⎵⏟⎵⎵⎵⎵⎵⏟

𝑑

,

𝜕𝝀
𝜕𝜃𝑖

= 𝑨−1 (
𝜕𝒅
𝜕𝜃𝑖

− 𝜕𝑨
𝜕𝜃𝑖

𝑨−1𝒅) ,

𝐶𝑜𝑣(𝜃𝑖, 𝜃𝑗) ≈ 𝑭−1(𝜃𝑖, 𝜃𝑗) = (
1
2 Tr [𝑪

−1 𝜕𝑪
𝜕𝜃𝑖

𝑪−1 𝜕𝑪
𝜕𝜃𝑗

])
−1
.

Note that 𝐶 is the spherical covariogram [1]. Marchant and Lark [5] andWadoux et al. [7] investigated
some single-objective optimization problems with the same objective function (1). We consider the cost of
the sampling defined by 𝐶𝑜𝑠𝑡 = 𝑑(s) × 𝐶𝑚 as the other objective function where 𝐶𝑚 and 𝑑(s) are a fixed
cost per each meter travelled by the sampler and the total distance walked to visit all points, respectively.
We set, 𝐶𝑚 = 1 and 𝑑(s) = ∑𝑛−1

𝑖=1 ‖𝑠𝑖+1 − 𝑠𝑖‖, s = (𝑠1,… , 𝑠𝑛).

3 . M a t e r i a l s a n d m e t h o d s

In this section, we provide some preliminaries on multi-objective optimization theory and Spatial NSGA-II
Algorithm.

164 https://temat.es/monograficos

https://temat.es/monograficos


Lotfian, Mohammadzadeh

3 . 1 . M u l t i - o b j e c t i v e o p t i m i z a t i o n

A general multi-objective optimization problem can be formulated as follows:

( 2 ) min𝑓(𝑥) = (𝑓1(𝑥),… ,𝑓𝑚(𝑥)), 𝑔𝑗(𝑥) ≤ 0, 𝑗 ∈ 𝐽ℓ, 𝑥 ∈ 𝑋 ⊆ ℝ𝑛,

where 𝑓𝑖, 𝑔𝑗∶ ℝ𝑛 → ℝ (𝑖 ∈ 𝐼𝑚 ≔ {1,… ,𝑚}, 𝑗 ∈ 𝐽ℓ ≔ {1,… , ℓ}), and 𝑚 > 1. The nonempty set 𝑆 ≔ {𝑥 ∈ 𝑋 ⊆
ℝ𝑛 ∶ 𝑔𝑗(𝑥) ≤ 0, 𝑗 ∈ 𝐽ℓ} is called the feasible set.

D e f i n i t i o n 1 ([3]). A feasible solution ̂𝑥 ∈ 𝑆 is called efficient or Pareto optimal solution of Problem (2), if
there is no 𝑥 ∈ 𝑆 such that 𝑓𝑘(𝑥) ≤ 𝑓𝑘( ̂𝑥) for each 𝑘 ∈ 𝐼𝑚 and 𝑓𝑖(𝑥) < 𝑓𝑖( ̂𝑥) for some 𝑖 ∈ 𝐼𝑚. The set of all
Pareto optimal solutions of Problem (2) is called Pareto frontier for this problem. ◀

Now, the bi-objective spatial optimization problem can be represented as

min
s∈𝒜

𝑓(s) = (𝜎̄2𝑃, 𝑑(s)),

s.t. 𝜎̄2𝑃 − 1 ≤ 0, 𝑑(s) − 5000 ≤ 0, ‖𝑠𝑖 − 𝑠𝑗‖ ≥ 20 ∀𝑠𝑖, 𝑠𝑗 ∈ 𝒜, 𝑖 ≠ 𝑗,

where 𝒜 is the interested area of study.

3 . 2 . S p a t i a l N S G A - I I A l g o r i t h m

The NSGA-II algorithm is suggested by [2]. In the Figure 1, the diagram of the customized version of the
NSGA-II for spatial sampling is shown. Note that the parameters of the algorithm are set by the Taguchi
method [6].

F i g u r e 1 : Diagram of the customized NSGA-II for the bi-objective spatial sampling optimization problem.

4 . N u m e r i c a l r e s u l t s

Note that, in Figure 2, each point on the Pareto frontier corresponds to a sample of 50 points in the field.
Results show the suitable dispersion and coverage on the Pareto frontier obtained by the customized
NSGA-II. It is clear from this frontier that there is a conflict between these two objective functions. For
instance, sample 2 shows that minimizing the mean total error requires more cost.

As a sensitivity analysis, we change the parameters of the spherical covariogram. These values are chosen
from the literature. In Table 1, in case 3, the mean of mean total errors is smallest, and in case 5, the mean
of costs is smallest. Now, the choice of these parameters is also dependent on the decision-makers and
their priorities. If they want less total mean error, they must choose parameters in case 3, and for less cost,
they choose parameters in case 5.
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F i g u r e 2 : The region of interest and three sample designs from the estimated Pareto frontier obtained by
NSGA-II with the parameters shown in the Table 1, case 1.

T a b l e 1 : Spherical covariogram parameters 𝑐0, 𝑐1, and 𝑎, and the mean of the objective functions values for
each optimized sampling scheme.

Case 𝑐0 𝑐1 𝑎 mean of 𝜎̄2𝑃 mean of 𝐶𝑜𝑠𝑡
1 0.127 1.0 240.0 0.5173 3438
2 0.127 1.5 240.0 0.6610 3418
3 0.127 0.5 240.0 0.3395 3512
4 0.127 1.0 120.0 0.7675 3490
5 0.127 1.0 90.0 0.8941 3315
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