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Abstract: In this paper, we use a generalized concept of order called the ¢-order
to investigate the growth and the oscillation of fixed points of solutions of higher
order complex linear differential equations with entire coefficients. We describe the
relationship between the solutions and the entire coefficients in terms of p-order
and g-convergence exponent. We extend and improve some earlier results due to
Cao, Xu, and Chen, Chyzhykov and Semochko, Kara and Belaidi.

Resumen: En este trabajo, utilizamos un concepto generalizado de orden llama-
do ¢-orden para investigar el crecimiento y la oscilacién de los puntos fijos de
las soluciones de las ecuaciones diferenciales lineales complejas de orden supe-
rior con coeficientes enteros. Describimos la relacién entre las soluciones y los
coeficientes enteros en términos del p-orden y del p-exponente de convergen-
cia. Ampliamos y mejoramos algunos resultados anteriores de Cao, Xu y Chen,
Chyzhykov y Semochko, Kara y Belaidi.
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Growth and fixed points of solutions of LDE

1. Introduction

Throughout this paper, we use the standard notations of Nevanlinna value distribution theory such as
T(r, f), N(r, f), N(r, f) (see [5]). The term “meromorphic function” will mean meromorphic in the whole
complex plane C. For k > 2, we consider the following linear differential equations:

() fO+ A, @fFFD + L+ AR =0,
@ O+ A4, %D + ..+ Ay2)f = F2).

It is well know that, if the coefficients F and A((z), ... , Ax_; are entire functions, all solutions of (1) and (2)
are entire. Cao, Xu, and Chen [1] have investigated the growth of meromorphic solutions of equations
(1) and (2) when the coefficients are meromorphic functions of finite iterated order. Chyzhykov and
Semochko [2] used a more general concept called the -order which can cover an arbitrary growth of fast
growing functions. They obtained the precise estimates for p-order of entire solutions of (1) when the
coefficient A, strictly dominates the growth of coefficients. Later, the authors [3] investigated equations
(1) and (2) when the coefficients are meromorphic functions with finite p-order.

Definition 1([2]). Let ¢ be an increasing unbounded function on (0, +c0). The g-orders of a meromorphic
function f are defined by
T(r.f)
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pe(f) = hfffip Togr pe(f) = hfffip ogr

Definition 2 ([3]). Let ¢ be an increasing unbounded function on (0, +o0). We define the ¢-convergence
exponents of the sequence of zeros of a meromorphic function f by
1
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, A5(f) = limsup

r—=>+oo

— -0 -1
Similarly, if we replace N (r, 1/f) by N (r, 1/ f), we obtain 1,(f) and 4,(f), which denote the ¢-convergence
exponents of the sequence of distinct zeros of f.

Let @ denotes the class of positive unbounded increasing functions on (0, +0) such that p(e!) grows slowly,
p(eh)
pleh)

Proposition 3 ([2, 4]). Let ¢ € @ and let f;, f, be two meromorphic functions. Then, for j = 0,1 we have
max {pp(fi + £, pp(fi )} < max{pp(f), pp(f)}-

Moreover, if ph(f;) < pp(f), then p(fy + f) = op(fify) = PH(fo)-

Proposition 4 ([3, 4]). Let ¢ € @ and let f be a meromorphic function. Then,

() pp(f) = pp(f) for j = 0,1,
(ii) if p%(f) < +oo, then py(f) = 0.

Theorem 5 ([2]). Let ¢ € @ and Ay, A, ..., Ax_, be entire functions satisfying

i.e., for all ¢ > 0 we have lim;_, , o, = 1. For instance, loglog(-) € @, while log(-) ¢ &.

max{p%(A), j =1, ...,k — 1} < pS(Ay).
Then, every solution f # 0 of (1) satisfies py(f) = py(Ay).

Theorem 6 ([3]). Let ¢ € ® and let Ay, A,, ..., Ax_;, F % 0 be meromorphic functions. If f is a meromor-
phic solution of (2) satisfying for i = 0, 1

max {p,(F), pp(A4) : j=0,1,...,k— 1} < pb(f),

then 7(f) = A,(f) = ph(1).
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2. Main results

This paper is concerned with the properties of growth and oscillation of fixed points of entire solutions of
equations (1) and (2) involving the concept of p-order. We list here our main results.

Theorem 7. Under the hypothesis of Theorem 5, if A,(z) + zAy(z) £ 0, then every solution f # 0 of (1)
-1
satisfles 1,(f — 2) = pb(f) = PY(Ay).

Proof. Let f # 0 be an entire solution of (1). Set g = f — z. Clearly,

) Io@) =Tp(f —2) and  ph(g) = P5(f — 2) = pb(f).
From (1), we get
(4) g® + A1 @)g* TV + .+ A1(2)g + Ag()g = —[A1(Z) + 240(2)].

By Theorem 5, we have pga( = pg(AO). Since A,(z) + zAy(z) Z 0 is also an entire function, it follows from
Proposition 4 that

max {py(—A; — 240), Pp(A4)) 1 j = 0,1,...,k =1} < po(f) = py(9)-

—1 —1
Thus, by applying Theorem 6 to (4), we obtain 1,(g) = p;,(g). Therefore, 1,(f —2) = p}a( = pg(Ao). L]

By using analogous proofs of Theorem 1 and Theorem 4 in Kara and Belaidi [3], we can easily obtain the
following two results.

Theorem 8. Let ¢ € ® and let Ay, A;, ..., Ar_, be entire functions satisfying
max{ph(4) : j=0,1,...,k—1(j # 8)} < pp(4;) < +c0.

Then, every transcendental solution f of (1) satisfies pg(f) < pg,(AS) < pg,( f). Furthermore, there exists at
least one solution satistying py,(f) = p%(As).

Theorem 9. Let ¢ € @ and let Ay, Ay, ..., Ax_1, F # 0 be entire functions satistying

max {py(F), p3(A) : j=1,...,k — 1} < p)(A) < +c0.

=1
Then, every solution f of (2) satisfies A,(f) = A,(f) = py(f) = pg(Ay) with at most one exceptional
solution satisfying pg(f) < p%(Ay).
By replacing the dominant coefficient A, in Theorem 7 by an arbitrary coefficient A; (s € {0, 1, ..., k — 1}),
we obtain the following result.
Theorem 10. Under the hypothesis of Theorem 8, if A;(z)+zAy(z) Z 0, then every transcendental solution
—0
f of (1) such that pd(f) > pf(As) satisfies A,(f —z) = pg(f). Moreover, there exists at least one solution f,
=1
satisfying Ao(fy — 2) = pp(fi) = pg(Ay).

Proof. By Theorem 8, we have pg,(f) < pf,(Ay). Assume that p,(As) < p%(f) and, since A,(2) + zA4y(z) # 0,
then

max {pd(—A; — 240), p5(A4) : j = 0,1,...,k— 1} = pB(Ay) < pS(f).
Thus, by using the fact that p(f) = pg(9) = p%(f — z), and applying Theorem 6 to (4), we obtain

—0 —0
1o(9) = pg,(g), ie, ,(f —2) = pg(f). Again, by Theorem 8, there exists a solution f; of (1) such that
py(fi) = py(As). We deduce from Proposition 4 that

max {py(—A; — 24¢), pp(A) 1 j=0,1, ...,k =1} < p3(f) = pp(fi — 2).

=1 —1
Hence, it follows from Theorem 6 and (4) that A,(f; — z) = pg(fi — z). Therefore, 1,(f; — z) = py(fi) =
0
Po(Ay). n
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Theorem 11.  Under the hypothesis of Theorem 9, if F(z) — [A,(z) + 2A(z)] # 0, then every solution f of
—1 -1
(2) such that py(f) = A,(f) satisfies A,(f — z) = py(f)

Proof. Let f be a solution of (2) such that p}a( )= Z;( f). Set g = f — z. Equation (2) becomes
(5 99 + A1 (@gFV + - + A1(2)g + A(R)g = F(2) — [A1(2) + 2A0(2)].

It follows from Theorem 9 that every solution f of (2) satisfies p}P( )= p}P(AO) = Z;( f) with at most one
exceptional solution satisfying p;,( )< pg(AO). Hence, by Proposition 4 and since F(z)—[A,(z) + 24,(2)] #
0, we obtain

maX{pglo(F —A - ZAO)? Pé,(Aj) 1Jj=01.., k — 1} < prlp(f) = ;Ogla(g)

Thus, by applying Theorem 6 to (5), we obtain /_1;(g) = pg(g). Therefore, /_1;,( f—=2) = py(f). ]

3. Future aspects

This paper rises many interesting questions, such as the following:

Question 1: Can we obtain similar results if the coefficients of equations (1) and (2) are meromorphic
functions?

Question 2: What can be said if we consider equations (1) and (2) with analytic functions in the unit disc
A={zeC: |z <1}
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