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A b s t r a c t : In signed graphs, edges are labeledwith either a positive or a negative sign.
This small modification greatly enriches the representation capabilities of graphs.
However, their spectral properties undergo significant changes, introducing new
challenges in related optimization problems. In this extended abstract we discuss
recent results in spectral methods for signed graph partitioning and community
detection, and propose open problems arising in this context.

R e s u m e n : En grafos con signos, las aristas se etiquetan con un signo positivo o un
signo negativo. Esta pequeña modificación enriquece notablemente las capaci-
dades de representación de los grafos. Sin embargo, sus propiedades espectrales
sufren cambios significativos, lo que introduce nuevos desafíos en problemas de
optimización relacionados. En este resumen extendido hablaremos de resultados
recientes en métodos espectrales para la partición y detección de comunidades
en grafos con signos, y propondremos problemas abiertos que surgen en este
contexto.
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Results in spectral algorithms for signed graphs

1 . I n t r o d u c t i o n

A signed graph can be characterized by the triple 𝐺 = (𝑉,𝐸,𝜎), with vertex set 𝑉, edge set 𝐸 ⊆ 𝑉 × 𝑉 and
signature 𝜎∶ 𝐸 → {−,+}. We consider 𝐺 to be undirected, and thus (𝑖, 𝑗) ∈ 𝐸 if and only if (𝑗, 𝑖) ∈ 𝐸 and
𝜎(𝑖, 𝑗) = 𝜎(𝑗, 𝑖) (we omit parentheses for clarity of exposition).

We focus on the spectral analysis of signed graphs, which concerns associated matrices. Given a signed
graph 𝐺 = (𝑉,𝐸,𝜎), we define the adjacency matrix 𝐴 = (𝑎𝑖𝑗), 𝑖, 𝑗 ∈ 𝑉, where 𝑎𝑖𝑗 = 0 if (𝑖, 𝑗) ∉ 𝐸. Otherwise,
𝑎𝑖𝑗 = 1 if 𝜎(𝑖, 𝑗) = + and −1 if 𝜎(𝑖, 𝑗) = −1.

Wewill discuss two recent results from the computer science literature, involving the detection of subgraphs
with particular characteristics. The problems, as formulated, are hard to optimize and reveal key differences
with respect to their unsigned counterparts. This leads to further questions which we formulate as open
problems.

2 . R e s u l t s i n s p e c t r a l s i g n e d g r a p h p a r t i t i o n i n g

2 . 1 . P a r t i t i o n i n g a n d c o m m u n i t y d e t e c t i o n

The first result we discuss was found by Bonchi et al. [1], and it involves a randomized algorithm to
simultaneously find and partition a dense subgraph with approximation guarantees. In particular, the
problem in question is formulated as follows:

P r o b l e m 1 . Given a signed graph with 𝑛 × 𝑛 adjacency matrix 𝐴 find

max
𝑥∈{−1,0,1}𝑛\{0}

𝑥𝑇𝐴𝑥
𝑥𝑇𝑥

, ◀

where 0 denotes the null vector in ℝ𝑛. This problem is akin to finding the densest subgraph, measured
by average degree. However, we aim not only to find a subgraph with high average degree, but also that
we can approximately partition in accordance to the edge signs; i.e., so that most edges traversing the
boundary of the partition are negative. Contrary to its unsigned counterpart, this problem is NP-hard [1].

The main result of the cited work can be stated as follows:

T h e o r e m 2 . There exists a randomized polynomial-time algorithm that outputs a vector 𝑥 ∈ {−1, 0, 1}𝑛\{0}
satisfying

𝑥𝑇𝐴𝑥
𝑥𝑇𝑥

≥ 𝛺(𝑛−1/2)𝜆1,

where 𝜆1 is the largest eigenvalue of 𝐴.

The result is tight, as there exist graphs where the gap between the optimal vector and 𝜆1 matches the
bound [2].

2 . 2 . P a r t i t i o n i n g i n t o a n a r b i t r a r y n u m b e r o f g r o u p s

The next result we discuss is an extension of the work mentioned above —which is limited to a two-way
partition of the detected subgraph— to handle an arbitrary number of subgraphs. This extension was
accomplished in subsequent work by Tzeng et al. [2]. By defining the sets 𝐸+(𝐺) = {𝑒 ∈ 𝐸 ∶ 𝜎(𝑒) = +} and
𝐸−(𝐺) = {𝑒 ∈ 𝐸 ∶ 𝜎(𝑒) = −}, we can simultaneously quantify the density and the quality of a partition
using the following function, mapping collections of 𝑘 disjoint vertex subsets to the reals:

𝑓(𝑆1,… , 𝑆𝑘) =
∑ℎ∈[𝑘] (|𝐸+(𝑆ℎ)| − |𝐸−(𝑆ℎ)|) +

1

𝑘−1
∑ℎ≠𝑙∈[𝑘] (|𝐸−(𝑆ℎ, 𝑆ℓ)| − |𝐸+(𝑆ℎ, 𝑆ℓ)|)

|⋃ℎ∈[𝑘] 𝑆ℎ|
.
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We abuse the notation and use vertex subsets in lieu of the corresponding induced subgraphs. 𝐸+(𝑆𝑖, 𝑆𝑗)
(resp. 𝐸−(𝑆𝑖, 𝑆𝑗)) denotes the set of positive (resp. negative) edges with one endpoint in 𝑆𝑖 and the other in
𝑆𝑗. [𝑘] is the set {1,… , 𝑘}.

We can thus formulate the problem as follows. Given a signed graph 𝐺 with 𝑛 vertices, the goal is to find 𝑘
disjoint vertex subsets, for a given 0 ≤ 𝑘 ≤ 𝑛, attaining the following optimum:

max
𝑆1,…,𝑆𝑘

𝑓(𝑆1,… , 𝑆𝑘).( 1 )

Somemanipulations reveal that the numerator of the above problem is equivalent to the following quantity:

⟨𝐴,𝑋𝐿𝑘𝑋𝑇⟩
𝑘 − 1 ,

where

• ⟨𝐴,𝐵⟩ is the Frobenius product of matrices 𝐴 and 𝐵,
• 𝐿𝑘 = 𝑘𝐼𝑘 − 𝐽𝑘,
• 𝐼𝑘 is the identity matrix of order 𝑘,
• 𝐽𝑘 is the all-ones square matrix of order 𝑘, and
• 𝑋 ∈ {0, 1}𝑛×𝑘 is a vertex-subset indicator matrix, so that 𝑥𝑖𝑗 = 1 if 𝑖 ∈ 𝑆𝑗, 𝑥𝑖𝑗 = 0 otherwise.

The key insight now is that 𝐿𝑘 has a (𝑘 − 1)-dimensional invariant subspace, which enables the design
of effective algorithms. This is because we can choose the eigenvectors so that they resemble a discrete
structure. In particular, let 𝐿𝑘 = 𝑈𝐷𝑈𝑇, 𝑌 = 𝑋𝑈. Then, 𝑈 can be chosen as follows:

(𝑈∶,1)𝑇 = 1/√𝑘 [1,… , 1], (𝑈∶,2)𝑇 = 𝑐1 [𝑘 − 1,−1,… ,−1],
(𝑈∶,3)𝑇 = 𝑐2 [0, 𝑘 − 2,−1,… ,−1], … (𝑈∶,𝑘)𝑇 = 𝑐𝑘−1 [0,… , 0, 1,−1].

( 2 )

A similar analysis of the cardinality of the union of the chosen sets leads to the final formulation:

max
𝑌∈ℝ𝑛×(𝑘−1)\{0}

Tr(𝑌𝑇𝐴𝑌)
Tr(𝑌𝑇𝑌)

subject to 𝑌𝑖,𝑗 =
⎧

⎨
⎩

𝑐𝑗(𝑘 − 𝑗) if 𝑖 ∈ 𝑆𝑗,
0 if 𝑖 ∈ ∪𝑗−1ℎ=1𝑆ℎ or 𝑖 ∉ ∪ℎ∈[𝑘]𝑆ℎ,
−𝑐𝑗 if 𝑖 ∈ ∪𝑘ℎ=𝑗+1𝑆ℎ.

This can be approximately optimized with approximation guarantees. In particular, the authors provide
the next result [2]:

T h e o r e m 3 . There exists a randomized polynomial-time algorithm that outputs a collection of vertex
subsets 𝑆1,… , 𝑆𝑘 satisfying 𝑓(𝑆1,… , 𝑆𝑘) ≥ 𝛺 ((𝑘√𝑛)−1) 𝑂𝑃𝑇,

where 𝑂𝑃𝑇 is the maximum of (1) over all collections of 𝑘 disjoint vertex subsets.

3 . O p e n p r o b l e m s

The above results highlight interesting differences arising in spectral theory when signs are introduced in
graphs. Most notably, what is arguably a natural extension of the densest subgraph problem formulation
becomes hard to optimize. This suggests the problem of identifying the conditions under which Problem 1
can be solved in polynomial time. We thus propose the following problem:

P r o b l e m 4 . Characterize signed graphs for which Problem 1 can be solved in polynomial time. ◀

Since unsigned graphs can be seen as a special case of signed graphs, we know that the above family is
non-empty. We can further extend this family by simply taking into account the spectral equivalence
between unsigned and balanced graphs [3].
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Results in spectral algorithms for signed graphs

An additional question arises from empirical results presented in the works cited above. Despite the
hardness of the problem formulations and the tightness of the given bounds, spectral algorithms usually
work well in practice. This suggests the existence of a family of problem instances in which the value of
the objective is not too far detached from the maximum eigenvalue. Thus, we formulate the following
question:

P r o b l e m 5 . Characterize signed graphs for which

max
𝑥∈{−1,0,1}𝑛\{0}

𝑥𝑇𝐴𝑥
𝑥𝑇𝑥

=
𝜆1

𝑜 (√𝑛)
. ◀

That is, we aim to identify the graphs that allow us to attain approximations significantly better than those
described above.
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