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A b s t r a c t : Veech groups are an important tool to examine translation surfaces
and related mathematical objects. Origamis, also known as square-tiled surfaces,
form an interesting class of translation surfaces with finite index subgroups of
SL(2,ℤ) as Veech groups. We study when Veech groups of origamis with maximal
symmetry group are totally non-congruence groups, i.e., when they surject onto
SL(2,ℤ/𝑛ℤ) for each 𝑛 ∈ ℤ+. For this, we use a result of Schlage-Puchta and
Weitze-Schmithüsen to deduce sufficient conditions on the deck transformation
group of the origami. More precisely, we show that origamis with certain quotients
of triangle groups as deck transformation groups satisfy this condition. All Hurwitz
groups are such quotients.

R e s u m e n : Los grupos de Veech son una herramienta importante para exami-
nar superficies de traslación y objetos matemáticos relacionados. Los origamis,
también conocidos como superficies cuadradas, forman una clase interesante de
superficies de traslación con subgrupos de índice finito en SL(2,ℤ) como grupos
de Veech. Estudiamos cuándo los grupos de Veech de los origamis con grupo de
simetría máximo son grupos totalmente no congruentes, es decir, cuándo surgen
en SL(2,ℤ/𝑛ℤ) para cada 𝑛 ∈ ℤ+. Para ello, utilizamos un resultado de Schlage-
Puchta y Weitze-Schmithüsen para deducir condiciones suficientes sobre el grupo
de transformación de deck del origami. Más concretamente, mostramos que los
origamis con ciertos cocientes de grupos triangulares como grupos de transfor-
mación de deck satisfacen esta condición. Todos los grupos de Hurwitz son tales
cocientes.
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totally non-congruence groups, triangle groups, simple groups.

M S C 2 0 1 0 : 14H30, 20F28, 32G15, 53C10.

A c k n o w l e d g e m e n t s : This work was funded by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) – Project-ID 286237555 – TRR 195 as well as the German Academic Scholarship Foundation. I
would like to thank Gabriela Weitze-Schmithüsen for supervising my doctoral studies and for many fruitful
discussions.

R e f e r e n c e : THEVIS, Andrea. “Regular origamis with totally non-congruence groups as Veech groups”. In: TEMat
monográficos, 2 (2021): Proceedings of the 3rd BYMAT Conference, pp. 27-30. ISSN: 2660-6003. URL: https:
//temat.es/monograficos/article/view/vol2-p27.

cb This work is distributed under a Creative Commons Attribution 4.0 International licence
https://creativecommons.org/licenses/by/4.0/

mailto:thevis@math.uni-sb.de
https://temat.es/monograficos/article/view/vol2-p27
https://temat.es/monograficos/article/view/vol2-p27
https://creativecommons.org/licenses/by/4.0/


Regular origamis with totally non-congruence groups as Veech groups

1 . I n t r o d u c t i o n

A translation surface is a closed Riemann surface with an additional structure which can be described by
certain gluing data. We construct such a surface as finitely many polygons in the Euclidean plane with
edge identifications along pairs of parallel edges. If all polygons are unit squares one obtains an origami
(also known as square-tiled surface). Each origami naturally defines a torus cover sending each square in
the tiling to the torus. We are interested in the case where this cover is normal. Then the symmetry group
of the origami is maximal and we call the origami regular. A regular origami is completely determined by
its deck transformation group 𝐺 and two deck transformations 𝑥 and 𝑦 mapping a fixed square to its right
and upper neighbor, respectively (see, e.g., [2]). We denote such an origami by the tuple (𝐺, 𝑥, 𝑦).

The matrix group SL(2,ℝ) acts on translation surfaces by sheering the polygons in the Euclidean plane.
Sometimes the orbit defines an algebraic curve in the moduli space of complex algebraic curves called
Teichmüller curve. The stabilizer under this action captures whether this happens and - assuming a positive
answer - much of the geometry of the Teichmüller curve. For a translation surface 𝑋, the stabilizer is called
the Veech group of 𝑋 and is denoted by SL(𝑋). Origamis define always Teichmüller curves. The Veech
groups of reduced origamis, i.e., the geodesic segments between singularities span ℤ2, are finite index
subgroups of SL(2,ℤ). Here a singularity means a vertex of a square in the tiling with cone angle larger
than 2𝜋. Since non-trivial regular orgiamis are reduced, we restrict to study the SL(2,ℤ)-action. On a
regular origami 𝒪 = (𝐺, 𝑥, 𝑦) this action is defined by 𝑆 ⋅ 𝒪 = (𝐺, 𝑦−1, 𝑥) and 𝑇 ⋅ 𝒪 = (𝐺, 𝑥, 𝑦𝑥−1), where
𝑆 = ( 0 −1

1 0 ) , 𝑇 = ( 1 1
0 1 ). For more details, see, e.g., [6] and [7].

We are interested in the following open question: for which origamis are the Veech groups congruence
subgroups and for which are they far away from being a congruence subgroup? Weitze-Schmithüsen
showed in [6] that almost all congruence groups occur as Veech groups. However, Hubert and Leliévre
proved that in the stratum ℋ(2) all but one of the occurring Veech groups are not congruence groups
(see [3]). In [7], Weitze-Schmithüsen introduced the deficiency of finite index subgroups of SL(2,ℤ). It
measures how far the group is from being a congruence subgroup. She also established the notion of totally
non-congruence groups. Such a group projects surjectively onto SL(2,ℤ/𝑛ℤ) for each 𝑛 ∈ ℤ+, i.e., no
information about the group itself can be recovered from the images under these natural projections. In [5],
an infinite family of origamis with totally non-congruence subgroups as Veech groups are constructed for
each stratum. These origamis had only few symmetries. In this article, we present sufficient conditions
for regular origamis to have totally non-congruence subgroups as Veech groups and introduce a class of
regular origamis satisfying this condition.

2 . P r e r e q u i s i t e s a n d p r e l i m i n a r y r e s u l t s

In this section, we introduce basic concepts and preliminary results, which are used in Section 3. Note
that the Euclidean metric on ℝ2 lifts to a metric on a translation surface. Therefore, notions as directions
and geodesics are well-defined on translation surfaces. A cylinder on a translation surface is a maximal
collection of parallel closed geodesics. Given a cylinder on a translation surface there exist 𝑤, ℎ > 0 such
that the cylinder is isometric to a Euclidean cylinder ℝ/𝑤ℤ × (0, ℎ). One calls 𝑤 the circumference, ℎ the
height, and the quotient ℎ

𝑤
themodulus of the cylinder. If the genus of the translation surface is larger than

one, a cylinder is bounded by geodesics between singularities. We call such a geodesic a saddle connection.
The direction of a saddle connection bounding a cylinder is called the direction of the cylinder. A cylinder
decomposition is a collection of pairwise disjoint cylinders such that the union of their closures covers the
whole surface.

The cylinder decompositions of an origami lead to a parabolic element in its Veech group given the
following situation. Let 𝒪 be an origami, 𝑣 ∈ ℤ2 be a rational direction, and 𝐴 ∈ SL(2,ℤ) be a matrix
mapping 𝑒1 = (10) to 𝑣. If 𝒪 decomposes into cylinders 𝐶1,… ,𝐶𝑘 with inverse moduli 𝑚1,… ,𝑚𝑘 and 𝑚
is the smallest common integer multiple of all the 𝑚𝑖, then the matrix 𝐴 ⋅ ( 1 𝑚

0 1 ) ⋅ 𝐴−1 is contained in the
Veech group SL(𝒪) (see, e.g., [7, Section 2.1]).

We conclude this section giving a sufficient condition when finite index subgroups of SL(2,ℤ) are totally
non-congruence groups. It is used in the proofs of Proposition 3 and Theorem 6.
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T h e o r e m 1 ([5, Theorem 1]). Let 𝛤 be a finite index subgroup of SL(2,ℤ). Suppose that for each prime 𝑝
there exist matrices 𝐴1,𝐴2 ∈ SL(2,ℤ) with the following properties:

( i ) For all 𝑗 ∈ ℤ+, 𝐴1𝑒1 ≠ 𝑗 ⋅ 𝐴2𝑒1 modulo 𝑝.
( i i ) There exist 𝑚1,𝑚2 ∈ ℤ+ with 𝐴1𝑇𝑚1𝐴−11 , 𝐴2𝑇𝑚2𝐴−12 ∈ 𝛤 such that 𝑝 divides neither 𝑚1 nor 𝑚2.

Then, 𝛤 is a totally non-congruence group.

3 . A p p l i c a t i o n t o r e g u l a r o r i g a m i s

In this section, we use cylinder decompositions in different directions to construct the matrices occurring
in Theorem 1. The following lemma computes the inverse moduli of the cylinders in the directions of
interest.

L e m m a 2 . Let 𝒪 = (𝐺, 𝑥, 𝑦) be a regular origami. For 𝑚 ∈ ℤ≥0, the inverse modulus of all cylinders in
direction ( 1

−𝑚) coincides with the order of 𝑥𝑦
𝑚.

P r o o f . Denote ( 1
−𝑚) by 𝑣. Acting with the matrix 𝐴 = ( 1 0

−𝑚 1 ) = (𝑆3𝑇𝑆)𝑚 ∈ SL(2,ℤ) maps the horizontal
direction to the direction 𝑣, i.e., 𝐴 ⋅ 𝑒1 = 𝑣. The inverse modulus of all horizontal cylinders of the origami
𝐴 ⋅ 𝒪 = (𝐺, 𝑥𝑦𝑚, 𝑦) coincides with the order of 𝑥𝑦𝑚. Note that acting by matrices in SL(2,ℤ) does not
change the modulus of a cylinder. Hence, the inverse modulus of the cylinder in direction 𝑣 of the origami
𝒪 coincides with the order of 𝑥𝑦𝑚. ▪

Using Theorem 1 and Lemma 2, we deduce a sufficient condition for regular origamis to have a totally
non-congruence group as Veech group.

P r o p o s i t i o n 3 . Let 𝒪 = (𝐺, 𝑥, 𝑦) be a regular origami. If for each prime 𝑝 one of the following holds

( i ) there exist 𝑚1,𝑚2 ∈ ℤ≥0 with 𝑚1 ≢ 𝑚2 mod 𝑝 and gcd(𝑝, ord(𝑥𝑦−𝑚1) ⋅ ord(𝑥𝑦−𝑚2)) = 1 or
( i i ) gcd(𝑝, ord(𝑦) ⋅ ord(𝑦𝑥)) = 1,

then the Veech group SL(𝒪) is a totally non-congruence group.

P r o o f . Fix a prime 𝑝. If condition (i) holds, then let 𝑚1,𝑚2 be natural numbers satisfying condition (i).
Define the matrices 𝐴1 = ( 1 0

𝑚1 1 ), 𝐴2 = ( 1 0
𝑚2 1 ). Since 𝑚1 ≢ 𝑚2 mod 𝑝, we have 𝐴1𝑒1 ≠ 𝑗 ⋅ 𝐴2𝑒1 modulo 𝑝

for each 𝑗 ∈ ℤ+.

As gcd(𝑝, ord(𝑥𝑦−𝑚1) ⋅ ord(𝑥𝑦−𝑚2)) = 1, set 𝑘1 = ord(𝑥𝑦−𝑚1) and 𝑘2 = ord(𝑥𝑦−𝑚2). Using Lemma 2, we
conclude that the matrices 𝐴𝑖𝑇𝑘𝑖𝐴−1𝑖 are contained in the Veech group of the origami 𝒪.

If condition (ii) holds, consider the matrices 𝑆−1𝑇−1 = ( 0 1
−1 1 ) and 𝑇𝑆−1 = ( −1 1

−1 0 ).We obtain 𝑆−1𝑇−1 ⋅ 𝒪 =
(𝐺, 𝑦𝑥, 𝑥−1) and 𝑇𝑆−1 ⋅ 𝒪 = (𝐺, 𝑦, 𝑥−1𝑦−1). The moduli of the horizontal cylinders of the regular origamis
(𝐺, 𝑦𝑥, 𝑥−1) and (𝐺, 𝑦, (𝑦𝑥)−1) are ord(𝑦𝑥) ≕ 𝑎 and ord(𝑦) ≕ 𝑏, respectively. Hence, 𝑆−1𝑇−1 ⋅ 𝑇𝑎 ⋅ 𝑇𝑆
and 𝑇𝑆−1 ⋅ 𝑇𝑏 ⋅ 𝑆𝑇−1 lie in the Veech group SL(𝒪). Moreover, we obtain for each 𝑗 ∈ ℤ the inequality
𝑆−1𝑇−1 ⋅ 𝑒1 = ( 0−1) ≠ 𝑗 ⋅ (−1−1) = 𝑗 ⋅ 𝑇𝑆−1 ⋅ 𝑒1 modulo 𝑝. By Theorem 1, the claim follows. ▪

In the following corollary, we construct generating sets {𝑥, 𝑦} of alternating groups 𝐴𝑛 satisfying the
conditions given in Proposition 3. Consequently, the infinite family of regular origamis (𝐴𝑛, 𝑥, 𝑦) have
totally non-congruence groups as Veech groups.

C o r o l l a r y 4 . For each prime 𝑛 ≥ 5, the regular origami (𝐴𝑛, (1, 2, 3), (1, 2, 3,… , 𝑛)) has a totally non-
congruence group as Veech group.

P r o o f . Set 𝑥 ≔ (1, 2, 3) and 𝑦 ≔ (1, 2, 3,… , 𝑛). For each prime 𝑝 ≠ 𝑛, we consider the group elements 𝑦𝑥
and 𝑦. Since the orders of 𝑦 and 𝑦𝑥 are equal to 𝑛, the prime 𝑝 does not divide ord(𝑦) ⋅ ord(𝑦𝑥).

For the prime 𝑛, we consider the group elements 𝑥𝑦𝑛−1 and 𝑥, i.e., 𝑚1 = 1 − 𝑛 and 𝑚2 = 0. Note that
1 − 𝑛 ≢ 0 mod 𝑛. The permutation 𝑥𝑦𝑛−1 has the fixed point 2 and thus 𝑛 does not divide the order of
𝑥𝑦𝑛−1. Since ord(𝑥) = 3 < 𝑛, the prime 𝑛 does not divide the order of 𝑥 either. By Proposition 3, the claim
follows. ▪
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Regular origamis with totally non-congruence groups as Veech groups

Corollary 4 motivates to examine finite simple groups more generally. Simple groups form an interesting
class of 2-generated groups. The natural question, how the orders of generators for a fixed group can
be chosen, has been studied intensively (see, e.g., [4] for further information). This question suggests to
consider (𝑎, 𝑏, 𝑐)-groups.

D e f i n i t i o n 5 . A finite group generated by two elements 𝑥, 𝑦 with ord(𝑥) = 𝑎, ord(𝑦) = 𝑏, and ord(𝑥𝑦) = 𝑐
is called an (𝑎, 𝑏, 𝑐)-group. We call such generators (𝑎, 𝑏, 𝑐)-generators. ◀

Each (𝑎, 𝑏, 𝑐)-group is a finite quotient of the triangle group 𝑇(𝑎,𝑏,𝑐) = ⟨𝑥, 𝑦, 𝑧 | 𝑥𝑎 = 𝑦𝑏 = 𝑧𝑐 = 𝑥𝑦𝑧 = 1⟩. The
following theorem shows that (𝑎, 𝑏, 𝑐)-groups where 𝑎, 𝑏, 𝑐 are chosen pairwise coprime produce regular
origamis with a totally non-congruence group as Veech group.

T h e o r e m 6 . Let 𝑎, 𝑏, 𝑐 ∈ ℤ≥0 be pairwise coprime and 𝐺 be an (𝑎, 𝑏, 𝑐)-group with (𝑎, 𝑏, 𝑐)-generators 𝑥, 𝑦.
The Veech group of the regular origami (𝐺, 𝑦, 𝑥) is a totally non-congruence group.

P r o o f . We prove that the assumptions of Theorem 1 are satisfied for the Veech group of the regular origami
𝒪 = (𝐺, 𝑦, 𝑥). Let 𝑝 be a prime. Since 𝑎, 𝑏, and 𝑐 are pairwise coprime, 𝑝 divides at most one of the numbers
𝑎, 𝑏, and 𝑐. We consider each of the three cases separartely.
If 𝑝 is coprime to 𝑏 ⋅ 𝑐, then consider the matrices 𝐼 and 𝑆−1𝑇−1 = ( 0 1

−1 1 ). We obtain 𝐼 ⋅ 𝒪 = 𝒪 and
𝑆−1𝑇−1 ⋅ 𝒪 = (𝐺, 𝑥𝑦, 𝑦−1). The inverse moduli of the horizontal cylinders of the regular origamis 𝒪 and
(𝐺, 𝑥𝑦, 𝑦−1) are ord(𝑦) = 𝑏 and ord(𝑥𝑦) = 𝑐, respectively. Hence 𝑇𝑏 and 𝑆−1𝑇−1 ⋅ 𝑇𝑐 ⋅ 𝑇𝑆 lie in the Veech
group SL(𝒪). Moreover, we obtain 𝑆−1𝑇−1 ⋅ 𝑒1 = ( 0−1) ≠ 𝑗 ⋅ (10) modulo 𝑝 for each 𝑗 ∈ ℤ.

If 𝑝 is coprime to 𝑎 ⋅ 𝑐, then consider the matrices 𝑆−1𝑇−1 = ( 0 1
−1 1 ) and 𝑇𝑆−1 = ( −1 1

−1 0 ). We obtain the
regular origamis 𝑆−1𝑇−1 ⋅ 𝒪 = (𝐺, 𝑥𝑦, 𝑦−1) and 𝑇𝑆−1 ⋅ 𝒪 = (𝐺, 𝑥, 𝑦−1𝑥−1). The moduli of the horizontal
cylinders of the regular origamis (𝐺, 𝑥𝑦, 𝑦−1) and (𝐺, 𝑥, (𝑥𝑦)−1) are ord(𝑥𝑦) = 𝑐 and ord(𝑥) = 𝑎, respectively.
Hence 𝑆−1𝑇−1 ⋅ 𝑇𝑐 ⋅ 𝑇𝑆 and 𝑇𝑆−1 ⋅ 𝑇𝑎 ⋅ 𝑆𝑇−1 lie in the Veech group SL(𝒪). Moreover, we obtain for each
𝑗 ∈ ℤ the inequality 𝑆−1𝑇−1 ⋅ 𝑒1 = ( 0−1) ≠ 𝑗 ⋅ (−1−1) = 𝑗 ⋅ 𝑇𝑆−1 ⋅ 𝑒1 modulo 𝑝.

If 𝑝 is coprime to 𝑎 ⋅ 𝑏, then consider the matrices 𝐼 and 𝑆−1 = ( 0 1
−1 0 ). We obtain the regular origamis

𝐼 ⋅ 𝒪 = 𝒪 and 𝑆−1 ⋅ 𝒪 = (𝐺, 𝑥, 𝑦−1). The moduli of the horizontal cylinders of the regular origamis 𝒪 and
(𝐺, 𝑥, 𝑦−1) are ord(𝑦) = 𝑏 and ord(𝑥) = 𝑎, respectively. Hence 𝑇𝑏 and 𝑆−1 ⋅ 𝑇𝑎 ⋅ 𝑆 lie in the Veech group
SL(𝒪). Moreover, we have 𝑆−1 ⋅ 𝑒1 = ( 0−1) ≠ 𝑗 ⋅ (10) modulo 𝑝 for each 𝑗 ∈ ℤ. ▪

E x a m p l e 7 . A well-studied family of groups satisfying the assumptions in Theorem 6 are (2, 3, 7)-groups,
which are also called Hurwitz groups (see, e.g., [1]). ◀
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