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A b s t r a c t : This contribution studies the existence of positive subharmonics of
arbitrary order in the planar periodic Volterra predator-prey model. When the
model is non-degenerate, in the sense that the birth rate of the prey intersects the
support of the death rate of the predator, as in [8], then the existence of positive
subharmonics can be derived from the Poincaré–Birkhoff theorem version [3].
Nevertheless, in the degenerate case when these supports do not intersect, then,
the Poincaré–Birkhoff theorem fails in general. Still in these degenerate situations,
the techniques of [7] provide us with the existence of positive subharmonics of
arbitrary order.

This is based on a joint work with Julián López-Gómez (UCM) and Fabio Zanolin
(UNIUD).

R e s u m e n : Este trabajo analiza la existencia de subarmónicos positivos de orden
arbitrario en el modelo plano periódico de presa y depredador de Volterra. Cuando
el modelo es no degenerado, en el sentido de que la tasa de natalidad de la presa
interseca el soporte de la tasa de mortalidad del depredador, como en [8], entonces
la existencia de subarmónicos positivos puede ser derivada mediante un la versión
del teorema de Poincaré–Birkhoff que se establece en [3]. Sin embargo, en el caso
degenerado cuando los soportes no intersecan, el teorema de Poincaré–Birkhoff no
puede aplicarse directamente. En estos casos, las técnicas de [7] nos proporcionan
la existencia de subarmónicos positivos de orden arbitrario.

Esta colaboración está basada en un trabajo conjunto con Julián López-Gómez
(UCM) y Fabio Zanolin (UNIUD).

K e y w o r d s : periodic predator-prey model of Volterra type, subharmonic
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non-degenerate models.
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Subharmonics in a class of planar periodic predator-prey models

1 . I n t r o d u c t i o n

In this contribution, we analyze the existence of positive subharmonics of arbitrary order (𝑛𝑇-periodic
coexistence states) of the periodic Volterra predator-prey model

( 1 ) {
𝑢′ = 𝜆𝛼(𝑡)𝑢(1 − 𝑣),
𝑣′ = 𝜆𝛽(𝑡)𝑣(−1 + 𝑢),

where 𝜆 > 0 is a real parameter, and, for some 𝑇 > 0, 𝛼(𝑡) and 𝛽(𝑡) are 𝑇-periodic real continuous functions.
We set

𝐴 ≔ ∫
𝑇

0
𝛼(𝑠) d𝑠 and 𝐵 ≔ ∫

𝑇

0
𝛽(𝑠) d𝑠.

They can arise two different cases according to whether, or not, the following condition holds

( 2 ) supp 𝛼 ∩ supp 𝛽 ≠ ∅.

In this non-degenerate situation the existence of subharmonics of arbitrary order can be obtained through
an updated version of the celebrated Poincaré–Birkhoff twist theorem for sufficiently large 𝜆. Nevertheless,
in the degenerate case when the next condition holds

( 3 ) supp 𝛼 ∩ supp 𝛽 = ∅

the Poincaré–Birkhoff theorem is unable to provide, in general, with subharmonics of arbitrary order,
unless 𝛼(𝑡) and 𝛽(𝑡) have some special nodal structure.

2 . T h e n o n - d e g e n e r a t e c a s e

The non-degenerate case when (2) is satisfied has been studied in [8] by adapting some original ideas
in [3] (later revised and applied in [2]), where a Poincaré–Birkhoff version for Hamiltonian systems was
presented. Through the change of variables

𝑥 = log 𝑢, 𝑦 = log 𝑣,

(1) is transformed into the planar Hamiltonian system

( 4 ) {
𝑥′ = −𝜆𝛼(𝑡)(e𝑦 − 1),
𝑦′ = 𝜆𝛽(𝑡)(e𝑥 − 1).

The [3] version of the Poincaré–Birkhoff twist theorem that we will use reads as follows:

T h e o r e m 1 (Poincaré–Birkhoff). Assume that there exist 0 < 𝜚0 < 𝜚1 and a positive integer 𝜔 such that

rot𝜚0[(𝑥0, 𝑦0); [0, 𝑛𝑇]] > 𝜔 and rot𝜚1[(𝑥0, 𝑦0); [0, 𝑛𝑇]] < 𝜔,

where
rot𝜌[(𝑥0, 𝑦0); [0, 𝑛𝑇]] =

𝜃(𝑛𝑇) − 𝜃(0)
2π

with ‖(𝑥0, 𝑦0)‖ = 𝜌, 𝜃(𝑡) being the angular polar coordinate of the solution starting at (𝑥0, 𝑦0), (𝑥(𝑡), 𝑦(𝑡)).
Then, (4) admits, at least, two 𝑛𝑇-periodic solutions lying in different periodicity classes with rotation
number 𝜔.

As a consequence of Theorem 1, we get the next result:

T h e o r e m 2 . Assume (2). Then, for every positive integers 𝜔 and 𝑛, there exists 𝜆𝜔𝑛 > 0 such that (4)
possesses, at least, two 𝑛𝑇-periodic solutions with rotation number 𝜔 for every 𝜆 > 𝜆𝜔𝑛.
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P r o o f . First, we focus attention into the small solutions of (4). There exists 𝜀 > 0 such that

( 5 ) (e𝜉 − 1)𝜉 ≥
𝜉2

2 if |𝜉| < 𝜀.

It can be chosen an initial data (𝑥(0), 𝑦(0)) = (𝑥0, 𝑦0) sufficiently close to (0, 0), say |(𝑥0, 𝑦0)| ≤ 𝜚0, so that
the solution of (4), (𝑥(𝑡), 𝑦(𝑡)), satisfy |(𝑥(𝑡), 𝑦(𝑡))| < 𝜀 for all 𝑡 ∈ [0, 𝑛𝑇]. This is possible by continuous
dependence on the initial conditions. According to (2), there are 𝜏 ∈ (0,𝑇) and 𝛿 > 0 such that 𝛼(𝑡)𝛽(𝑡) > 0
for every 𝑡 ∈ [𝜏 − 𝛿, 𝜏 + 𝛿] ⊊ [0,𝑇]. Thus,

( 6 ) 𝜁 ≔ min
𝑡∈[𝜏−𝛿,𝜏+𝛿]

{𝛼(𝑡), 𝛽(𝑡)} > 0.

Consequently, due to (4), (5) and (6), we obtain that, for every 𝑡 ∈ [0, 𝑛𝑇],

( 7 ) 𝜃′(𝑡) =
𝑦′(𝑡)𝑥(𝑡) − 𝑥′(𝑡)𝑦(𝑡)

𝑥2(𝑡) + 𝑦2(𝑡)
=
𝜆𝛽(𝑡)(e𝑥(𝑡) − 1)𝑥(𝑡) + 𝜆𝛼(𝑡)(e𝑦(𝑡) − 1)𝑦(𝑡)

𝑥2(𝑡) + 𝑦2(𝑡)
≥
𝜆𝜁
2 .

Hence, owing to (7),

rot𝜚0[(𝑥0, 𝑦0); [0, 𝑛𝑇]] =
𝜃(𝑛𝑇) − 𝜃(0)

2π = 1
2π ∫

𝑛𝑇

0
𝜃′(𝑠) d𝑠 ≥ 𝑛

2π ∫
𝜏+𝛿

𝜏−𝛿
𝜃′(𝑠) d𝑠 ≥

𝑛𝜆𝜁2𝛿
2π > 𝜔

if 𝜆 > π𝜔
𝑛𝜁𝛿

≕ 𝜆𝜔𝑛.

On the other hand, solutions with sufficiently large initial data do not rotate (see, for further details,
Theorem 2.2 of [8]). Hence, the hypothesis of Theorem 1 holds for every 𝜆 > 𝜆𝜔𝑛, which ends the proof. ▪

3 . T h e d e g e n e r a t e c a s e

To analyze the problem (1) under the condition (3), we suppose that

( 8 ) supp𝛼 ⊆ [0, 𝑇
2
] and supp 𝛽 ⊆ [𝑇

2
,𝑇].

In case (8), introduced in [5], we have that, for every 𝑡 ∈ [0,𝑇],

𝑢(𝑡) = 𝑢0e(1−𝑣0)𝜆∫
𝑡
0 𝛼(𝑠) d𝑠, 𝑣(𝑡) = 𝑣0e(ᵆ(𝑇)−1)𝜆∫

𝑡
0 𝛽(𝑠) d𝑠,

Hence, the 𝑇-time Poincaré map is

(𝑢1, 𝑣1) ≔ 𝒫1(𝑢0, 𝑣0) ≔ (𝑢(𝑇), 𝑣(𝑇)) = (𝑢0e(1−𝑣0)𝜆𝐴, 𝑣0e(ᵆ1−1)𝜆𝐵).

Consequently, iterating 𝑛 times this map, it becomes apparent that

( 9 )

(𝑢𝑛, 𝑣𝑛) ≔ 𝒫𝑛(𝑢0, 𝑣0) = 𝒫𝑛
1 (𝑢0, 𝑣0) ≔ (𝑢(𝑛𝑇), 𝑣(𝑛𝑇)) = (𝑢𝑛−1e(1−𝑣𝑛−1)𝜆𝐴, 𝑣𝑛−1e(ᵆ𝑛−1)𝜆𝐵)

= (𝑢0e(𝑛−𝑣0−𝑣1−⋯−𝑣𝑛−1)𝜆𝐴, 𝑣0e(ᵆ1+ᵆ2+⋯+ᵆ𝑛−𝑛)𝜆𝐵).

By the uniqueness for the underlying Cauchy problem, the 𝑛𝑇-periodic coexistence states of (1) are given
by the positive fixed points of 𝒫𝑛. Thus, by (9), we are driven to solve the system

( 1 0 ) {
𝑛 = 𝑢0 + 𝑢1 +⋯+ 𝑢𝑛−1,
𝑛 = 𝑣0 + 𝑣1 +⋯+ 𝑣𝑛−1.

The next result proves the existence and multiplicity of 𝑛𝑇-periodic coexistence states of (1) when 𝑛 ≥ 2 in
case (8). To get it, we impose the following condition:

( 1 1 ) 𝐴 = 𝐵 and 𝑢0 = 𝑣0 = 𝑥.
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T h e o r e m 3 . Assume (8) and (11). Then, for every 𝜆 > 2

𝐴
, (1) admits, at least, 𝑛 coexistence states with

period 𝑛𝑇 if 𝑛 is even, and 𝑛 − 1 coexistence states with period 𝑛𝑇 if 𝑛 is odd.

P r o o f . By (11), it turns out that, given 𝜑1(𝑥) = 𝑥 − 1,

𝜑𝑛(𝑥) = 𝜑𝑛−1(𝑥) − 1 + 𝐸𝑛−1(𝑥),

is the map whose zeros provide us with the 𝑛𝑇-periodic coexistence states of (1), where 𝐸𝑛(𝑥) is a sequence
of exponential functions. In order to obtain some information concerning the 𝑛𝑇-periodic coexistence
states of (1), we analyze the variational equations of these maps at the trivial curve (𝜆, 1),

𝑝𝑛(𝜆) ≔
𝜕𝜑𝑛
𝜕𝑥 (𝜆, 1).

It is easy to prove that 𝑝𝑛(𝜆) is a sequence of polynomials in the indeterminate 𝜆 that satisfy the recursive
formula

𝑝𝑛(𝜆) = [2 − (−1)𝑛𝐴𝜆]𝑝𝑛−1(𝜆) − 𝑝𝑛−2(𝜆),

where 𝑝1(𝜆) = 1 and 𝑝2(𝜆) = 2 − 𝐴𝜆. From this recursive formula, it can be shown that any root of 𝑝𝑛 is
real and algebraically simple. Thanks to these facts, for any given 𝑟 ∈ 𝑝−1𝑛 (0), the transversality condition
of Crandall-Rabinowitz [1] holds. Thus, for any given 𝑟 ∈ 𝑝−1𝑛 (0), the algebraic multiplicity of Esquinas and
López-Gómez [4] equals one at every point (𝑟, 1). So, according to Crandall and Rabinowitz [1, Th. 1.7],
a local bifurcation occurs at every point (𝑟, 1). Moreover, by the unilateral theorem of López-Gómez [6,
Th. 6.4.3], the underlying subcomponents of 𝑛𝑇-periodic coexistence states are unbounded in 𝜆. As the
number of positive roots of 𝑝𝑛(𝜆) equals

𝑛
2
if 𝑛 is even and 𝑛−1

2
if 𝑛 is odd, the result holds. This ends the

proof. ▪
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