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On the prime graph associated with class sizes of a finite group

1 . I n t r o d u c t i o n

Hereafter, only finite groups will be considered. A well-established area of research within finite group
theory is the study of the connection between the structure of a group 𝐺 and the arithmetical properties
of certain sets of positive integers associated to it. In particular, the set 𝑐𝑠(𝐺) = {|𝐺 ∶ CCC𝐺(𝑥)| ∶ 𝑥 ∈ 𝐺}
of conjugacy class sizes of 𝐺 has been thoroughly analysed. For instance, a classical result within this
research line states that a group 𝐺 has a central Sylow 𝑝-subgroup, for a given prime 𝑝, if and only if 𝑝
does not divide any number in 𝑐𝑠(𝐺). Indeed, non-divisibility properties have been studied since many
decades ago, as the next theorem due to N. Itô in 1953 (see the paper [5]): if 𝑝 and 𝑞 are two distinct prime
numbers that divide two distinct class sizes of a group 𝐺, but 𝑝𝑞 does not divide any number in 𝑐𝑠(𝐺), then
𝐺 has a normal 𝑝-complement and abelian Sylow 𝑝-subgroups.

A useful tool that is gaining an increasing interest for studying the arithmetical structure of the set 𝑐𝑠(𝐺) is
the (complement) prime graph. In general, if 𝑋 is a set of positive integers, then the prime graph Δ(𝑋) is
defined as the simple undirected graph whose vertex set 𝑉(𝑋) consists of the prime divisors of the numbers
in 𝑋, and whose edge set 𝐸(𝑋) contains {𝑝, 𝑞} ⊆ 𝑉(𝑋) whenever 𝑝𝑞 divides some element in 𝑋. Further,
the complement prime graph Δ(𝑋) is the graph with the same vertex set 𝑉(𝑋), and two primes 𝑝 and 𝑞 are
adjacent in Δ(𝑋) if and only if they are not adjacent in Δ(𝑋). In this paper, we consider the prime graph
Δ(𝐺) built on the set 𝑐𝑠(𝐺), with vertex and edge set (𝑉(𝐺),𝐸(𝐺)), respectively; and in particular, we will
present some current results in collaboration with S. Dolfi, E. Pacifici, and L. Sanus.

Two natural questions that arise in this context are the following ones:

• What can be said about the structure of 𝐺 if some properties of Δ(𝐺) are known?
• What graphs can occur as Δ(𝐺) for some finite group 𝐺?

2 . F e a t u r e s o f Δ(𝐺)Δ(𝐺)Δ(𝐺)
Both classical results stated in the first paragraph can be framed within the first question, since they have
the next transcription in terms of Δ(𝐺).

L e m m a 1 . Let 𝐺 be a group, and let 𝑝, 𝑞 ∈ 𝑉(𝐺) with 𝑝 ≠ 𝑞. Then we have:

( i ) 𝑝 ∉ 𝑉(𝐺) if and only if 𝑃 ⩽ ZZZ(𝐺), for some Sylow 𝑝-subgroup 𝑃 of 𝐺.
( i i ) If {𝑝, 𝑞} ∉ 𝐸(𝐺), then 𝐺 has a normal 𝑝-complement and abelian Sylow 𝑝-subgroups.

In the context of the second question above, those graphs that possess “few” edges cannot occur as Δ(𝐺)
for a group 𝐺. This is due to the following result of S. Dolfi, which we call the “Three-Vertex Theorem”.

T h e o r e m 2 . [2, Theorem A] Let 𝐺 be a group. Then for every choice of three vertices in Δ(𝐺), there exists
at least an edge that joins two of them.

Indeed, this result is an improvement of [1, Theorem 16], where Dolfi proved the soluble version of the
Three-Vertex Theorem. As a direct consequence, we obtain the next result, which actually was known to be
true even before the existence of the Three-Vertex Theorem (see the paper [1]).

C o r o l l a r y 3 . Let 𝐺 be a group. Then we have:

( i ) If Δ(𝐺) is connected, then its diameter is at most 3.
( i i ) If Δ(𝐺) is non-connected, then it is the union of two complete subgraphs.

In fact, a group 𝐺 has non-connected prime graph Δ(𝐺) if and only if 𝐺 = 𝐴𝐵 with 𝐴 and 𝐵 abelian Hall
subgroups of coprime order, and 𝐺/ZZZ(𝐺) is a Frobenius group with kernel 𝐴ZZZ(𝐺)/ZZZ(𝐺) (see [1, Theorem 4]).
Further, the set of prime divisors of |𝐴ZZZ(𝐺)/ZZZ(𝐺)| and the one of |𝐵ZZZ(𝐺)/ZZZ(𝐺)| are two cliques of Δ(𝐺), so
they form the two complete connected components of Δ(𝐺). In general, a subset of vertices of a graph Δ is
called a clique if their induced subgraph in Δ is complete.
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3 . T h e c o m p l e m e n t p r i m e g r a p h

Recall that the complement prime graph Δ(𝐺) has the same vertex set 𝑉(𝐺), and there is and edge between
two primes 𝑝 and 𝑞 whenever they are not adjacent in Δ(𝐺). Observe that the Three-Vertex Theorem can
be expressed in terms of the complement prime graph as follows: for every finite group 𝐺, the graph Δ(𝐺)
does not contain any cycle of length 3. This fact suggests the study of the (non-)existence of cycles within
Δ(𝐺) of length larger than 3.

E x a m p l e 4 . Let 𝑁 = 𝐶31 × 𝐶61 = 𝐶1891 and 𝐻 = 𝐶3 × 𝐶5 = 𝐶15. Then 𝐻 acts on 𝑁 fixed-point-freely,
and we can consider the semidirect product 𝐺 = 𝑁 ⋊ 𝐻, which is a Frobenius group. It follows that
𝑐𝑠(𝐺) = {1, 15, 1891} and that Δ(𝐺) is the union of two complete connected components, which are the
prime divisors of 𝑁 and 𝐻, respectively. So Δ(𝐺) is a cycle of length 4. ◀

F i g u r e 1 : an illustration of Δ(𝐺) and Δ(𝐺) where 𝐺 = 𝐶1891 ⋊ 𝐶15.

In view of the above example, the next natural step would be to study the case of a cycle of length 5 in
Δ(𝐺). Nevertheless, this is also impossible. Indeed, this fact is more general, as the main theorem of the
paper [3] shows.

T h e o r e m 5 . [3, Theorem A] Let 𝐺 be a group. Then the graph Δ(𝐺) does not contain any cycle of odd
length.

In other words, this means thatΔ(𝐺) is a bipartite graph, i.e., a graph where the vertex sex can be partitioned
into two disjoint subsets 𝐴 and 𝐵 such that every edge connects a vertex in 𝐴 to another one in 𝐵. As an
immediate consequence, we obtain the next result.

C o r o l l a r y 6 . [3, Corollary B] Let 𝐺 be a group. Then the vertex set of Δ(𝐺) can be partitioned into two
subsets of pairwise adjacent vertices.

We have previously commented that if Δ(𝐺) is disconnected for some group 𝐺, then 𝑉(𝐺) is the union of
two cliques. But from the above corollary, this property turns out to hold in full generality.

Therefore, at least half of the vertices of Δ(𝐺) are pairwise adjacent, for any group 𝐺. So denoting by 𝑤(𝐺)
the clique number (i.e., the maximum size of a clique) of Δ(𝐺), we obtain what follows.

C o r o l l a r y 7 . [3, Corollary C] Let 𝐺 be a group. Then, the inequality |𝑉(𝐺)| ≤ 2𝑤(𝐺) holds.

It is not difficult to see that this bound is best possible, as the group in Example 4 shows. We close this
section with another illustrating example.

E x a m p l e 8 . Let 𝐺 = 𝐴𝛤(113) = ((𝐶11 × 𝐶11 × 𝐶11) ⋊ 𝐶113−1) ⋊ 𝐶3 be an affine semilinear group. Then
𝑉(𝐺) = {2, 3, 5, 7, 11, 19}, and it follows that Δ(𝐺) is the union of the clique 𝑉(𝐺) ⧵ {3} and the edge {3, 11}
(see Figure 2). ◀

4 . C u t v e r t i c e s

The last example has the following interesting property: if we remove the vertex 11 from the graph and all
the edges adjacent to 11 from Δ(𝐺), then the resulting graph is disconnected. Let us define this “almost
non-connectedness” feature of Δ(𝐺) in general: 𝑟 ∈ 𝑉(𝐺) is called a cut vertex of Δ(𝐺) if the subgraph
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F i g u r e 2 : the prime graph Δ(𝐺) for 𝐺 = 𝐴𝛤(113).

induced by 𝑉(𝐺) ⧵ {𝑟} in Δ(𝐺) (i.e., the graph Δ(𝐺) − 𝑟 obtained by removing the vertex 𝑝 and all edges
incident to 𝑟 from Δ(𝐺)) has more connected components than Δ(𝐺).

E x a m p l e 9 . There is an easy way of obtaining groups 𝐺 such that Δ(𝐺) has a cut vertex 𝑟. It is enough to
consider 𝐺 = 𝑅 × (𝐴 ⋊ 𝐵) where 𝐴 ⋊ 𝐵 is a Frobenius group with 𝐴 and 𝐵 abelian, and 𝑅 is a non-abelian
𝑟-group such that 𝑟 does not divide the order of 𝐴 ⋊ 𝐵. ◀

The next result states, among other facts, that Δ(𝐺) can have at most two cut vertices.

T h e o r e m 1 0 . [4, Theorem A] Let 𝐺 be a group such that Δ(𝐺) has a cut vertex 𝑟. Then, the following
conclusions hold.

( i ) 𝐺 is soluble with Fitting height at most 3, and its Sylow 𝑝-subgroups are abelian for all primes 𝑝 ≠ 𝑟.
( i i ) Δ(𝐺) − 𝑟 is a graph with two connected components, that are both complete graphs.
( i i i ) If 𝑟 is a complete vertex of Δ(𝐺), then it is the unique complete vertex and the unique cut vertex

of Δ(𝐺). If 𝑟 is non-complete, then Δ(𝐺) is a graph of diameter 3, and it can have at most two cut
vertices; moreover, 𝐺 is metabelian with abelian Sylow subgroups.

E x a m p l e 1 1 . Let 𝑅 = 𝐶31, 𝐴 = 𝐶11 × 𝐶61, 𝐵0 = 𝐶2 × 𝐶3, and 𝐵1 = 𝐶5, and consider 𝐺 = (𝐴 × 𝑅) ⋊ (𝐵0 × 𝐵1),
where there is a Frobenius action of 𝐵0 × 𝐵1 on 𝑅, another Frobenius action of 𝐵1 on 𝐴, and 𝐵0 acts trivially
on 𝐴. It is not difficult to show that Δ(𝐺) is the union of the two cliques {11, 31, 61} and {2, 3, 5} together
with the edge {5, 31}, so 5 and 31 are cut vertices of Δ(𝐺). ◀

Moreover, Theorem 3.3 and Theorem C of [4] completely characterise the structure of 𝐺 (and the correspon-
ding one of Δ(𝐺)) in both the cases when Δ(𝐺) has either one or two cut vertices, respectively. In particular,
these results yield a classification of those groups 𝐺 such that Δ(𝐺) is acyclic, i.e., that it has no cycle as an
induced subgraph (see [4, Corollary 3.4]).

In addition, there is a necessary and sufficient condition for a graph that possesses a cut vertex to occur as
Δ(𝐺) for a suitable group 𝐺.

T h e o r e m 1 2 . [4, Theorem D] Let Δ be a graph having a cut vertex. Then there exists a finite group 𝐺 such
that Δ = Δ(𝐺) if and only if Δ is connected and the vertex set of Δ can be partitioned in two subsets of
pairwise adjacent vertices.
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