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A b s t r a c t : In combinatorics, approximate subgroups are objects similar to sub-
groups up to a constant error. In 2011, using model theory, a connexion was found
between finite approximate subgroups and Lie groups. This result, known as the Lie
model theorem, was the starting point used to finally give a complete classification
of finite approximate subgroups.

This short essay is a partial summary of a joint paper with Ehud Hrushovski (in
current development) in which we prove a generalization of the Lie model theorem
to the case of metric groups.

R e s u m e n : En combinatoria, los subgrupos aproximados son objetos semejantes
a subgrupos salvo un error constante. En 2011, usando teoría de modelos, se en-
contró una relación entre subgrupos aproximados finitos y grupos de Lie. Este
resultado, conocido como el teorema demodelos de Lie, fue el punto de partida pa-
ra establecer finalmente una clasificación completa de los subgrupos aproximados
finitos.

Este breve ensayo es un resumen parcial de un artículo conjunto con Ehud
Hrushovski (en desarrollo) en el que obtenemos una generalización del teore-
ma de modelos de Lie al caso de grupos métricos.
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Model theory and metric approximate subgroups

1 . T h e L i e m o d e l t h e o r e m

Approximate subgroups are basic combinatorial structures modeling objects similar to subgroups up to a
constant error. Although first definitions where given in the abelian setting by Freiman in 1973 and Ruzsa
in 1994, the current definition was definitely established by Tao [4].

N o t a t i o n 1 . Here, for subsets of a group 𝑋,𝑌 ⊆ 𝐺, we write 𝑋𝑌 ≔ {𝑥𝑦 ∶ 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌} and 𝑋2 ≔ 𝑋𝑋. ◀

D e f i n i t i o n 2 . A 𝑘-approximate subgroup of a group 𝐺 is a symmetric subset 𝑋 ⊆ 𝐺 containing the identity
such that 𝑋2 ⊆ 𝛥𝑋 for some 𝛥 ⊆ 𝐺 with |𝛥| < 𝑘.

We say that two subsets 𝑋,𝑌 ⊆ 𝐺 are 𝑘-commensurable if there is 𝛥 ⊆ 𝐺 such that 𝑋 ⊆ 𝛥𝑌 and 𝑌 ⊆ 𝛥𝑋
with |𝛥| ≤ 𝑘. ◀

E x a m p l e 3 (geometric progressions). Let 𝐺 be abelian and 𝑢1,… , 𝑢𝑚 ∈ 𝐺. The set of words 𝑤( ̄𝑢) in 𝐺 with
at most 𝑁𝑖 occurrences of 𝑢𝑖 is a 2𝑚-approximate subgroup. ◀

E x a m p l e 4 (nilprogressions). Let 𝐺 be nilpotent of nilpotent length 𝑠 and 𝑢1,… , 𝑢𝑚 ∈ 𝐺. The set of words
𝑤( ̄𝑢) with at most 𝑁𝑖 occurrences of 𝑢𝑖 is an 𝑘(𝑠,𝑚)-approximate subgroup. ◀

Using model theory, Hrushovski [2] found a connexion between approximate subgroups and Lie groups.
This result, known as the Lie model theorem, was the starting point used to finally give a complete
classification of finite approximate subgroups by Breuillard, Green and Tao.

To explain Hrushovski’s result, we need to introduce the model theoretic notion of ultraproduct. The idea
is to construct models by taking “limits”. Formally, we consider a sequence (𝔐𝑚)𝑚∈ℕ of structures (e.g.,
groups, graphs, fields, linear orders) and an non-atomic measure u∶ 𝒫(ℕ) → {0, 1}. The ultraproduct
𝔐̂ = ∏𝔐𝑚/u is the set of sequences 𝑥 ∈ ∏𝔐𝑚 modulo the equivalence relation 𝑥 = 𝑥′ almost surely.

A fundamental theorem by Łoś says that the ultraproduct satisfies all first-order properties which are
almost surely satisfied by the factors. More generally, Łoś’s theorem says us that, for any first-order formula
𝜑(𝑥) in 𝔐̂ (possibly with parameters), the definable subset 𝐴 = 𝜑(𝔐̂) ≔ {𝑎 ∶ 𝑎 satisfies 𝜑 in 𝔐̂} of 𝔐̂ can
be written as the ultraproduct 𝐴 = ∏𝐴𝑚/u where 𝐴𝑚 = 𝜑(𝔐𝑚). The topology generated by taking as
clopen subsets the definable subsets is called the logic topology.

E x a m p l e 5 (non-standard analysis). When𝔐𝑚 = ℝ, we get a model of the hyperreal numbers ℝ̂. ◀

Morally, the Liemodel theorem says that every finite approximate subgroup is “in the limit” commensurable
to a compact neighbourhood of the identity of some Lie group.

T h e o r e m 6 (Hrushovski’s Lie model theorem). Let 𝐺 be an ultraproduct of groups and 𝑋 ⊆ 𝐺 an ultra-
product of respective finite 𝑘-approximate subgroups. Then, there exists a Lie model of 𝑋, i.e., a surjective
group homomorphism 𝜋∶ 𝐻 ≤ 𝐺 → 𝐿 where

( i ) 𝐿 is a connected Lie group,
( i i ) 𝑋8 ∩ 𝐻 is an approximate subgroup, generates 𝐻 and is commensurable to 𝑋,
( i i i ) 𝐾 ≔ ker𝜋 ⊆ 𝑋4, and
( i v ) 𝜋 is continuous and closed from the logic topology (with enough parameters).

Using this result, Breuillard, Green, and Tao [1] concluded that every finite approximate subgroup is
commensurable to a nilprogression modulo some normal subgroup.

T h e o r e m 7 (Breuillard-Green-Tao Classification Theorem). In the Lie model theorem, 𝐿 is nilpotent and 𝐾
could be made definable taking enough structure. Hence, we get the following result:

Let 𝐺 be a group and 𝑋 a finite 𝑘-approximate subgroup. Then, there are 𝐻 ≤ 𝐺 and 𝐾 ⊴ 𝐻 such that

( i ) 𝐻 ∩ 𝑋8 is 𝐶(𝑘)-commensurable to 𝑋 and generates 𝐻,
( i i ) 𝐾 ⊆ 𝑋4, and
( i i i ) 𝐻/𝐾 is a nilpotent group of 𝑠(𝑘) nilpotent length.
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2 . T h e m e t r i c L i e m o d e l t h e o r e m

Approximate subgroups could be further generalized to the context of metric groups. By ametric group we
understand a group 𝐺 together with a metric 𝑑 invariant under translations.

N o t a t i o n 8 . Write�𝑟(𝑋) = {𝑦 ∶ there is 𝑥 ∈ 𝑋 𝑑(𝑥, 𝑦) < 𝑟}. Note that�𝑟(𝑋) = 𝑋�𝑟(1) = �𝑟(1)𝑋. ◀

R e m a r k 9 . We assume invariance under two-side translations to simplify the statements. In fact, it is
possible to assume only that 𝑑 is invariant under left (alternatively right) translations and some local
Lipschitz condition for the right (alternatively left) translations. ◀

D e f i n i t i o n 1 0 . A 𝛿-metric 𝑘-approximate subgroup 𝑋 ⊆ 𝐺 is a symmetric subset 1 ∈ 𝑋−1 = 𝑋 such that
𝑋2 ⊆ 𝛥�𝛿(𝑋) with |𝛥| ≤ 𝑘.

We say that two subsets 𝑋,𝑌 ⊆ 𝐺 are 𝛿-metrically 𝑘-commensurable if there is 𝛥 ⊆ 𝐺 such that 𝑋 ⊆ 𝛥�𝛿(𝑌)
and 𝑌 ⊆ 𝛥�𝛿(𝑋) with |𝛥| ≤ 𝑘. ◀

We do no longer assume finiteness, instead we assume that using themetric we can find nice discretizations.
An 𝑟-entropy discretization of a set 𝑋 is an 𝑟-separated finite subset 𝑍 ⊆ 𝑋 of maximal size. Write 𝑁ent

𝑟 (𝑋) =
sup{|𝑍| ∶ 𝑍 ⊆ 𝑋 𝑟-separated}. If there are arbitrary large 𝑟-separated finite sets, write 𝑁ent

𝑟 (𝑋) = ∞.

R e m a r k 1 1 . 𝑁ent is subadditive and decreasing on 𝑟. ◀

Our aim is to generalize Hrushovski’s Lie model theorem to the case of metric approximate subgroups. In
our case, the ultraproduct of metric groups is then a non-standard metric group, i.e., a group 𝐺 together
with a function ̂𝑑 ∶ 𝐺 × 𝐺 → ℝ̂ into the hyperreal numbers that satisfies the usual properties of a metric.

For a sequence 𝑟 = (𝑟𝑛)𝑛∈ℕ of non-standard positive numbers in ℝ̂ with 2𝑟𝑛+1 < 𝑟𝑛, we define the
𝑟-infinitesimal thickening of 𝑋 by

𝑜𝑟(𝑋) ≔
∞

⋂
𝑛=0

�𝑟𝑛(𝑋) = {𝑔 ∈ 𝐺 ∶ ∀𝑛 ∈ ℕ ∃𝑥 ∈ 𝑋 𝑑(𝑔, 𝑥) < 𝑟𝑛}.

It follows that 𝑜𝑟(1𝐺) ⊴ 𝐺. Also, 𝑜𝑟(𝑋) = 𝑋𝑜𝑟(1𝐺) = 𝑜𝑟(1𝐺)𝑋.

Now, we quotient out by 𝑜𝑟(1) and check that the original arguments done by Hrushovski with 𝑋 could
be adapted to 𝑋/𝑜𝑟(1). This requires to generalize various model theoretic techniques to the context of
piecewise hyperdefinable sets as it was done in [3].

T h e o r e m 1 2 (metric Lie model [2]). Let (𝐺𝑚,𝑋𝑚, 𝑟𝑚) be a sequence such that

1 . 𝐺𝑚 is a metric group,
2 . 𝑋𝑚 is a symmetric subset containing the identity,
3 . 𝑟𝑚 = (𝑟𝑚1 ,… , 𝑟𝑚𝑚 ) satisfies 𝑟𝑚𝑖 ≥ 2𝑟𝑚𝑖+1 and

𝑁ent
𝑟𝑚𝑖 /2

(𝑋9
𝑚) ≤ 𝐶 ⋅ 𝑁ent

9𝑟𝑚𝑖 /2
(𝑋𝑚) ∈ ℝ for each 𝑖.

Let 𝐺 = ∏𝑚∈ℕ 𝐺𝑚/u, 𝑋 = ∏𝑚∈ℕ 𝑋𝑚/u and 𝑟 = 𝑟𝑚/u be ultraproducts. Then, there is a Lie model of 𝑜𝑟(𝑋),
i.e., a surjective group homomorphism 𝜋∶ 𝐻 ≤ 𝐺 → 𝐿 where

( i ) 𝐿 is a connected Lie group,
( i i ) 𝐻 ∩ 𝑜𝑟(𝑋12) is a 𝐶-approximate subgroup, generates 𝐻 and is commensurable to 𝑜𝑟(𝑋),
( i i i ) 𝐾 = ker𝜋 ⊆ 𝑜𝑟(𝑋8) and 𝑜𝑟(1𝐺) ≤ 𝐾,
( i v ) 𝜋 is continuous and closed from the logic topology (with enough parameters).

Hence, as a corollary of the metric Lie model theorem we get the following result for metric approximate
subgroups.
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C o r o l l a r y 1 3 . Fix constants 𝑘 ∈ ℝ>0, 𝐶 ∈ ℝ>1, 𝛿 ∈ ℝ>0 and 𝑁,𝑝, 𝑞 ∈ ℕ. Take 𝛼 ≥ 1442. There are
𝑒 ≔ 𝑒(𝑘,𝐶) and 𝑚 ≔ 𝑚(𝑘,𝐶,𝑁,𝑝) such that the following holds.

Let 𝐺 be a metric group and 𝑋 a 𝛿-metric 𝑘-approximate subgroup such that

𝑁ent
𝛿 (𝑋) ≤ 𝐶𝑚𝑁ent

𝛼𝑚𝛿(𝑋) ∈ ℝ>0.

Then, there is a sequence 𝑋𝑁 ⊆ ⋯ ⊆ 𝑋1 ⊆ 𝑋8 satisfying the following properties:

( i ) 𝑋2 and 𝑋1 are 2−𝑝𝛼𝑚 𝛿-metrically 𝑒-commensurable.
( i i ) 𝑋𝑛+1𝑋𝑛+1 ⊆ �2−𝑝𝛼𝑚𝛿(𝑋𝑛).
( i i i ) 𝑋𝑛 is covered by 𝑒 right cosets of �2−𝑝𝛼𝑚𝛿(𝑋𝑛+1).

( i v ) 𝑋𝑋1
𝑛+1 ⊆ �2−𝑝𝛼𝑚𝛿(𝑋𝑛).

( v ) [𝑋𝑛1,𝑋𝑛2] ⊆ �2−𝑝𝛼𝑚𝛿(𝑋𝑛) whenever 𝑛 < 𝑛1 + 𝑛1.
( v i ) {𝑥 ∈ 𝑋1 ∶ 𝑥2, 𝑥4 ∈ 𝑋1 and 𝑥8 ∈ 𝑋𝑛} ⊆ 𝑋𝑛+1.
( v i i ) If 𝑥, 𝑦 ∈ 𝑋1 with 𝑥2 = 𝑦2, then 𝑦−1𝑥 ∈ �2−𝑝𝛼𝑚𝛿(𝑋𝑁).
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