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Sobre TEMat / About TEMat

TEMat es una revista de divulgacién de trabajos de estudiantes de matemaéticas publicada sin dnimo de
lucro por la Asociacién Nacional de Estudiantes de Matematicas. Se busca publicar trabajos divulgativos
de matematicas de todo tipo, escritos principalmente (pero no exclusivamente) por estudiantes.

TEMat persigue el doble objetivo de dar visibilidad a la calidad y diversidad de los trabajos realizados
por estudiantes de matematicas a la vez que permite a los estudiantes publicar sus primeros articulos. Se
contemplan para su publicacién articulos escritos en castellano de todas las dreas de las matematicas,
puras y aplicadas, asi como aplicaciones cientificas o tecnolégicas en las que las matemadticas jueguen un
papel central.

TEMat is a nonprofit journal for the dissemination of works written by mathematics students, published
by the Asociacién Nacional de Estudiantes de Matemadticas. We aim to publish mathematics dissemination
papers of any kind, written mainly (but not exclusively) by students.

TEMat pursues the goal of showcasing the quality and diversity of the works written by students, while also
allowing them to publish their first papers. We will consider for publication any paper written in Spanish
about any area of mathematics, both pure and applied, as well as scientific or technological applications
where mathematics play a prominent role.

Sobre TEMat monograficos / About TEMat monograficos

TEMat monogrdficos complementa los objetivos de TEMat, ofreciendo a escuelas de investigacion, asi
como seminarios, talleres o congresos de estudiantes, la posibilidad de que sus asistentes publiquen
articulos sobre los contenidos estudiados de manera homogénea, a la vez que se agrupan estos contenidos
para que otras personas que no hayan podido asistir al evento puedan estudiarlos por su cuenta. A la vez,
esto permite dar difusién a la labor de los organizadores y profesores que se encargan de los eventos y al
trabajo desarrollado por jévenes matemadticos.

TEMat monogrdficos complements TEMat’s goals by offering research schools, seminars, workshops
or student conferences the chance to publish a monographic volume where participants may publish
papers about the contents of said activity. Simultaneously, this allows to have all the content in one single
volume, so that individuals who could not attend the event may study this content by themselves. This
also showcases the work of organisers and lecturers, as well as the performance of young mathematicians.
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Sobre este volumen / About this volume

Este primer volumen de TEMat monogrdficos contiene articulos sobre la mayoria de los cursos impartidos
en las VIII y IX Escuela-Taller de Anélisis Funcional, una escuela de anélisis organizada por la Red de
Andlisis Funcional y Aplicaciones en la que los participantes estudian un tema de andlisis concreto junto
con un profesor. Los articulos presentados aqui los han escrito los estudiantes que participaron en cada
uno de los cursos, con la supervisién de su respectivo profesor.

This first volume of TEMat monogrdficos contains papers about most of the courses taught during the
8th and 9th editions of the Escuela-Taller de Andlisis Funcional, an analysis school organised by the Red
de Analisis Funcional y Aplicaciones where participants study a given topic in analysis together with a
lecturer. The papers presented here have been written by the students that took part in each of the courses,
with the supervision of their respective instructor.
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Resumen: Desde el afio 2011, la Red de Anélisis Funcional y Aplicaciones, apo-
yada por més de treinta y cinco proyectos de investigacion nacionales, organiza
anualmente la Escuela-Taller de Andlisis Funcional. Més de doscientos estudiantes
de tltimos afios de licenciatura, grado y mdsteres en Matematicas de veinte uni-
versidades nacionales han participado en esta iniciativa. En la edicién de 2019, se
decidi6 dedicarla a la memoria de Bernardo Cascales, profesor de la Universidad
de Murcia y promotor de la Escuela-Taller.

Abstract: Since 2011, the Spanish Functional Analysis Network, supported by
over thirty five national research projects, organises the Escuela-Taller de Andlisis
Funcional yearly. More than two hundred undergraduate or master Mathematics
students from twenty Spanish universities have taken part in this initiative. The
2019 edition of the school was dedicated to the memory of Bernardo Cascales,
professor at the University of Murcia and promoter of the Escuela-Taller.
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La Escuela-Taller de Analisis Funcional «Bernardo Cascales»

1. Origen de la Escuela-Taller: la Red de Analisis Funcional y Aplicaciones

En 2004, a iniciativa de José Luis Gonzdalez Llavona, de la Universidad Complutense de Madrid, se puso
en marcha la red temética en Andlisis Funcional y Aplicaciones, que fue financiada por el Ministerio
de Educacién y Ciencia mediante dos acciones especiales (referencias BFM2002-11782-E y MTM2004-
22129-E). Desde sus comienzos, la Red buscé aglutinar a todos los grupos nacionales cuya investigacion
se centrara en el andlisis funcional. En estos quince afios, uno de los objetivos fundamentales de la Red ha
sido fomentar la investigacion interdisciplinar y la interaccién entre los distintos grupos que la integran,
poniendo especial atencién en la formacién de jévenes estudiantes o doctores.

Durante el periodo 2004-2006, las principales actividades de la Red fueron la creacién de una pagina web
(http://www.mat.ucm.es/~nfaas, ya no operativa') y la organizacién de dos encuentros en la residencia
La Cristalera, dependiente de la Universidad Autébnoma de Madrid, en Miraflores de la Sierra (Madrid).

En el primero de ellos, celebrado del 29 al 30 de octubre de 2004, dieciocho investigadores de doce
universidades espafiolas tuvieron la oportunidad de informar del estado actual de su trabajo y sus lineas
de investigacion prioritarias. El segundo, celebrado del 30 de marzo al 1 de abril de 2006, estuvo dedicado
a joévenes investigadores en andlisis funcional. Doce estudiantes de doctorado expusieron los principales
resultados de sus tesis, corriendo a cargo de Manuel Valdivia la ponencia inaugural.

Una vez celebradas estas dos reuniones, qued¢ clara la filosofia que debia marcar el devenir de la Red
de Analisis Funcional y Aplicaciones: por un lado, dar la oportunidad de exponer sus trabajos a jévenes
investigadores en un ambiente menos rigido que el que predomina en los congresos tradicionales y
contando entre el publico a reconocidos investigadores; por otro, fomentar la interaccién entre grupos de
investigacién que trabajan en temas muy diferentes. Convivir durante los dias del congreso permitia realizar
investigaciones conjuntas, compartir informacién sobre gestién y temas cientificos, y surgir profundas
amistades.

En diciembre de 2006, la Red pas6 a ser coordinada por Miguel Martin y Rafael Pay4, de la Universidad de
Granada. Cada afio la Red iba creciendo y tomando fuerza, uniéndose nuevos grupos de investigaciéon y
aumentando el nimero de participantes en los encuentros.

En el periodo 2007-2010 se organizaron cuatro encuentros de la Red: el primero de ellos, otra vez en la
residencia La Cristalera (del 20 al 23 de junio de 2007), y los otros tres en Salobrefia, en Granada (del 2
al 5 de abril del 2008, del 22 al 25 de abril del 2009 y del 14 al 17 de abril del 2010, respectivamente). Se
impartieron una media de diecisiete conferencias y participaron mds de sesenta congresistas cada afio.

En este tiempo, la Red fue financiada mediante las acciones complementarias de referencias MTM2007-
29355-E y MTM2008-05274-E. Estas acciones complementarias y actividades de la Red fueron avala-
das por numerosos proyectos del Plan Nacional y de los programas financiadores de las comunida-
des auténomas. Datos concretos de estos encuentros pueden consultarse a través de la web https:
//www.uv.es/functanalys/conferencias-encuentros.html.

En el dltimo de los encuentros en Salobrena, en 2010, se propuso que Bernardo Cascales, de la Universidad
de Murcia, fuera el nuevo coordinador de la Red, quien al asumir la direccién aport6 nuevas iniciativas.

2. Bernardo Cascales, promotor de la Escuela-Taller

Nuestro amigo Bernardo Cascales Salinas, investigador muy relevante en el drea de anélisis funcional y
ciclista empedernido, naci6 en Alcantarilla (Murcia) el 10 de enero de 1958. Su interés por las matematicas le
llevé a estudiar, formando parte de la primera promocién, la licenciatura en Matemaéticas en la Universidad
de Murcia (UM) desde el curso 1975-1976 al 1979-1980. En 1981, como becario de investigacién, comenzé
su actividad docente en la UM. Realiz0 la tesis doctoral bajo la direcciéon del profesor Manuel Valdivia,
leyéndola en 1985 y obteniendo por ella el premio extraordinario de doctorado. En 1987 realizé su primera
estancia en el extranjero en la Universitdt Oldenburg, trabajando con Klaus Floret. Alli dejé un gran

!Disponible en http://web.archive.org/web/20110306075008/http: //www.mat.ucm.es/~nfaas gracias a la Internet Wayback
Machine.
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Bernardo Cascales. XIV Encuentro de Andlisis Funcional Murcia-Valencia, 24-26 de septiembre de 2015.

recuerdo por la profundidad de sus ideas y por sobrevivir dos meses a base de bocadillos. A la vuelta,
obtuvo su plaza de profesor titular de universidad. De 1990 a 1996 fue director del Departamento de
Matematicas de la UM.

En agosto de 1998 comenz6 una estancia cientifica de un afio en la University of Missouri-Columbia
(Estados Unidos), donde trabajé con el extraordinario matematico Nigel Kalton. En 2004 obtuvo su plaza
de catedratico de universidad en la UM, y en el curso académico 2009-2010 realiz6 otra estancia de afio
sabdtico, en este caso en la Kent State University (Estados Unidos), invitado por Richard M. Aron. Desde
2014 hasta 2017 fue vicerrector de Coordinacién e Internacionalizacién de la Universidad de Murcia, donde
desarroll6 una actividad extraordinaria.

Fue editor de varias revistas de investigacion, entre ellas la Journal of Mathematical Analysis and Applica-
tions (Elsevier). También fue miembro del comité asesor de la Real Sociedad Matemaética Espafiola (RSME)
para publicaciones conjuntas con la American Mathematical Society (AMS).

Fue investigador principal en numerosos proyectos competitivos de investigacion financiados por el
Ministerio de Investigacion y Ciencia de Espafia y por la Comunidad Europea. Dirigi6 ocho tesis docto-
rales. Impartié un ntimero apreciable de conferencias invitadas en eventos cientificos de su campo en
universidades espafiolas y extranjeras.

Sus intereses cientificos principales fueron aspectos geométricos de la teoria de espacios de Banach,
métodos topoldgicos de dichos espacios y la teoria de la medida. Sus importantes contribuciones estdn
recogidas en cincuenta y nueve articulos de investigacion, practicamente todos en revistas de reconocido
prestigio internacional como Advances in Mathematics, Mathematische Annalen, Journal of Functional
Analysis, Journal of Mathematical Analysis and Applications, etc. Pero, ademads de cientifico encerrado
en su mundo, desde siempre tuvo una visién clara de crear a su alrededor un ambiente cientifico y de
colaboracién con los mejores matemaéticos de su drea y que atrajera a jovenes talentos. Consecuente con
esa vision, Bernardo cre6 en 1990 el Seminario del Departamento de Matematicas de la UM, consiguiendo
un continuo flujo de conferenciantes de muy alto nivel nacional e internacional que contintia hasta hoy
en dia.

TEMat monogr., 1 (2020) e-I1SSN: 2660-6003 3



La Escuela-Taller de Analisis Funcional «Bernardo Cascales»

Fue también la alma mater detras de los Encuentros de Andlisis Funcional Murcia-Valencia, creados
en 2007, y de los cuales en vida de Bernardo se celebraron quince ediciones. La decimosexta fue en su
memoria en diciembre de 2018. Los concibi6é como lugar de encuentro informal pero productivo de los
investigadores de andlisis funcional de las universidades de Murcia, Politécnica de Valencia y de Valencia,
y también como escenario natural para que jévenes pre- y posdoctorales tuvieran su primera audiencia
sénior donde exponer sus resultados. El Comité Cientifico de las primeras ediciones de estos encuentros
estuvo formado por José Bonet (Universitat Politecnica de Valéncia), Bernardo Cascales (UM) y Manuel
Maestre (Universitat de Valencia).

Bernardo fue miembro fundador, y esencial en la consolidacién, de la Red de Andlisis Funcional y Aplica-
ciones espafola, de la que fue coordinador durante tres afios, desde el 2011 hasta el 2013.

En 2010 tuvo una idea fundamental y que cambio la Red radicalmente: la creacién de la Escuela-Taller.
Esta idea fue acogida en medio de grandes dudas de todos los miembros de la Red. Pero Bernardo, con su
empuje y bonhomia, consigui6 llevarla adelante, siendo su primer organizador (junto con Jests Bastero),
en 2011, en Jaca. El resultado de esta primera edicién fue tan extraordinario que la Escuela-Taller quedé
como la principal actividad de la Red de Andlisis Funcional y Aplicaciones.

Un pilar bésico y fundamental en su vida fue su mujer, Cecilia, que, junto con sus hijos Juan Pedro,
Bernardo y Miguel, era lo més importante de su vida. Bernardo era un hombre de gran energia, de humor
e ironia fina, y con una gran capacidad de trabajo. Gran comunicador de hablar pausado y con gran gusto
matemadtico. Tuvo la virtud de hacer muchos y grandes amigos que ahora le afioramos.

3. Objetivos, estructura y desarrollo de la Escuela-Taller

A mediados de 2010, la Red de Anélisis Funcional y Aplicaciones estaba bien afianzada en el panorama
matemadtico nacional y los Encuentros anuales eran una cita obligada y de prestigio para los investigadores
de esta drea. Por iniciativa de Bernardo, se consider6 que seria de gran interés ampliar estas actividades,
organizando una escuela-taller destinada a alumnos de los tltimos cursos de licenciatura o méster con
especial interés en el andlisis funcional.

La Escuela-Taller contaba con elementos novedosos en su concepcién. Estaba pensada para y por los
alumnos. La organizacién de la Escuela elige unos temas centrales dentro del anélisis funcional y unos
profesores responsables de los mismos. Los profesores elegidos no tenian que tener especial relacién con
el tema escogido, prefiriendo que no estuviera en su campo de investigaciéon. Son los responsables de los
grupos de investigacion que forman la Red de Andlisis Funcional y Aplicaciones quienes animan y deciden
qué estudiantes de su centro son seleccionados para participar en la Escuela-Taller.

Los estudiantes llegan el domingo por la tarde a la localidad donde se realiza la Escuela-Taller. El lunes
por la manana, los profesores presentan los temas. Asesorados por los docentes, los grupos de alumnos
estudian en sesiones intensivas de mafiana y tarde los temas, que finalmente exponen a sus comparieros
en la dltima sesién. Inicialmente, se decidi6 organizar la Escuela-Taller de domingo a miércoles y, a
continuacién, de jueves a sabado, los Encuentros de la Red, invitando a los alumnos participantes a la
Escuela-Taller a asistir también al Encuentro.

Cada Escuela-Taller requiere una financiacion notable al necesitar cubrir el desplazamiento, alojamiento
y manutencion de alrededor de veinticinco estudiantes durante un minimo de cinco dias. Para ello, era
imprescindible tener financiacién nacional del Ministerio, asi como otras ayudas de institutos o centros
de investigacion locales.

En las nueve ediciones realizadas, han participado doscientos veinte alumnos de veinte universidades
nacionales y una extranjera. Se han conseguido unas ayudas de 69 500 euros de parte del Ministerio para
la realizacién de la Escuela-Taller. Para valorar el éxito de esta iniciativa, hay que sefialar que muchos de
estos alumnos han realizado o estdn realizando en la actualidad su tesis doctoral en temas relacionados
con el andlisis funcional y que, de hecho, algunos de ellos ya han participado en los encuentros de la Red,
exponiendo el trabajo de investigacién desarrollado en el apartado de jévenes investigadores.
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Jornada de trabajo del taller «Teorema de Brouwer y aplicaciéon a equilibrios de Nash». II Escuela-Taller de
Andlisis Funcional, La Manga del Mar Menor, 16-18 de abril de 2012.

4. Las primeras Escuelas-Taller: Jaca (2011) y La Manga del Mar Menor
(2012)

Varios problemas logisticos y administrativos se tuvieron que salvar para poder organizar la primera Escuela-
Taller de Andlisis Funcional. Jests Bastero y Pedro J. Miana, de la Universidad de Zaragoza, ofrecieron la
Residencia Universitaria de Jaca, sede de numerosas reuniones cientificas desde 1929.

Asi, la I Escuela-Taller de Andlisis Funcional tuvo lugar del 4 al 6 de abril de 2011 en Jaca, organizada en
colaboracién con el Instituto Universitario de Matematicas y Aplicaciones (IUMA) de la Universidad de
Zaragoza. En tres dias completos de actividad se desarrollaron los siguientes talleres:

Taller 1. «El teorema de Baire y el andlisis funcional»;

Taller 2. «La transformada de Fourier y el analisis funcional».
Los profesores responsables para esta edicion fueron

¢ José Bonet (Universitat Politecnica de Valéncia),

e Maria Jesus Carro (Universitat de Barcelona),

¢ Tomés Dominguez (Universidad de Sevilla),

* Rafael Pay4 (Universidad de Granada) y

e Javier Soria (Universitat de Barcelona).
Participaron veinticinco alumnos, estudiantes de once universidades en tltimos cursos de licenciatura o
de maésteres. A continuacién se celebr6 el VII Encuentro de la Red de Andlisis Funcional y Aplicaciones,
entre el 6 y el 9 de abril de 2011, en la propia Residencia Universitaria de Jaca. La cena del Encuentro
se recordard por varias intervenciones, principalmente la imitacién del humorista Eugenio y la extensa

intervencién de Bernardo que, micré6fono en mano, agradecia a todos y cada uno de los asistentes su
presencia y trabajo.

A mediados de julio de 2011, Bernardo organizé una reunién de coordinacion de la Red, en la Universidad
de Murcia, para analizar la escuela organizada en Jaca, modernizar el eterno asunto de la pagina web,
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La Escuela-Taller de Analisis Funcional «Bernardo Cascales»

Participantes de la I Escuela-Taller de Andlisis Funcional y del VII Encuentro de la Red de Andlisis Funcional
y Aplicaciones, Jaca, 4-9 de abril de 2011.

actualizar el listado de tesis y proyectos y planear las futuras actividades de la Red. El grupo de trabajo
estaba formado por Victoria Martin, Antonio Pallarés, Ricardo Garcia, Pedro J. Miana y el propio Bernardo.

A la vista del éxito de la primera Escuela-Taller y del interés demostrado por alumnos, profesores e
investigadores por su continuidad, en el afio 2012 se organizo la Il Escuela-Taller de Andlisis Funcional. Se
decidi6 ampliar a treinta alumnos el nimero méximo de participantes, celebrdndose en La Manga del Mar
Menor (Murcia), del 16 al 18 de abril. Colaboraron en la organizacién miembros del grupo de la Universidad
de Murcia, entre ellos Antonio Pallarés. Finalmente asistieron veintiocho alumnos de diez universidades
espafiolas, y precedi6 al VIII Encuentro de la Red de Andlisis Funcional y Aplicaciones, acontecido en el
mismo lugar del 19 al 21 de abril.

En esta ocasidon se eligieron los siguientes dos talleres, con un total de cinco apartados que fueron
desarrolladas por grupos de hasta seis estudiantes:

Taller 1. «Teoremas de punto fijo y aplicaciones», con las secciones

1.1. «Teorema de Brouwer y aplicacion a equilibrios de Nash»,
1.2. «Teorema minimax y consecuencias» y
1.3. «Problema del subespacio invariante»;

Taller 2. «Anélisis convexo», con las secciones

2.1. «Desigualdad de Brunn-Minkowski e isoperimétrica» y
2.2. «Desigualdad isoperimétrica vs. desigualdades de Sobolev».

Los profesores responsables de los cinco grupos de trabajo fueron

e Jests Bastero (Universidad de Zaragoza),

¢ Joan Cerda (Universitat de Barcelona),

¢ Manuel Maestre (Universitat de Valéncia),

¢ Antonio Martin6n (Universidad de La Laguna) y

e Bernardo Cascales (Universidad de Murcia).
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Participantes de la II Escuela-Taller de Andlisis Funcional, La Manga del Mar Menor, 16-18 de abril de 2012.

Al igual que en la anterior Escuela-Taller, los alumnos desarrollaron los temas asignados y, a continuacion,
los expusieron a sus comparieros y a los miembros de la Red asistentes. Posteriormente asistieron al
Encuentro de la Red y en la cena del Encuentro disfrutaron del entretenimiento «Parecidos Razonables»,
ideado por miembros del comité organizador. El «péjaro loco» con su cresta en punta fue elegido para
representar al coordinador de la Red en ese momento, nuestro amigo Bernardo.

Durante el periodo 2010-2012, las actividades de la Red fueron financiadas por las acciones complementa-
rias MTM2009-08489-E y MTM2010-11906-E.

5. Las escuelas de Zafra (2013), Sevilla (2014) y Madrid (2015)

En la reunién de coordinacién de la Red en abril de 2012 se acordé continuar con la Escuela-Taller e
incorporar a Tomés Dominguez, de la Universidad de Sevilla, como coordinador de la Red, quedando este
como coordinador tinico desde abril de 2013 hasta marzo de 2014. Ademads, por cuestiones organizativas y
limitaciones presupuestarias, se decidid limitar el nlimero de alumnos de la escuela a veinticinco, creando
una lista de reserva en caso de que hubiera maés solicitudes. También se priorizaria a los estudiantes que
no hubieran asistido a ninguna edicion frente a los ya participantes en ocasiones anteriores.

Inicialmente, la III Escuela-Taller de Andlisis Funcional se iba a celebrar en Aracena (Huelva), pero final-
mente se realizé en Zafra (Badajoz) del 9 al 13 de abril de 2013. Se organizé integrada en el IX Encuentro
de la Red de Andlisis Funcional y Aplicaciones, celebrado en la misma localidad de Zafra del 11 al 13 de
abril. Asi, las exposiciones finales de los equipos de la Escuela fueron incluidas en el programa oficial del
Encuentro. Para la financiacién de esta escuela se cont6 con la ayuda de la accién complementaria del
Ministerio MTM2011-15726-E.

A esta edicion de la Escuela-Taller fueron invitados veintitiin alumnos de nueve universidades, seleccionados
por los investigadores principales de los distintos grupos de investigacién que forman parte de la Red. Los
dos temas elegidos, divididos en cuatro secciones para ser desarrollados, fueron los siguientes:

Taller 1. «Algunas desigualdades notables del Anadlisis», subdividido en

1.1. «Desigualdad de Hardy» y
1.2. «Desigualdad de Grothendieck»;
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Participantes de la III Escuela-Taller de Andlisis Funcional y el IX Encuentro de la Red de Andlisis Funcional
y Aplicaciones, Zafra, 9-13 de abril de 2013.

Taller 2. «Métodos topoldgicos en Andlisis Funcional», con las secciones

2.1. «Aplicaciones del conjunto de Cantor» y
2.2. «Limites en espacios de Banach».

En esta ocasion, los profesores encargados de la Escuela-Taller fueron

¢ José P. Moreno (Universidad Auténoma de Madrid),
¢ David Pérez-Garcia (Universidad Complutense de Madrid),
¢ Antonio Fernandez Carrién (Universidad de Sevilla) y

¢ Jestis M. E Castillo (Universidad de Extremadura).

Ademas de la excursidn a la ruta de los Castillos y la inolvidable visita a un secadero de jamones en Jerez
de los Caballeros con degustacién incluida, en la cena social del IX Encuentro se realizé una edicién
exclusivamente matemadtica del juego «Pasapalabra». Victoria Martin colaboré notablemente para que la
Escuela-Taller y el Encuentro fueran un éxito.

La IV Escuela-Taller de Andlisis Funcional se celebr6 en Sevilla del 4 al 8 de marzo de 2014 y se organizé en
colaboracién con el Instituto de Matematicas de la Universidad de Sevilla «<Antonio de Castro Brzezicki»
(IMUS). La Escuela cont6 con la participacion de veinticuatro alumnos de once universidades, selecciona-
dos una vez més por los investigadores principales de los grupos de investigacién que conforman la Red.
Al igual que en la anterior edicién, los alumnos expusieron su trabajo final integrado en el programa del
X Encuentro de la Red, celebrado del 6 al 8 de marzo.

Los dos temas seleccionados fueron los siguientes, divididos en dos secciones:
Taller 1. «Operadores Lineales», subdividido en

1.1. «Operadores no acotados en Espacios de Hilbert» y
1.2. «Aplicaciones Lineales que preservan Funciones Ortogonales»;
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Taller 2. «Aplicaciones del Andlisis Funcional», subdividido en

2.1. «Movimiento Browniano y la férmula de Itd» y
2.2. «El problema de Monge-Kantorovich».

En esta ocasion, la Escuela-Taller estuvo a cargo de los siguientes profesores:

* José L. Gonzélez Llavona (Universidad Complutense de Madrid),
e Alberto Ibort (Universidad Carlos III de Madrid e ICMAT),
 Antonio Pallarés (Universidad de Murcia),

 Antonio Peralta (Universidad de Granada) y

* Rafael Espinola (Universidad de Sevilla).

En la reunién de la Red, se incorporaron como coordinadores Jestis M. Ferndndez Castillo y Ricardo Garcia,
de la Universidad de Extremadura, manteniéndose Tomds Dominguez también como cocoordinador hasta
el afio siguiente. Al no poseer fuente de financiacién por parte del Ministerio para la realizacién de la
siguiente Escuela-Taller, se decidié contactar con el Instituto de Ciencias Matemadticas (Madrid) para la
realizacion de la actividad en sus instalaciones.

LaV Escuela-Taller de Andlisis Funcional (y el XI Encuentro de la Red de Andlisis Funcional y Aplicaciones)
tuvo lugar del 2 al 7 de marzo 2015 en las instalaciones del ICMAT (Madrid), que, ademads, la subvencioné.
Esta edicién conté con veinticuatro alumnos de trece universidades. Los temas tratados en la Escuela-Taller
fueron, en esta ocasioén, cuatro talleres independientes, cuyos profesores asignados fueron los siguientes:

Taller 1. «Inversién Global de Funciones». Profesor encargado: Jestis Angel Jaramillo Aguado (Universidad
Complutense de Madrid).

Taller 2. «Desigualdades Variacionales en Espacios de Hilbert y Aplicaciones». Profesor encargado: Jests
Garcia-Falset (Universitat de Valéncia).

Taller 3. «Teorema de Mazur-Ulam». Profesor encargado: Miguel Martin Sudrez (Universidad de Granada).

Taller 4. «Principios Variacionales y Aplicaciones». Profesor encargado: Daniel Azagra Rueda (Universidad
Complutense de Madrid).

6. Las Escuelas-Taller de Caceres (2016 y 2017)

La VI Escuela-Taller de Andlisis Funcional (y el XII Encuentro de la Red de Andlisis Funcional y Aplicaciones)
tuvo lugar en Céceres del 29 de febrero al 4 de marzo de 2016. El lugar elegido fue el complejo cultural de
San Francisco. A lo largo de su historia, este lugar ha tenido diferentes usos: sede del Colegio de Teologia
Escoléstica, cuartel y caballerizas en épocas de guerras, hospital provincial o casa de misericordia.

Para esta Escuela-Taller, los temas y profesores seleccionados fueron los siguientes:
Taller 1. «Midiendo conjuntos no medibles y espacios de Banach universales». Profesor encargado: Antonio
Avilés (Universidad de Murcia).

Taller 2. «Anélisis armoénico de la A a la A». Profesor encargado: Félix Cabello Sanchez (Universidad de
Extremadura).

Taller 3. «Teoremas de puntos fijos y aplicaciones». Profesor encargado: Juan José Nieto (Universidade de
Santiago de Compostela).

Taller 4. «<Mecdanica Cuantica - Principio de Incertidumbre - Ecuacién de Schrédinger - Ecuacién de Diraco.
Profesor encargado: Luis Vega (Universidad del Pais Vasco / Euskal Herriko Unibertsitatea).

Participaron veintitrés alumnos provenientes de once universidades diferentes. Esta edicién (y la anterior)
fue financiada parcialmente con el proyecto de redes de excelencia MTM2014-53152-REDT. Es destacable
el bonito disefio del péster conjunto de la Escuela-Taller y del Encuentro que puede verse en el Anexo B.
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LaVII Escuela-Taller de Andlisis Funcional (y el XIII Encuentro de la Red de Andlisis Funcional y Aplicaciones)
tuvo lugar del 6 al 11 de marzo de 2017. Se volvié a celebrar en el complejo cultural San Francisco, y el
poster conjunto de la Escuela-Taller y del Encuentro no defraudé.

Los cuatros temas tratados en la Escuela-Taller y los cuatro profesores que los coordinaron fueron los
siguientes:

Taller 1. «Teoremas de Ramsey y espacios de Banach». Profesor encargado: Jordi Lopez Abad (ICMAT y
Université Pierre et Marie Curie).

Taller 2. «Anélisis de las desigualdades de Poincaré-Sobolev». Profesor encargado: Carlos Pérez Moreno
(BCAM vy Universidad del Pais Vasco / Euskal Herriko Unibertsitatea).

Taller 3. «Factorizando, que es gerundio». Profesor encargado: Pedro Tradacete (Universidad Complutense
de Madrid).

Taller 4. «Desigualdades funcionales y convergencia de procesos de difusién». Profesor encargado: Juan
Luis Vazquez (Universidad Auténoma de Madrid).

Participaron veintitin alumnos provenientes de doce universidades nacionales. En este encuentro, en la
reunién de coordinacién de la Red, fueron nombrados coordinadores de la Red de Andlisis Funcional y
Aplicaciones Domingo Garcia Rodriguez y Manuel Maestre Vera (Universitat de Valencia), encargandose
de las siguientes ediciones.

7. Las escuelas de Bilbao (2018 y 2019) y seguimos en La Laguna (2020)

En la Escuela-Taller de Céceres (2017), Carlos Pérez ofreci6 su colaboracién para celebrar las préximas
ediciones en el Basque Center for Applied Mathematics (BCAM) en Bilbao. Asi, se lograria una vieja
aspiracion de la Red, crecer en el norte de la peninsula. A excepcion de la primera escuela en Jaca, las
demsds ediciones se habian celebrado en Madrid y al sur de Madrid.

LaVIII Escuela-Taller de Andlisis Funcional (y el XIV Encuentro de la Red de Andlisis Funcional y Aplicaciones)
se celebr6 en Bilbao del 5 al 9 marzo de 2018. Ha sido la edicién mds numerosa celebrada, con treinta y
un alumnos participantes de doce universidades. Las estancias de los alumnos fueron cofinanciadas por
el proyecto de redes de excelencia MTM2016-81726-REDT y el BCAM. Javier Falcd, de la Universitat de
Valéncia, también ha colaborado intensamente en la organizacién de las siguientes escuelas.

Se seleccionaron los siguientes cinco temas y cinco profesores responsables:

Taller 1. «Semigroup Theory in Quantum Mechanics». Profesor encargado: Jean-Bernard Bru (BCAM y
Universidad del Pais Vasco / Euskal Herriko Unibertsitatea).

Taller 2. «El teorema de Miintz-Szasz y algunas de sus extensiones». Profesor encargado: Pedro J. Miana
(TUMA y Universidad de Zaragoza).

Taller 3. «El laplaciano fraccionario desde distintos puntos de vista». Profesora encargada: Luz Roncal
(BCAM y Universidad del Pais Vasco / Euskal Herriko Unibertsitatea).

Taller 4. «En busca de la linealidad en matematicas». Profesor encargado: Juan B. Seoane-Septlveda (IMI y
Universidad Complutense de Madrid).

Taller 5. «Linear dynamics: Somewhere dense orbits are everywhere dense». Profesor encargado: Alfred
Peris Manguillot (ITUMPA y Universitat Politecnica de Valéncia).

El 5 de abril del 2018 fallecia, de forma inesperada, Bernardo Cascales, inspirador y alma mater de la
Escuela-Taller de Andlisis Funcional. Desde el primer momento, numerosos comparieros recordamos a
nuestro amigo de la sonrisa permanente y nos unimos a la familia en tan terrible pérdida. Como a Bernardo
le hubiera gustado, del 4 al 8 de marzo de 2019 se celebr6 la IX Escuela-Taller de Andlisis Funcional, dedicada
a la memoria del profesor y amigo Bernardo Cascales. La Escuela-Taller estuvo integrada, siguiendo la
tradicion de los tltimos afos, en el XV Encuentro de la Red de Andlisis Funcional y Aplicaciones. De nuevo
se celebr6 en el BCAM, y participaron veintitrés alumnos de trece centros universitarios.

Los cuatro talleres que se desarrollaron, asi como los profesores responsables, fueron
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Participantes de la IX Escuela-Taller de Andlisis Funcional y el XV Encuentro de la Red de Andlisis Funcional
y Aplicaciones, Bilbao, 4-8 de marzo de 2019.

Taller 1. «Funciones cuadrado y célculo funcional H® para operadores vectoriales». Profesor encargado:
Jorge Betancor Pérez (Universidad de La Laguna).

Taller 2. «Geometria de espacios de polinomios y desigualdades polinomiales». Profesor encargado: Gusta-
vo Mufioz Ferndndez (IMI y Universidad Complutense de Madrid).

Taller 3. «Maximal averaging operators: from geometry to boundedness through duality». Profesor encar-
gado: Ioannis Parissis (BCAM y Universidad del Pais Vasco / Euskal Herriko Unibertsitatea).

Taller 4. «Espacios de Hardy y funciones holomorfas en infinitas variables». Profesor encargado: Pablo
Sevilla-Peris (IUMPA y Universitat Politecnica de Valéncia).

En la reunién de coordinacién de la Red se tomaron las siguientes decisiones. Se acordé que el siguiente
coordinador seria Jorge Betancor Pérez, de la Universidad de La Laguna, para el bienio 2020-2021. A
continuacién, seria Alfred Peris Manguillot, de la Universitat Politécnica de Valéncia, quien asumiria la
direcciéon de la Red para los afios 2022 y 2023. Por unanimidad, se decidi6 que, a partir de este momento,
la Escuela-Taller de la Red de Andlisis Funcional y Aplicaciones se denominara Escuela-Taller de Andlisis
Funcional «Bernardo Cascales».

La X Escuela-Taller de Andlisis Funcional «Bernardo Cascales» tendré lugar del 2 al 6 de marzo de 2020 en la
Universidad de La Laguna (Tenerife). Para conocer mas datos de esta préxima escuela o de las anteriores
puede consultarse la web https://www.uv.es/functanalys/conferencias-escuela-taller.html.

Con fecha 25 de noviembre de 2019, se concedi6 a la Red de Andlisis Funcional y Aplicaciones el proyecto
MTM2018-102535-REDT para los afios 2020 y 2021, y que asegura la existencia de la Red y la realizaciéon
de la Escuela-Taller de Andlisis Funcional «Bernardo Cascales».
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A. Alumnos de las Escuelas-Taller (2011-2019)

Acr6nimo Centro Acr6nimo Centro
UA Universitat d’Alacant / Universidad de Alicante UM Universidad de Murcia
UAB Universitat Autbnoma de Barcelona UMA Universidad de Malaga
UAM Universidad Auténoma de Madrid uov Universidad de Oviedo / Universidd d'Uviéu
UAL Universidad de Almeria UPC Universitat Politecnica de Catalunya
UB Universitat de Barcelona UPV Universitat Politecnica de Valéncia
U.Bonn  Universitdt Bonn UPV/EHU Universidad del Pais Vasco /
UCA Universidad de Cadiz Euskal Herriko Unibertsitatea
UCM Universidad Complutense de Madrid Us Universidad de Sevilla
UEX Universidad de Extremadura usc Universidade de Santiago de Compostela
UGR Universidad de Granada uv Universitat de Valéncia
ULL Universidad de La Laguna uz Universidad de Zaragoza

| Escuela-Taller, Jaca, 2011
Estudiante Centro Estudiante Centro Estudiante Centro
A. Castro Castilla ULL A. Pérez UM L. A. Urrutia Matarin UGR
V. Pérez Calabuig UPV X. Ros Oton UPC E Cortez UCM
J. M. Ribera Puchades UPV E Mazaira Font UPC B. Medina Pérez ULL
C. Pastor Alcoceba UpPv C. Zaragoza uv C. Hernandez Trujillo ULL
A. C. Marquez Garcia UAL M. Castellano Rodriguez UB J. Alberto Alonso UA
N. Quereda Castaiieda UAL M. Farré UB C. Casorran Amilburu UA
A. D. Martinez Martinez UV L. Abadias Ullod Uz A. Molino UGR
D. Zorio Ventura uv M. Chica Rivas UGR I. Zaplana UM
J. Ginés Espin UM

Il Escuela-Taller, La Manga, 2012
Estudiante Centro Estudiante Centro Estudiante Centro
C. Domingo UB E. Primo Tarraga uv V. M. Jiménez ULL
C. Hernéndez ULL J. L. Rédenas Pedregosa UCM P. Jiménez UCM
L. C. Garcia UMA A. M. Cabrera UGR A. Leonhardt UB
A.Jiménez uUsS R. Jiménez UPV A. Molino UGR
M. Latorre uv J. Martin UuCM E. Camacho us
S. Montaner Uz G. Martinez UMA 1. Ferndandez UCM
L. Abadias Ullod uz B. Medina ULL A. Gonzélez ULL
I. Alvarez Romero UCM D. Rodriguez ucM J. Granados uUs
J. R. Balaguer Tornel UM A. Gémez uUs L. Urrutia UGR
D. Lear Claveras [0/

lll Escuela-Taller, Zafra, 2013
Estudiante Centro Estudiante Centro Estudiante Centro
D. Lear Claveras UB J. Castillo Medina uv P, Jiménez Rodriguez UCM
E. Primo Térraga uv J. Sdnchez Fernandez UPVvV A. Rueda Zoca UGR
E Fenoll Ballesteros uv S. Barahona Albiol uv A. Gémez Pachén UsS
1. Fernandez Varas UCM A. Capel Cuevas UGR J. Océriz Gallego UM
I. Alvarez Romero UCM A. Bethencourtde Le6n ~ ULL M. Prado Rodriguez us
D. Beltran Portalés UB E. Camacho Aguilar us M. Cueca Ten uv
E. Soto Ballesteros UB J.J. Marin Garcia UM Y. Puig de Dios UPV
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IV Escuela-Taller, Sevilla, 2014

Estudiante Centro Estudiante Centro Estudiante Centro
S. Barahona Albiol uv J. L. Durdn Batalla UEX A. Poveda Ruzafa uv

G. L. Bello Burguet Uz J. J. Gonzdlez Lépez UM M. Prado Rodriguez UsS

R. Blasco Garcia Uz R. Grande Izquierdo UPV/EHU J. Prieto Garralda UGR
L. M. Bonilla Bermidez  ULL L. Martin Valverde UAL E. Roure Perdices UB

M. de G. Cabrera Padilla UAL A. J. Molero del Rio Us A. Rueda Zoco UGR
A. Capel Cuevas UGR L. Pardo Simé6n UM J. Sénchez Ferndndez uv

M. de Le6n Contreras ULL P. Pérez Lopez UAL M. M. Sillero Denamiel =~ US

D. Diaz Mellado us A. Piedrafita Postigo UAB M. Solera Diana uv

V Escuela-Taller, Madrid, 2015

Estudiante Centro Estudiante Centro Estudiante Centro
T. Aguilar Herndandez ULL R. Gonzdlez Farifia ULL C. Parrenio Torres uv

P. M. Bernd Larrosa uv L. Martin Valverde UAL M. Pelegrin Garcia UM

M. G. Cabrera Padilla UAL A. Mas Mas UA J. Rebollo Garcia us

M. Caelles Vidal UB E Mengual Bretén uz J. A. Salmerén Garrido UM

C. A. Cruz Rodriguez ULL G. Mestre Marcos UA M. Solera Diana UAM
D. Eceizabarrena Pérez UPV/EHU D. Morales Gonzalez UEX M. Soria Carro UAB
M. Garcia Barjollo UEX C. J. Moreno Avila UEX M. Terrén Villalba UEX

P J. Gerlach Mena us L. Orellana Uz J. Toboso Flores UAB

VI Escuela-Taller, Caceres, 2016

Estudiante Centro Estudiante Centro Estudiante Centro

A. Llinares Romero UA I. Pérez Arribas UPV/EHU J. A. Fernandez Torvisco ~UEX

A. Alvarez Carmona UEX I. Lépez Bailén UGR J. C. Cantero Guardeiio =~ UAB

A. Rodriguez Arenas UPV J. Canto Llorente UPV/EHU M. Santos Gutiérrez UPV/EHU
A.J. Roman Salvatierra us J. C. Bastons Garcia UB M. A. Andrés Manas UAL

A. Zarauz Moreno UAL J. Santos Barragan UEX P J. Gerlach Mena us

D. Mompeédn Rueda UM J. A. Gutiérrez Sagredo UM P. Pinjella Cerén UCA

D. Morales Gonzdlez UEX J. A. Salmerén Garrido UM V. Gonzélez Lépez UM

D. Lloria Albinana UPV J. C. Garcia Merino UEX

VIl Escuela-Taller, Caceres, 2017

Estudiante Centro Estudiante Centro Estudiante Centro
S. Arias Garcia UB P. Palacios Herrero UZ E J. Carmona Molero us

J. Becerra Garrido UEX O. Roldan Blay uv J. D. Rodriguez Abellan UM

B. Ferndndez Besoy UCM G. Sala Ferndndez UB A. Rosales Tristancho us

E. Gémez Orts UPV-UV A. Salguero Alarcén UEX J. Sudrez Quero UA

C. Lois Prados usC D. Santacreu Ferra uv A. Torregrosa UCM
J. Martinez Perales UPV/EHU C. Valverde Martin us A. Torres Ruiz UAL
M. C. Molero del Ria us V. Asensio Lopez UPV J. M. Uzal Couselo usC
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VIl Escuela-Taller, Bilbao, 2018

Estudiante Centro Estudiante Centro Estudiante Centro
N. Accomazzo Scotti UPV/EHU M.Cueto Avellaneda UAL D. Nieves Rolddan UM
J. Aguado Lépez us R. Chiclana Vega UGR A. Quero de la Rosa UGR
B. Amador Medina ULL M. Garcia Fernandez UB A. Ratsimanetrimanana  UPV/EHU
S. Baena Miret UB E Gémez Marin uv A. Rodriguez Abella UCM
A. Becerra Tomé us E. Gémez Orts uv D. L. Rodriguez Vidanes UCM
D. Bolén Rodriguez USC E J. Gonzélez Dona Us E. Sdez Maestro UCM
A. 1. Cano Marmol UM H. Jard6n Sanchez uov M. Sanchiz Alonso UCM
A. Carballido Costas usc J. Llorente Jorge UCM D. Santacreu Ferra UPV
M. L. Castillo Godoy UGR M. E. Martinez G6mez UCM I. Soler Albadalejo UM
C. Constantino Otaivén UsS J. Martinez Perales UPV/EHU W. Vaconcelos Cavalcante UV
C. Corbalan Mirete UM
IX Escuela-Taller, Bilbao, 2019
Estudiante Centro Estudiante Centro Estudiante Centro
M. Bernardino del Pino ~ US A. Arraz Almirall UB L. Cabezas Rosa UAL
R. Chiclana Vega UGR P Ribera Baraut UB M. M. Utrera Torres UAL
L. Gémez Espinosa UEX C. Cobollo Gémez uv N. Gonzélez Barral usC
S. Ndiaye UM A. Quilis Sandemetrio UPV A. Quero de la Rosa UGR
H. Ariza Remacha uv J. Chirinos Rodriguez ULL M. L. Castillo Godoy UGR
G. Cao Labora UPC H. Jard6n Sanchez uov N. Storch de Gracia U. Bonn
A. Lépez Martinez uv E. Lavado Santiago UEX C. Martin Murillo UEX
H. Méndez Gémez UPV C. I. Martinez Artero uv
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Abstract: In mathematics, the concept of strongly continuous one-parameter semi-
group (C%-semigroup) appears intuitively to be the generalization of the (usual)
exponential function. Roughly speaking, this class of semigroups provides solu-
tions of linear ordinary differential equations with constant coefficients in Banach
spaces, see Schradinger equation (1)-(2). Semigroup theory turns out to be fun-
damental in order to understand the time evolution in quantum mechanics, and
is necessary in order to generate the dynamics of both well-known formulations
(Shrodinger picture and Heisenberg picture). Within this paper, the main result
that we present is the Hille-Yosida theorem, see section 5, which characterizes the
generators of C°-semigroups of linear operators on Banach spaces. It is named
after the mathematicians Einar Hille and Kosaku Yosida who independently stated
it around 1948. This manuscript is highly inspired by Engel and Nagel’s notes [2].

Resumen: En matemadticas, el concepto de semigrupo uniparamétrico fuertemente
continuo (C°-semigrupo) puede entenderse intuitivamente como generalizacion
de la funcién exponencial. A grandes rasgos, esta clase de semigrupos ofrece
soluciones a ecuaciones diferenciales ordinarias con coeficientes constantes en
espacios de Banach, véase la ecuacion de Schridinger (1)—(2). La teoria de semi-
grupos resulta fundamental a la hora de comprender la evolucién temporal en
mecdnica cudntica, y es necesaria para generar la dindmica de ambas formulacio-
nes conocidas (imagen de Schrodinger e imagen de Heisenberg). En este articulo,
el principal resultado presentado es el teorema de Hille-Yosida, ver seccién 5, que
caracteriza los generadores de los C%-semigrupos de operadores lineales sobre
espacios de Banach. Este teorema debe su nombre a los matematicos Einar Hille
y Kosaku Yosida, quienes lo enunciaron independientemente en torno a 1948. El
presente texto se inspira altamente en el libro de Engel y Nagel [2].

Keywords: Hille-Yosida theorem, semigroup theory, quantum mechanics.
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Semigroup theory in quantum mechanics

Notations

* For a normed generic vector space X, its norm is denoted by || - |-
 The identity element of a generic vector space X is denoted by 1.
¢ The set of linear operators from XX into X is denoted by £(X).

* The set of all bounded linear operators on (X, || - ||,) is denoted by B(X). For an operator A € B(X),
its norm is defined by

Au
lA]| 3 = sup I Hx-
uex Ul

e If X is a Hilbert space, then its norm is associated to a scalar product denoted by (-, -).,..
e Forall A, B € B(X), we define

[A,B]:=AB—BA and  {A,B}:=AB + BA.

¢ For any complex number z, its conjugate is denoted by z.

1. Introduction

The foundations of quantum mechanics were established during the first half of the 20" century. In the
mid-twenties, two main formulations of quantum physics appeared, both meant to establish the principles
of quantum theory. These two directions were taken by W. K. Heisenberg and by E. Schrodinger, respectively.
After being in opposition, they turned out to be equivalent after several contributions of J. von Neumann
on the foundation of quantum mechanics in the following years. Both formulations are currently used in
any standard textbook on quantum physics. For the sake of clarity, we will first set the so-called Schrédinger
picture of quantum mechanics. Indeed, it is widely known, used and commented in fields such as that of
partial differential equations (PDEs), for instance, through the celebrated Schridinger equation.

2. Schrodinger picture of quantum mechanics

In 1925, following de Broglie’s hypothesis on wave property of matter, E. Schrédinger derived his celebrated
equation, describing a time-dependent wave behavior of quantum objects. In fact, the state of the
quantum system is completely described by a family of time dependent wave functions {i()},_ within a
Hilbert space (. For instance, for the one-particle case, one generally considers the case 7 = I?(R%) or
I = £%(Z3), respectively, for the continuum quantum system or the discrete one. This time evolution is
fixed by a self-adjoint operator H acting on #. Indeed, for any time ¢t € R, the wave function is determined
by the well-known Schridinger equation:

19,3(t) = HY(t),

() (SE)

P(0) =9y € H.
This implies that
(2) P(t) = e tHyy, teR.

Note that the fact that H is self-adjoint is important to give a sense to equations (1) and (2). It is described
through Stone’s theorem, see theorem 19, which sets that having a self-adjoint operator, acting on some
Hilbert space, is a sufficient condition in order to define a strongly continuous one-parameter group (also
denoted C,-group). We will say some words on them later but, at this point, the aim is to give an intuition
to the reader about the different ways to formulate quantum mechanics. A standard example taught to
every student in quantum mechanics is brought by the case where J¢ := I*(R®) and |[(8)||sc = |[¥ollsc = 1.
Then, [3(t, x)|? is interpreted as the probability for the particle to be at a position x € R? at time ¢ € R. As
mentioned in the introduction above, a widely studied standard example in the field of PDEs is given by
the case where the operator H := —A (the usual Laplacian operator). The same interpretation can be done
on the lattice Z2, instead of taking R3.
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3. Heisenberg picture of quantum mechanics

Physical quantities such as position, speed, energy, etc., are self-adjoint operators acting on the Hilbert
space H. They are called observables, being all quantities of the physical system that can be measured.
For instance, one of the most important observables is the celebrated self-adjoint Hamiltonian H that
describes the time evolution of the wave function in the Schrodinger equation (1)-(2). This Hamiltonian is
associated with the energy observable.

The measurement of a physical quantity (observable) has, from this point of view, a random character. The
statistical distribution of its value is described by the family of wave functions {i(¢)},_., (see equation (1)).
The expectation value of any observable B acting on H is given by

(6, BY(1)) 5, -

teR

By equation (2), it equals

(3) WP(6), BY(D))ye = (Yo, € T'Be™"yh) .

At this point, it turns out that, instead of considering the wave functions as being time-dependent, like
in the Schroédinger picture of quantum mechanics, one can take them as fixed in time and assume a
time evolution of the so-called observables. Both methods lead to the same statistical distribution as
one can see in equation (3). Indeed, for the time evolution of any observable B, we apply on it the map
7,(B) := e Be~1*H for t € R. For an operator H acting on the Hilbert space J(, the family {z;}, ., defines a

teR
strongly continuous group acting on B(¥) and satisfies the following evolution equation for all ¢t € R:

(4) a[Tt =T =60 Tty T = 13(7{)’

where 154 is the identity operator on B(J() and the generator ¢ is defined on some dense subset D of
B(HK). Note that, if H is a bounded operator on ¥, then D = B(HK) and

8(B)=i[H,B], B € B(K).
{i},g is a family of isomorphisms of B(J() and, for all A, B € D, one has
(5) 8(A*) = 6(A)* and 8(AB) = 8(A)B + AS(B).

An operator satisfying (5) is called a symmetric derivation or x-derivation. A* is the usual adjoint operator of
A. Once again, more precise definitions of the mathematical tools that are involved to formulate quantum
time evolution will be given later, since it is not necessary for the moment. Indeed, the aim of this section is
to give the readers intuition about the different approaches that can be taken. At this point, the knowledge
of semigroup properties turns out to be fundamental in order to understand the dynamics in quantum
mechanics. Observe that, in the Schrodinger picture, one has a semigroup acting on a Hilbert space, while
in the case of the Heisenberg picture, the semigroup acts on a Banach space. Within the next sections, we
introduce the main results in relation to semigroup theory.

4. Semigroups and generators

First of all, let us give the definitions and basic results of semigroup theory as they are given in Engel and
Nagel’s notes [2]. These will provide the basis required to prove the main theorems studied in this article.
Let X be a Banach space.

Definition 1. A strongly continuous one-parameter semigroup, also called Cy-semigroup, is a family
(T(t))¢»o of bounded operators T(t) : X — X satistying the functional equation

T(t +s) = T()T(s) forallt,s > 0,
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and the strong continuity property, which is nothing else but the continuity of the orbit maps

ETRY — X
t— &(1):=T()x

for each x € X. If these properties hold not only in R* but also in R, we call (T(¢)), a strongly continuous
group, or C,-group.

Lemma2. Let (T(t));»o be a Cy-semigroup. Then, there exist w € R and M > 1 such that, for all t > 0,
ITOllzx) < Me®.

Proof. From the uniform boundedness, there exists M > 1 such that || T(s)|| < M for all 0 < s < 1. Writing
anyt>0ast=s+nwithne Nands € [0,1],

ITOllsc) < ITG)lse0) 1Ty < M = Me™eM < Me®*
holds for w :=logM and ¢t > 0. ]

Definition 3. Iflemma 2 holds for w = 0 and M = 1, the semigroup is called contractive. It means that
||T(t)||B(X) <1 for all ¢ > 0.

Example 4. Let J be a Hilbert space, A € B(¥() := X. It can be easily shown that the series

1
tA
e i= 3 —(tA)"
n=0
converges and that T(t) := e* defines a Cy-group. From the triangle inequality, we deduce that
ITOllsx) < el
and therefore lemma 2 holds for M = 1 and w = ||A||x € R.

Remark 5 (abstract Cauchy problem). In example 4, we have been able to define a Cy-group from a
bounded operator. This group satisfies

T(t) = AT(¢) forallt > 0,

6

The main topic studied in this article is the existence and properties of such an A for a general C,-semigroup
(T(t));0 by using the abstract Cauchy problem (6).
Definition 6. A Cy-semigroup (T(t));»o is called uniformly continuous if the map

Rt — BX)
t — NITOlsx

is continuous.

Proposition 7. Let (T(t));»o be a uniformly continuous semigroup. Then, there exists a bounded operator
A on X such that T(t) = e* forall t > 0.

For more details, see theorem 2.12 in Engel and Nagel’s notes [2]. Within this article, we focus our study on
the general case of strong continuity. In this case, the existence of such a bounded operator A requires a
deeper study of operator semigroups, see remark 5. We start by defining the generator of a C,-semigroup.

Definition 8 (generator). The generator A: D(A) C X — X of a Cy-semigroup (T(t)),» is the operator
. 1
Ax 1= £,0) = lim £ (T(h)x = x)

with domain )
D(A) = {x € X : lim —(T(h)x — x) exists }
hio h
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Note that the orbit map &, is differentiable on R* if and only if it is right-differentiable at ¢t = 0. Indeed,
the derivative of &,(¢) at any ¢ depends only on the derivative at t = 0 in the following way:

E(8) = T(1)E,(0).

The following lemma summarizes some (basic) properties of the generator. They will be used throughout
the proofs of the upcoming results.

Lemma9. Let (4, D(A)) be the generator of a Cy-semigroup (T(t));»,- Then,
(i) A: D(A) — X is a linear operator.
(i) If x € D(A), then T(t)x € D(A) and, forall t > 0,

%T(t)x = T()Ax = AT(t)x.

(iii) Forallt > 0 and x € X, ,
f T(s)xds € D(A).
0

(iv) Forallt >0,

t
Af T(s)xds if x € X,

T(t)x —x = 10

f T(s)Axds if x € D(A).
0

Proof. () From definition 8, it is clear that A is a linear operator and that D(A) is a linear subspace of X.
(i) Let x € D(A). Since T(t) is bounded for all t > 0,

T()Ax = T(0)lim %(T(h)x -x) =lim % (T(WT()x — T(t)x) = AT(0)x
with
& (1w = 1) lim (T ),
and hence

T(tH)Ax = %(T(t)x) = AT(t)x.

(iii) Forallt > 0and x € X,

hm (T(h) f T(s)xds — f T(s)x ds) = hm (%l / T(s+ h)xds — }ll f T(s)x ds)
= lhll&’)l (}—l [ T(s)xds — — f T(s)x ds)

=T(t)x —x

(note that the last limit holds from the fundamental theorem of calculus).

(iv) Note that from what we have just seen, for any x € X,

t t t
Tx—x= hm (T(h)f T(s)xds — / T(s)x ds) = A/ T(s)x ds.
0 0

Moreover, if x € D(A), note that

T(h)x — x T (h)x P

|75 - Toar]| <1 lac | - ax]
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Hence, on s € [0, t], for any ¢ > 0 we have the following convergence, which is uniform with respect

to s: T(h
T TWX =X % reoay.
h hlo

Therefore, for any x € D(A),

t
lpiz?ol %(T(h) — IX)‘/0 T(s)xds = /(;

This concludes the proof. L]

t 1 t
7()lim ( ST = 1X> xds = fo T(s)Ax ds.

The following theorems give us further properties of the generator.

Theorem 10. The generator A of a C°-semigroup (T(t));s is closed, densely defined and it determines
the semigroup uniquely.

Proof. Let us prove A is closed. Suppose there is a sequence (x,),en € D(A) such that x,, - x € X, for
n — oo. Suppose that Ax,, —» y € X, for n — oo. It suffices, by the characterisation of closed operators, to
show that x € D(A) and Ax = y. Since x,, € D(A), for ¢t > 0, one has (see lemma 9)

t
@ T(t)x, —x, = f T(s)Ax,, ds.
0

We check now that fot T(s)Ax, ds converges to fot T(s)yds as n — oo. By strong continuity, the map
s € [0,t] » T(s)y is integrable over [0, t]. By the triangular inequality of integrals,

X

t t t
f T(s)Ax, ds — f T(s)yds / T(s)(Ax,, —y)ds
0 0 0

t
< f IT($)(Ax, — Y)llx ds
X 0

¢ ¢
< f 1T sy l1AX, — YlIxds < (/ Me®® ds) l1AX), — ylx-
0 0

Here we have used lemmas 9 and 2. The sequence of inequalities follows from the triangular inequality
for integrals, the boundedness of T(s) (by strong continuity) and the exponential growth bound. Since
Ax, converges to y, we deduce that lim,,_, fol T(s)Ax,ds = fot T(s)yds. But the strong continuity of
the semigroup yields that lim,,_, , T(t)x, — x,, = T(t)x — x. By uniqueness of limits, we conclude from
equation (7) that, for all t > 0,

t
T(t)x —x = f T(s)yds.
0
When ¢ is taken to be positive, we have

%(T(t)x —x) =

~ | =

t
/ T(s)yds.
0

When ¢t approaches zero we are simply taking the derivative of T(t)x at t = 0. That limit exists by the
fundamental theorem of vector calculus (the integrand T(s)y is continuous). This implies that

d
Ax =+ (T(Ox) |1=0 = T(0)y = y.

This means that Ax = y is well-defined, thus x € D(A). Hence A is closed.

To see that A is densely defined, let us consider x € X. By lemma 9,

t
f T(s)xds € D(A)
0
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for all t > 0. Moreover, since T is strongly continuous, taking the limit ¢ — 0 is possible again by the
fundamental theorem of vector calculus. This yields

t
lim 1 T(s)xds = T(0)x = x.
t—0 L 0

Thus, D(A) is a dense subspace of X.

Finally, to prove that A determines the semigroup uniquely, we suppose there is another strongly continuous
semigroup (S(t));so such that its generator is A : D(A) — X. Let x € D(A) and t > 0 be fixed. To see that
they are the same semigroup, we define the auxiliary function

€ [0, 1] = Pya(s) = T(t — $)S(s)x.

We differentiate this at s € [0, t]. Consider the quotient
F W0l + 1) = Pyx(5) = 3 (T(t =5 = W)S(s + h)x = T(t = HSE)
= [T(t _s— h)%(S(s +h)x — S(s)x)] + [%(T(t —s—h) = T(t - s))S(s)x] .

The second term converges to —AT(t — s)S(s)x as h — 0, since S(s)x € D(A) by lemma 9. The minus sign
comes from the chain rule: —A is the generator of s » T(t — s).

The first term converges to T(¢ — s)AS(s)x due to the fact that ||T(t — s — h)|| 5(x) is exponentially bounded
by Me®(—5=h and the strong continuity of the semigroups. See lemma A.19 in Engel and Nagel's notes [2],
where this version of the product rule for semigroups composition is proved in detail. Therefore,

%z,bt,x(s) = T(t — s)AS(s)x + —AT(t — 5)S(s)x.

Since semigroups and generators commute (here —A is the generator of T(t — s)), we conclude that

L ) =0

for all s € [0, t]. Therefore, 9, , is constant:
T(O)x = 1r,x(0) = B, (1) = S(D)x.
Hence, T(t) and S(t) agree on D(A), which is dense on X. Thus, they agree on all X. n
Now, we are going to see some definitions and properties to prove the Hille-Yosida theorem.
Definition 11. Let 1 € C and let A be a closed linear operator. The resolvent set of A is defined by
p(A) :=={1 € C : (A1x — A) is bijective},

and R(4,A) == (A1x — A)~! is called the resolvent map of A.

Remark12. Let (T(t));»o be a semigroup. For u € C and a > 0, we define the rescaled semigroup (S(t))>¢

by
S(t) = eMT(at), t>0.

Note that, if (A, D(A)) is the generator of (T(t));»¢, then (aly, D(uly + aA)) is the generator of (S(t));»o and
the resolvent map is R(4, ulx + ¢A) = éR(g - g,A) for A € p(ulx + xA)

Theorem 13. Let (T(t));s¢ be a strongly continuous semigroup on the Banach space X, and let (A, D(A))
be its generator. If A € C is such that

+o00
R(A) := / e MT(s)x ds
0

is well-defined for all x € X, then A € p(A) and R(1) = R(4, A).
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Proof. Without loss of generality, we can assume that A = 0. Therefore, one needs to show that 0 € p(A).
In particular, we will show that R(0) = R(0,4) = (—A)~!. Forall x € Xand h > 0,

T(h) —1x T —-1x [ 1t 1 [*
TR(O)x == /(; T(s)xds = 7 /O- T(s+ h)xds — A /(; T(s)xds

1 +00 1 +00 1 h
=% /h. T(s)xds — B /(; T(s)xds = 7 /(; T(s)x ds.

1 [h
}IIE(I) (E fo T(s)x ds) = Xx.

Thus, R(0)x € D(A) and A R(0) = —1x. Furthermore, if x € D(A), we have that

Moreover,

t
lim T(s)xds = R(0)x

t—>+o o

and, by lemma 9,

t t
lim A f T(s)xds = tlim f T(s)Axds = R(0)Ax.
0 —teJy

t—+o0

By theorem 10, we deduce that

R(0)Ax = AR(0)x = —Xx, for x € D(A).
This concludes the proof. [
Corollary 14. Let (T(t));»o be a strongly continuous semigroup such that

ITO)]|px) < Me®* w€ER, M>1.
If A€ C andw < Re A, then
IR Allsco < zop—-

Proof. Fort,t' >0,

t t
f e MT(s)ds <M / el@—Red)s dg.
t v

By the Cauchy criterium, for w < Re 4,

B(X)

/00 e(w—Re/l)s ds
0

exists. Therefore, by theorem 13, 4 € p(A) and
R4, A) = f e T(s)ds.
0

Obviously,
M

R A <M (w—Re)s — .
IR Ay <M [ e tehds = ot

This concludes the proof. u
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5. Hille-Yosida generation theorem

So far, we have given necessary properties for an operator to be a generator of a strongly continuous
semigroup on X. In particular, for a strongly continuous contraction semigroup (T(t));»o, we know by
theorem 10 that its generator (A, D(A)) is closed and densely defined. Moreover, because of corollary 14
and definition 3, for every 4 € C such that Red1 > 0, 1 € p(A) and

1
IR(A, A)llzx) < el

Now we are going to show that these conditions are sufficient for contraction semigroup. First we recall a
result that will be useful in the sequel.

Lemma 15 ([2, ch. I, §1, proposition 1.3]). Let (T(t));»o be a semigroup. If there exist a dense subset D C X,
d > 0 and M > 1 such that

() IT@®)llgx)y <M forall t € [0,5] and
(ii) lig)l T(t)x = x forall x € D,
t

then (T(t))»o Is a strongly continuous semigroup.

Theorem 16 (Hille-Yosida, 1948). Let (A, D(A)) be a linear operator on a Banach space X. The following
statements are equivalent:
(i) (A, D(A)) generates a strongly continuous contraction semigroup.
(i) (A,D(A)) is closed, densely defined, and for all 2 > 0, 1 € p(A) and ||[AR(A, A)||5x) < 1.
(iii) (A, D(A)) is closed, densely defined, and for all 1 € C withRe 1 > 0, 1 € p(A) and ||R(4, A)||5x) <
1
Red

Proof. Note that (i) yields (iii) by an application of corollary 14. Moreover, (ii) is a straightforward
conclusion of (iii). Thus, it remains to prove that (ii) implies (i).

To that purpose, we define the Yosida approximants
A, == nAR(n, A) = n’R(n, A) — nl, neN.
Note that, for each n € N,
lAnllzcx) < nlinR(n, A)llzx) + n < 2n.

Moreover, since
(n—A)(m—-A)=(m—-A)(n-A),

one has

R(n, A)R(m, A) = R(m, A)R(n, A) and [A,An,] =0.
These properties imply that the semigroups (T,,(t));s0 given by T,,(¢) := e'4r, t > 0, are uniformly continuous,
and mutually commute.

Because of the fact that A,,x = nAR(n, A)x = n?R(n, A)x — nl converges to Ax for x € D(A) (see Engel and
Nagel’s notes [2, ch. II, §3, proposition 3.4]), we can anticipate the following properties:

(@) T(t)x :=lim,_ . T,(t)x exists for each x € X.
(b) (T(t))ss0 is a Cy-contraction semigroup on X.

(c) This semigroup has generator (A, D(A)).

In order to prove (a), we observe that (T},(t));»o is a contraction semigroup for each n € N:

(8) 1Tl < e e IR R(LADlIscx)t < g=ntent — |
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for t > 0, by assumption (ii).

Now, by using the mutual commutativity of the semigroups (T},(t));so for all n € N and the vector-valued
version of the fundamental theorem of calculus, for x € D(A), t > 0, m,n € N,

t t
T,(O)x — T,,(t)x = f %(Tm(t —$)T,(s)x)ds = f T, (t — )T, (s)(Apx — A,yx) ds.
0 0

By using the triangle inequality and (8), we obtain that
9) | T, (6)x — Tm(t)xH:B(X) < t|A,x _Amx||23(X)-

For x € D(A), since (A,X),en is @ Cauchy sequence, (T,(t)x),en is @ Cauchy sequence, i. e., (T,(£)X),en
converges to some T(t)x. Now let x € X. Since D(A) is dense in X, one has

Ve> 0,3y € D(A) : ||x —yllx <&
Therefore,

I Ta(0)x = Tn(DX[|5x) < ITa(Ox = Pllsx) + [1Ta()y = Tn(OYll5cx) + 1 Tn(OQ = Dl

Observe that the right side of the inequality is arbitrarily small as n, m go to oo because (T,,(t)),en is @
Cauchy sequence. Hence, (T,(t)(x)),en is a Cauchy sequence, for all t > 0 and x € X. Therefore, it
converges to some T(t)x, for all x € X.

In (b), one needs to prove that the family of operators defined above is a strongly continuous contraction
semigroup. First, observe that
x = lim T,,(0)x = T(0)x.
n—oo

Hence,

Moreover, for ¢, s > 0,

(10) T(t + s)x = lim T,,(t + s)x = lim T,,(£)T,,(s)x.
n—oo n—oo

Furthermore, for ¢, s > 0,
T.(O) T, (s)x = T,()T(s)x + T,,(£)(T,(s) — T(s))x.

Finally, observe that
Hm [T, (6)(Tn(s) = T()x]lx = 0

and
lim T,,(6)T(s)x = T(t)T(s)x.

By (10) we thus deduce the semigroup property.

To prove that the family (T(t));», is strongly continuous, note that, by (9), for all x € D(A), T(s)x is actually
the uniform limit of T,,(s)x on the interval [0, t]. The maps s € [0, ] — T,(s)x are continuous. Hence,
the uniform limit s € [0, t] » T(s)x is also continuous. From (8), ||T(¢)|| < 1 for all ¢ > 0. Thus, by using
lemma 15 with D = D(A) we conclude the family is strongly continuous.

To finish the proof, it remains to show that the generator of (T(t))tzo’ namely (B, D(B)), is (4, D(A)). Fix
any x € D(A). The orbit map
§x 11 E[0,5] = §x(0) = T(D)x
is the uniform limit of
& tef0 ]~ Ei(x) = Tu(D)x.
Also, their derivatives
%ggg 1t e 0, t] P T,(0)A,x

26 https://temat.es/monograficos


https://temat.es/monograficos

Aguado Lépez et al.

converge uniformly to
7, .t T(HAx.

Indeed, for t € [0, t,]
IT.(D)A,x — T(DAX]| 3x) < | T(D)(Apx — AX)||3x) + [|(T(8) — T())AX]| 50x)

and the right hand side vanishes as n goes to oo uniformly with respect to t € [0, t,]. Since

t ¢
)y =x+ f %5,’6‘(@ ds=x+ / T,(s)A,xds,
0 0

by taking n — oo, we have
t t
E() = 1lim &) =x +f T(s)Axds = x + f 7x(s)ds.
n—oo 0 0

Thus, &, is differentiable with %Sx(t)h:(, =7(0) = Ax, i.e.,, D(A) C D(B) and Ax = Bx, for x € D(A).

Now let 1 > 0. By hypothesis, 1 € p(A). Since (B, D(B)) is the generator of the contraction semigroup
(T(1)),5q 4 € p(B). Thus, both (1 — A) and (1 — B), possibly unbounded, admit a bounded inverse operator
mapping the whole space onto the domain of the generator. Then, for every y € D(B), we get that

(A=B)y =1x(1 —B)y = (A - A)R(4, A)(A — B)y.
eD(A)

Moreover, since A and B agree on D(A),
(A—=B)y = (1 —B)R(1,A)(1 — B)y.
By applying R(4, B) on both sides we get
¥y =R, A)(A - B)y € D(A).

This implies that D(B) C D(A), thus (A, D(A)) = (B, D(B)). This concludes the proof. n

A generalization of the Hille-Yosida theorem was set in 1952 by Feller, Miyadera and Phillips. Its proof relies
on the generation theorem proved by Hille and Yosida, which can be applied after a rescaling argument
and a renormalization of the space.

Theorem 17 (general generation theorem, Feller-Miyadera-Phillips, 1952). Let (A, D(A)) be a linear op-
erator on a Banach space X and let w € R, M > 1 be constants. Then, the following properties are
equivalent.

(i) (A, D(A)) generates a Cy-semigroup (T(t)),., satistying that, for allt > 0,

t>0

IT(D] < Me™".

(i) (A,D(A)) is closed, densely defined, and for all A > w, A € p(A) and

vneN ||[(A-w)RA A" <M.

(iii) (A, D(A)) is closed, densely defined, and for all A € C such that Re A > w, 1 € p(A) and

M

"< ——.
neEN RLAYIS gor—ay

Proof. The fact that (i) implies (iii) is proved in corollary 1.11 of Engel and Nagel’s notes [2]. We shall omit
this proof for a matter of space. Then, (iii) immediately implies (ii). Thus, we will detail the fact that (ii)
implies (i).
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We have already seen that, if A generates (T(t))
resolvent satisfies

1o then A — o generates (e‘“”T(t))tzO. Furthermore, the

R(A,A —w) =R(A + w, A).

Hence, for any 4 > 0, 1 € p(A — w). One can assume without loss of generality that w = 0. Therefore, by
hypothesis

(1) VneN |"R(A,A)"| < M.

Note that throughout the rest of the proof, as it has already been defined previously, R(4, A) is denoted by
R(A).

Now, we define, for any u > 0, the following norm on X:
(12) [Ix]|; = sup ||« R(1)"x]|x,
n>0

which is equivalent to || - ||x. In fact, the estimate ||x||, < M]|x||x follows from equation (11). By taking
n = 0 in (12) we get the equivalence of norms:

(13) VxeX, [xl|lx <|lxlly <Mlx|x.

Moreover,

(14) lluR(u)x|],, = sup [|u"R()"x||x < sup [|u"R(u)"x|x = ||x]]-
nx1 n>0

Let 0 < 1 < u and fix some x € X. Observe that, for R(1)x € D(A) and R(u)(u — A) acting as the identity
on D(A),

R()x = R(w)(u — A)R(D)x = R()( — HR(AD)x + R(u)(4 — AR(Dx = R(u)(x + (u — HR(D)x).
By the triangle inequality on y-norms,
IRX(|w < IR + (I = DRERAX]
and, by using equation (14), we obtain that
AR, < 1]
Together with the norm equivalence in (13), this inequality implies
IRl < AR x,, < ||
By considering the supremum over n of the left hand side, we obtain the following property of the u-norms:
vxeX, x|z <|x||,for0 <2< pu.
Because of equation (13),

llxll = sup [|x[l .
u>0

is well-defined and actually defines another norm on X. Because of the equivalence relation of the 4-norms,
the norm ||-|| satisfies

(15) VxeX, |xllx < llxll < Mllx]lx.

One concludes that [|AR(A)|| < 1. Thus, (A, D(A)) satisfies the hypothesis of theorem 16 and generates a
[I-ll-contraction semigroup (7(¢)),, in the Banach space (X, [|-|I). It follows from the equivalence of the
I-l-norm and the previous norm established in equation (15) that, for every ¢ > 0,

ITOllzx) < M.

This concludes the proof. n

28 https://temat.es/monograficos


https://temat.es/monograficos

Aguado Lépez et al.

6. Hilbert space generation theorems

In this section, let 7€ be a Hilbert space. First of all, given a strongly continuous semigroup (7(¢)),., C B(¥(),

one shall define its adjoint semigroup as (T(t)*),.,. Note that, since T(1)*T(s)* = (T(s)T(¢))* = T(¢ + )",
for t,s > 0, the adjoint semigroup is well-defined.

Proposition 18.  Let (A, D(A)) be the generator of the Cy-semigroup (T(t)),,, acting on a Hilbert space J{.
Then, its adjoint semigroup is strongly continuous with generator (A*, D(A%)).

Proof. For (T(1)),5, being strongly continuous there exist M > 0, @ € R such that the growth bound
ITOll sy < Me®" holds. Since ||T(t)*||lssc) = IT(®)||l5s) the adjoint semigroup satisfies the same
inequality. Let x € D(A) be a normalised vector and z € D(A*). Then, by the properties stated in lemma 9,

t t
(16) x,T)'z—2)=(T{t)x —x,2) = f (AT(t)x,z)dt = / (x, T(1)*A*z) dr.
0 0
Thus, by the Cauchy-Schwarz and triangle inequalities’
t
(a7 ijmﬁ—mS/WU@WMMMWMMSMWWWNW
0

Since D(A) is dense in 7¢, it follows from above that || T(t)*z—z||+ < Mte®!||A*z||4. Therefore, lifn T(t)*z=2
t10

for every z € D(A). Moreover, for t, > 0 and t € [0, ty], ||T(£)*|| £ Me®! (M = 1, w = 0 in the contraction
case). By lemma 15, the adjoint semigroup is strongly continuous.

Suppose that (B, D(B)) is the generator of the adjoint semigroup. Let x € D(A) and y € D(B). Observe that
(Ax, y) = lim S(T(0)x — x, y) = lim 2(x, T(®)*y — y) = (x, By).
tlo ¢ tlo t
Therefore, D(B) C D(A*), by definition of D(A*). Moreover, since D(A) is dense, (16) implies that, for
z € D(AY),
t
T(tY'z—z= f T(t)*A*zdr.
0

Hence, for z € D(A*),
1 1 (!
Bz =lim -(T(h)'z —2) =lim+ | T(r)*A*zdr = A*
2= lim (T2~ 2) ﬁ?olhfo (ty A°zdr = Az

holds and D(A*) € D(B) and A* = B. m

A (possibly unbounded) operator A acting on a Hilbert space is said to be skew-adjoint whenever A* = —A.
The next theorem, due to Stone, deals with generators satisfying this property. The proof we provide relies
on the Hille-Yosida contraction generation theorem. As we will see in the next section, the generators of
evolution groups in quantum mechanics are skew-adjoint.

Theorem 19 (Stone, 1932). Let (A, D(A)) be an operator acting on a Hilbert space. Then, (A, D(A)) generates

a unitary Cy-group (U(t)), if and only if A is skew-adjoint.

Proof. If (U(t)),y is @ unitary Cy-group, then A* is the generator for U(¢)* = U(t)~! = U(~t), as was shown
in the previous theorem. Given any x € D(A),

1 N T
lﬁg}ﬁ(U(h)x x)_lillg)lh(U( h)x — x) = —Ax,

INote that the exponential term in the right-hand-side of equation (17) should be omitted in the contraction case.
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so x € D(A*). Since the left hand side equals A*x, D(A) C D(A*) and —A agrees with A* along its domain.
One could repeat the same argument for arbitrary x € D(A*), obtaining that D(A*) ¢ D(A). Therefore,
D(A) = D(A*) and A is skew-adjoint.

On the other hand, note that, if (4, D(A)) is skew-adjoint, then (iA, D(A)) is self-adjoint. Thus, both
(A, D(A)) and (A*, D(A*)) = (—A, D(A)) have a purely imaginary spectrum (lying on iR). It follows that

[[AR(Z, A)|| < sup <L
0 w1+ ]
The same calculation is satisfied by —A trivially. Therefore, because of the Hille-Yosida generation theorem
in the contraction case, (4, D(A)), respectively (—A, D(A)), is the generator of the semigroup (U(t)*)
respectively (U(t)™)

t>0’
t>0"

Now, we proceed to show that (U(t)),., defined by
umntr t>0,
v < VO 1z
U(-t)~ t<0

is a unitary Cy-group. Indeed, the strong continuity follows after its definition. All that is left to prove is
that (U(t)), g, With composition as a product, is a unitary group.

We proceed to show that U(t), U(—t) are inverse elements with U(0) = 14 as identity element. To this end,
fix any x € D(A). For t = 0, U(0)*U(0)"x = 14x = x. Then, for t > 0, because of the derivative properties
of C,-semigroups and the skew-adjointness of (4, D(A)),

%U(trr Ult)y x = [UOTAU@)™ + U@)TA*U(t)"]x = 0.

Thus, for t > 0, U(t)TU(t)”x = x, and D(A) is dense in J(, so U(t)U(—t) = 14.

In order to prove that (U(t)),y, is closed under composition, fix any ¢, s > 0. We have U(£)U(s) = U(¢ + s)
and U(—t)U(—s) = U(—t — s), since (U(lf)’r)t20 and (U(t)_)tZO are semigroups. If t < s, then U(t)U(—s) =
Ut)U(—t)U(t—s) = U(t—s), and the t > s case follows similarly. Since composition is associative, (U(t))
is a group.

In order for A to be skew-adjoint, (U(t)*),,, must be generated by A* = —A, as follows from proposition 18.
However, —A generates (U(_t))tzo too, as follows from the construction above. Theorem 10 ensures the
uniqueness of the semigroup generated by —A so, for every ¢t > 0, U(t)* = U(-t), i.e., the Cy-group
(U()),g is unitary. [

teR

7. Back to quantum mechanics

In the setting of quantum mechanics, as explained in the introduction, the space of all possible states of
the system is modelled by a Hilbert space J. The energy of the system, described by the Hamiltonian H
(self-adjoint operator), determines the evolution of the system via the Schrédinger equation, previously
defined in (1).

As one can see in (2), the solution of the above system has the form (¢, x) = U(t),(x), where U(t) € B(¥()
for t € R. Again, by (2), U(¢) satisfies

o,U(t) = —iHU(¢),
) U() ©
Since H is a self-adjoint operator, H is densely defined, and so is —iH. Thus, Stone’s theorem ensures that

—iH will generate a strongly continuous unitary group (U(t)),. satisfying the functional equation in (18).

In terms of the wave function interpretation, we need that the evolution semigroup preserves the norm of
the original state ,. Otherwise, there would be an undesirable loss (or gain) of probability if, for example,

1%ellsc < 1%ollsc = 1.
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Stone’s theorem ensures this will not occur. Since the evolution operator is unitary, we are guaranteed that,
in 7C,
1%ellsc = 1U@OPollsc = l1Pollse = 1.

In terms of the Heisenberg picture introduced in section 3, the time evolution of an observable B in a
system determined by the Hamiltonian H is given by the action of a strongly continuous group {7},
on B(¥). This time evolution is defined by 7,(B) := e!Be™*H for t € R and B € B(¥(). These operators
satisfy equation (4), where § : D(8) C B(H) — B(J() is a symmetric derivation defined on a dense subset
D(8) of B(J(). It can be proved (in case of interest, see [1]) that these symmetric derivations satisfy the
hypothesis of the Hille-Yosida generation theorem. Therefore, they are the generators of the C,-group
{7i},c, and determine the evolution of the physical system uniquely.

In fact, the 6 operators described above belong to the class of dissipative operators, which are contained in
the core of the Lumer-Phillips generation theorem [2, theorem 3.15]. This theorem allows to adapt the
Hille-Yosida generation theorem to dissipative operators, in a similar way as the Stone theorem, which
adjusts our main theorem to self-adjoint operators.

Bru and de Siqueira Pedra [1] show an example of application of symmetric derivations in quantum
mechanics generating a Cy-group. These structures are associated to the behaviour of fermions in lattices.
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about the approximation of continuous functions by polynomials. Later, the Miintz-
Széasz theorem characterizes the sequences of positive real numbers which define
dense span subspaces of monomials on the space of continuous functions. In this
paper we present this important and beautiful result and some of its extensions,
known as the full Miintz-Szasz theorem in Lebesgue spaces IP([0, 1]) for 1 < p < o0
and C([0, 1]).

Resumen: Uno de los origenes de la teoria de la aproximacion es el teorema cldsico
de Weierstrass sobre aproximacién de funciones continuas mediante polinomios.
Posteriormente, el teorema de Miintz-Szasz caracteriza las sucesiones de niime-
ros positivos que definen subespacios densos de monomios en el espacio de las
funciones continuas. En este articulo presentamos este importante y hermoso
resultado y algunas de sus extensiones, conocidas como el teorema completo de
Miintz-Szasz en los espacios de Lebesgue LP([0, 1]) paral < p < o0 y C([0, 1]).
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Approximation and the full Miintz-Szdsz theorem

1. Introduction

The genesis of approximation theory is the classic result of Weierstrass about the approximation of contin-
uous functions by polynomials. As Bertrand Russel said: «All exact science is dominated by the idea of
approach». When one calculates, one approximates.

The first work on this subject is attributed to Leonhard Euler, who was trying to solve the problem of
drawing a map of the Russian Empire whose latitudes were accurate. In 1777, he published the work where
he gave the best approximation in relation to the altitudes and latitudes considering all the points of a
meridian between the given latitudes, that is, over the entire interval. Given the vast area occupied by the
Russian Empire, all projections had a large number of errors on the edge of the map, which is why Euler’s
approach was a great contribution.

A problem shown by Laplace shared the same character. A paragraph from a famous work, first published
in 1799, dealt with the question of determining the best ellipsoidal approximation of the Earth’s surface.
Here, it was relevant to obtain the least possible error at each point on the Earth’s surface. Euler solved his
problem in the total domain; on the contrary, Laplace assumed a finite amount of points considerably
greater than the number of parameters of the problem. Fourier generalized the results of Laplace in his
work Analyse des équations determinées. It dealt with the problem of solving, through an approximation
method, linear systems of equations with a greater number of equations than of parameters. His method
was to minimize the error of each equation.

In 1853, Chebyshev was the first to unify all these considerations in a work under the title of “Theory of
functions that became as little as possible of zero’. A well-known problem of that time was the so-called
Watts parallelogram, which studied the determination of the parameters of a steam engine mechanism, so
that the conversion of rectilinear movement into a circular movement was as accurate as possible. This led
to the general problem of the approximation of a real analytical function by a polynomial of any degree.
The first objective that Chebyshev achieved was the determination of the degree n polynomial with the
first coefficient given whose zero deviation is the smallest possible over the [—1, 1] interval. Today, this
polynomial is known as the first species Chebyshev polynomial.

In 1857, Chebyshev presented a work entitled “Sur les questions de minima qui se rattachent a la représen-
tation approximative des fonctions”, in which he pays attention to the following problem: determining the
value of the parameters 4,, 1,, ..., 4,, which solve

min max |f(x,4,...,4
Ayedp X€la,b] 6 Ay s ),

where f: R""! - R is a given function. He also proved that, under certain hypotheses about partial
derivatives, it was possible to demonstrate a necessary condition for the solution of the previous problem.

The objective of this contribution was to find the polynomial that deviates uniformly as little as possible
from zero for any given number of coefficients. This goal mainly determined his early contributions at the
St. Petersburg Mathematical School in the area of approximation theory.

The Mathematical School of St. Petersburg was characterized by its tendency to solve specific problems
with the intention of obtaining an explicit formula or, failing this, an algorithm that suited its purposes
adequately. Consequently, all the contributions of the members of this school were oriented towards
classical mathematics, due to the exclusive use of algebraic methods. It is relevant to highlight the
articles by Zolotarev and the Markov brothers, who emphasized special problems in the field of uniform
approximation theory. One of the most striking results of the Markov brothers is the following inequality,
which states, thatif P: [—1,1] — R is a polynomial of degree at most n, then

n?(n? 1) (n* —2) - (n* — (k= 1))
W ()| < .
xgllflf,(l] Pl < 1-2-5.--(2k—1) xg[lfi(l] [P(x)|, k<n

The equality is achieved in the first species Chebyshev polynomials.

Sergei Natanovich Bernstein made use of this result to prove one of his theorems. However, due to the
nature of the task, their investigations rested, again, on algebraic methods. The last contribution to the
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early approximation theory of the St. Petersburg Mathematical School, which came from the hand of
Andrey Markov, took place in 1906.

Throughout this time, it is remarkable that the results achieved by western mathematicians were not cited.
Not even the renowned Weierstrass theorem from 1885 was cited in any of these publications.

Outside of Russia, approximation theory was born in a different way. It had been preferred to address
a theory of the more theoretical approach, due to the great interest in some basic questions generated
at the end of the 18" century for the problem of the oscillating rope. The interest in defining the most
important concept of modern analysis, the concept of continuous function, played a fundamental role in
the consequences derived from Weierstrass’s approach theorem. He defined the objective, and therefore, it
was time to explicitly find sequences of algebraic or trigonometric polynomials that converged to a given
continuous function. Finally, they tried to determine the speed of convergence with which these sequences
could converge, that is, how quickly the approximation error decreased. Such were the objectives of a large
series of alternative tests that quickly emerged after Weierstrass’s original work.

Theorem 1 (Weierstrass, 1885). Every continuous function defined in a compact of the real line is uniform
limit of polynomials.

Some proofs of the Weierstrass theorem have been provided by great mathematicians: Lip6t Fejer used
harmonic analysis techniques; the proof of Edmund Landau is based on basic tools of real analysis in one
variable, and Sergei Bernstein applied a probabilistic method.

2. The Mintz-Szasz theorem on C([0, 1])

In 1912, at the Cambridge International Congress of Mathematicians, Bernstein posed a problem from
Weierstrass’s result. He asked about the conditions under which a set of positive numbers {4, },cn Vverifies
that the set of finite linear combinations of {t*n}, . is dense in C([0, 1]). Bernstein himself gave some
partial results and he guessed rightly that the harmonic sum Zne]N 1/2,, would be crucial. Only two years
later, in 1914, Miintz confirmed the conjecture and demonstrated what went down in history as the
Miintz-Sz4azs theorem.

Theorem 2 (Miintz-Szész theorem). Let {1,}5-, be an increasing sequence of positive real numbers. Then,
the subspace of finite linear combinations of 1, th th2 A e, the space span{l, th, the s, ...}, is dense
in C[0, 1] if and only if

Ms

— =4
= 0.
lln

In 1916, Szdsz published an article where he completed the proof, further improving and simplifying it.
Miintz’s demonstration uses real variable techniques and is based on estimating the distance between any
continuous function to certain finite subspaces of polynomials, which can be made as small as desired.
Szasz’s proof makes use of complex variable techniques combined with some arguments of functional
analysis. The proof we present here can be found in Rudin’s book [7] and follows Szédsz’s ideas.

The first step towards proving theorem 2 is to present a more practical and complete version which implies
the Miintz-Szasz theorem.

Theorem 3. Let0<1; <1, <3< ..and

X =span{l, th, th2, %, .},

(i) If = 400, then X = C[0, 1].

Ms
Nl’_‘

S

I

—
S

(i) If <4o0and A & {1}, 1 #0, then t* ¢ X.

Ms
Nl,_.

n

S
1l
—

To prove this theorem, we will use the following lemma.
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Lemma4. Let0< A, <1, < A3 < ... be a sequence such that Zn 1/4,, = o, and let u be a complex Borel
measure on I = (0,1] such that T € C(I)* =~ M(I), where C(I)* is the continuous dual of C(I), is a linear
and bounded functional associated to u with

1
) T(t"n) = f tAn du(t) = 0, n=123,..
0

Then,
1
T(t%) = f tcdu(t) = 0, k=1,23,..
0

Proof. Suppose that the condition (1) holds. We may assume that the measure u is concentrated on
I = (0, 1]. We consider the function

1 1
@) = ] £ du(t) = f %1981 du(r),
0

0

which is well-defined and bounded in the right half plane C* = {z € C : Rz > 0}

1 1 1
@) < f e | dlp (1) = f eH@ o8t (1) = f £ dlu|(6) < ] < +oo.
0

0 0

Now, we check that the function f is continuous. Let € > 0. Since the map ¢ — t? is uniformly continuous
in the compact [0, 1], there exists §(¢) > 0 such that

1 1
1f(2) = f(zo)] < / |t = t%0] d|u|(t) < €f dlul(t) = ellull,
0 0

for |z — zy| < 6.

Let y be a regular closed path on C*. By Fubini’s theorem, we obtain that

1 1
¢ f(z)dz = 95 f £ du(t) dz = f 9§zz dzdu(t) = 0,
14 v Yo 0 Jy

and we conclude that f is a bounded analytic function on C*.

We define the function -
g(z):f(—l_i), zeD:=={zeC: |z| <1}

Note that g € H®, i. e, it is a bounded analytic function on the disc. By the hypothesis (1) we conclude

that g(a,,) = 0, where
An—1

Ap+ 17

O(n =

We claim that - -
1
D= =400 = Y 1—|ay| = +oo.

n=1 /1’1 n=1

Note that o o
Zl_/ln—l’z A +1—14, 1|
= An+ 11 S Ap+1

We split in two different cases.

e If0<A,<1foralln €N, then4i, +1— |4, — 1| =24, and

(o] (o] 2/1n
Zl—|an|:zln+l = 400,
n=1 n=1

n

11 -+ 0when n — oo.

due to the fact that
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e If there exists m € N such that 4, > 1 foralln > m, then1,+1—|4, — 1| =2and

Zl—|ocn| Z 2+1=+oo.

nmn

By the Riesz representation theorem, we conclude that g(z) = 0, for z € D. In particular,

k-1
T(F) = ftk dut) = f(k) = g<—> 0, k=12,
I k+1
and we conclude the proof. [
Now we present the proof of theorem 3.

Proof of theorem 3. To show part (i), it is enough to show that X contains all the functions t*, fork = 1,2, 3, ...,
and apply the Weierstrass approximation theorem. Suppose that there exists k, € N such that t*o ¢ X. By
the Hahn-Banach theorem, there exists a bounded and linear functional T: C[0, 1] - R such that

T(tko) # 0 and T|spangt i1 2, 3 = O-

By lemma 4, we conclude that T(t*0) = 0, which contradicts our hypothesis.
In order to prove part (ii), assume that

< o0.

1.
T

||M8

Our objective is to give a bounded linear functional T = (-, u) € C[0, 1]* such that T(t*») = 0 for all
neNuio} (4, =0), but T(t*) # 0 for 1 ¢ {An}ns>1- By the Hahn-Banach theorem, we shall conclude that
t* ¢ span{l, th, t*2, t%s, Y for A ¢ {4, ),

To get this, we would need to obtain a complex Borel measure y on [0, 1] such that the analytic function f,
given by

1
zZ f = du(p),
0

defines a bounded function on the half plane C_, := {z € C : R(g) > —1}, and whose zeros are precisely
the sequence {1, }-,. In this case, we shall take T := (-, u).

We consider the function f given by

__Z An—2
1@ =i e

zeC\{-2-1,}

First, we check that the function f is a meromorphic function whose poles are the set {—2—24,, : n € N} and
whose zero set is {1,,}5-;. To do this, it is enough to show the uniform convergence of the infinite product
on compacts contained in C \ {—2 — 1,,}. This convergence is equivalent to the uniform convergence of the
following series:

(2) >,

. . = 1
Fixed K a compact set, there exists & > 0 such that K ¢ C_, = {z € C : R(g) > —a}. As the series Z /1_

convergent, there exist N € N and C > 0, which only depends on the compact set K, such that

2z +2 ‘ C
242, +zl T2+, -

for n > N. By the Weierstrass M-test, we obtain the uniform convergence of series (2).
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Now we claim that the function f is bounded on C_,. Every factor in the infinite product and the fraction
fz are Mobius transform from C_, into the disc. Finally, as @ < 1for z € C_;, we conclude that f is
bounded on C_,.

Note that f € I!({z € C : R(z) = —1}), due to the fact that

1+¢2

/|f(—1+it)|dt§C/ L g =cn
R R

By Cauchy’s theorem, given z, € C_,, we have that

ﬂm=f£%fz
Y

where y is the path formed by the semicircle with center —1 and radius R > 1+ |z,|, from —1 —iR to —1+1iR
and the interval [-1 — iR, —1 + iR]. Then, we obtain that

R . /2 i6
1 —1+is 1 —1 + Re' .
f(zo) = 5= JELt - )ds+ — JEL+ReT) 4 ) Re'® de.
2n ) 1 —is+2 2n J_ ., =1 + Rel® — z,

-7

Since |f(z)| < ‘ﬁL the second summand tends to 0 when R — co. We get the equality

f(=1+is) d
1-is+z

fz)=

R

S, ze(C_,.

We apply the identity

1 1
— tze—islogt dt
1-is+z o

and Fubini’s theorem to get that

1
(3) f(z)=f tz<iff(—1+is)e—i“°g‘ds)dt, zeC_;.
0 2n R

We define g(s) = f(—1 + is). Note that the inner integral in (3) is equal to g(logt), where ¢ is the Fourier
transform of g. Since g is continuous and bounded, we define

1
du = o g(logt) dt
to conclude that u is a complex Borel measure on [0, 1]. Finally, we obtain the following representation
of f:
1
1@ = [ e,
0

and the proof is completed. [

3. The full Miintz-Szasz theorem on I*([0, 1])

Now that we have demonstrated the classical Miintz-Sz4sz theorem, it is worth asking if we can extend the
result for other functional spaces, such as Lebesgue spaces IP([0, 1]), or if it is really necessary that the
sequence of exponents {1, },cn iSs monotone increasing. These questions were partially answered by the
mathematicians Borwein and Erdélyi in an article published in 1996 [1] where they proved the Miintz-Szasz
theorem for spaces I}([0, 1]), I*([0, 1]) and C([0, 1]) without the monotonicity assumption. We will present
here the proof of these facts following the original article by Borwein and Erdélyi.

We start with the proof for I2([0, 1]), since, being a Hilbert space, we have a richer structure to rely on.
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Theorem 5. Let {1,}>-, be a sequence of different real numbers greater than —1/2. Then, the set
span{t*» : n > 0} is dense in I?[0, 1] if and only if

o

Z 2, +1 _ 4
¢ (20, +1)2 +1 o

Proof. Our aim is to show that

(9]

20, +1
Z 2, +$2+1 =+00 < tmespan{t : ne NU{0}}, VmeNu{o}L

We will obtain the result as a consequence of the Weierstrass approximation theorem. Let m € IN U {0} be
such that m ¢ {1,,}5-,.

Observe span{t’, t!1, ..., t*n} is a closed subspace of L,([0, 1]), so we can consider the orthogonal projection
of t™ onto span{t’, t!1, ..., t*n}. The expression of this projection is given by Z (t™, thi)thi, Observe this
function satisfies

n n n
1 m— 4

min |[f™ = " a;tt = Htm — Y oem, ik = 11 il

a;eC i=0 Ly([0,1]) i=0 L,(0,1]) V2m+1 iz m+ /11' +1

where the last equality arises from a direct computation of the norm. Then,

(4) t™ € Span {t*» : n € Nu {0}

m/1|_

n—oo

We divide into two cases, 4; > m and 4; < m, to get
n

m-24 | T 22 +1 2m+1
o m+/1i+1)_ H (1 m+/1i+l) H (1 m+/1i+l)'

i=0,/li<m i=0,m</11'

Then, the condition (4) is equivalent to one of these two following conditions:

n n

. 2i+1 1\ _ ) 2m+1 \
hmsup H (l—m)—o or llmsup H (1_m+ll+l)_0

n—oo i=0,/li<m n—oo i=0,/1i>m

By Theorem 15.5 from Rudin’s book [7], each condition is equivalent to the divergence of one of these two
series:

(s o

22+ 1 2m+1
_— d _—
Z m+/1i+1 an Z m+/1i+1

i=0,/1i<m i=0,ﬂ.i>m
By comparison, the divergence of these two series is equivalent to the divergence of

[s9)

S @n+1  and D (ﬁ)

i:O,/1i<m i:O,/1i>m

Finally, the divergence of these two series is equivalent to

[s9)

Z 22;+1 - too
(2/1+1)2+1 ’

and the proof is finished. [

4. The full Miintz-Szasz theorem on C(]0, 1])

Now we will show the full Miintz-Szasz theorem on C[0, 1]. To do so, we need some preliminary results
about Newman'’s inequality and Chebyshev polynomials.
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Theorem 6. Let A, 4,, ..., A, be different positive real numbers. Then, for p € span{1, th th2 . tAn} the
following inequality holds:

n
ltp"(Dll oy < 11 (Z li) lp(Ollcro,11-

i=1

It is interesting to point out that the optimal constant on the Newman inequality is conjectured to be 4, see
the paper of Borwein and Erdélyi [2]. A modification of this inequality allows to control the derivative of any
polynomial p € span{t’, t4, ...}. You may find this result in work of Borwein and Erdélyi [1, Theorem 3.4].

Theorem 7. Suppose that {1, };-, is a sequence of positive real numbers such that 1, > 1 forn=1,2, ...,

and Z:;l /li < 0. Take € € (0,1). Then, there exists c which depends uniquely on {A,},en and ¢ such that

1Pl cro1-¢ < cllpllcron

for any p € span{l, t*,..}.

The theory of approximation using Chebyshev polynomials and the following theorem may be found, for
example, in Cheney’s book [3].

Theorem 8 (Chebyshev polynomials). Let A be a compact subset contained in [0, +o0) with at least n + 1
points, and let 4,, A,, ..., A,, be n different positive real numbers. Then, there exists a unique Chebyshev
polynomial T, such that

n—1
T, (1) = c(t’ln - aitli>,
i=1

where the coefficients a; minimize the norm

n-—1
thn — 3" qth
i=1

’

c)

the constant c is such that “Tan(A) =1, and T,(maxA) > 0.

The Chebyshev polynomial T, € span{t™, t*, ..., t*n} is uniquely characterized by the existence of an
alternation set
fta<hi<..<t}CA

such that . .
Tu() = (-1 = (<" | Tlle,,,  0<j<n

Now, we present the full Miintz-Szdsz theorem in C[0, 1].
Theorem 9. Let {1,}x-; be a sequence of different positive real numbers. Then,
span{l, th, t%2, .}

is dense in C[0, 1] if and only if

Z 2 =t
i=1 Ai +1
Proof. We consider the following four cases depending on the sequence {1,}.
1. inf 4,, > 0.
neN
2. lim 4, =0.
n—+oo
3. {4} ={a,} U {B,}, witha,, —» 0and ,, —» +co.
4. {1,} has a cluster point on (0, +0).
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Note that every positive sequence {4;}{2, or one of its rearrangements fits in one of these cases.

We consider the first case. We may suppose with no loss of generality that 4; > 1, for all i € N. Given
m € N, we have that
1
<
0

n
‘t’” — D aithi| =
i=1
1

1 n 2 2
< < f (rnxm-1 - ai/lix%-l)) dx>
0 i=1

and we get the inequality

n
mx™! — Z a;A;x%=D] dx

i=1

1 n
(mx’"‘1 - Z ai/lix(’li_l)) dx
0

i=1

n n
5 min |[" =) a;th <m|min|lfm1 =" p,thi-1 .
( ) a,-eC Z_: ! - (biEC Z_: !
i=1 Clo,1] i=1 12[0,1]
Suppose that Z /12 = o0. Since 4; > 1, we also conclude that
(e8]
24, -1)+1
Z * ) = +o0.

=2 -D+1)2+1

By theorem 5, the set span{1, th~1, t*2=1 _1is dense in I?[0, 1], and the inequality (5) shows that, in fact,
span{1, t™, t*2, .} is dense on C[0, 1].

Conversely suppose that span{1, %1, t*2, ...} is dense in C[0, 1]. As the space C[0, 1] is dense in I?[0, 1], the
set span{1, t*1, t*2, .} is also dense in I?[0, 1], and

Z 22;+1 - too
(2/1+1)2+1 ’

oo

by theorem 5. By comparing the sums, we conclude that Z e _:_ 1
i=1

Now we suppose that the sequence {4;};>, converges to 0. Then,

= +o00

o
00 2/11- = +oc0.
i=1

If 2 A; = +00, then we conclude that
i=1

(-5
- = 0.
= Ai+1
We follow the same ideas we used in the proof of lemma 4 to conclude that span{1, th, th2, ...} is dense in

c([o, 1]).
On the other hand, if n = Z A; < +00, we apply Newman’s inequality to get that
i=1
(6) lep" Dllegoy < 119llp(llcro,1
for any p € span{1, t"1, t*2,...}. We claim that this last inequality implies that the set span{1, t*1, t*2, ...} is not

dense in C([0, 1]). Indeed, suppose that this set is dense in C([0, 1]). Given the function f(¢f) =1 — t and
m € N, there exists p € span{l, t, t*2, .} such that ||p — Flicqoay < 1/m?. Then,

‘P<1——> p()| > [ (1 ——)—i—(f(1)+#>‘=%_i,

m2
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By the mean value theorem, there exists £ € (1 — 1/m?, 1) such that
p(1-55) =00
Ep )] =& :

m2

which gives a contradiction with the inequality (6).
Now we consider the third case. We split the sequence {4;} into two sequences{4; : i e N} ={o; : i €

N} U {B; : i € N}such that @, —» 0 and 3,, > +o0. Note that Z
i=1

i _ . .
2 = oo is equivalent to

Ms

(7) a; + = 0.

uMg

1
' By

1

If the condition (7) holds, then 3 ; = o or Y + 7 = co. Then, we may apply cases 1 and 2 to conclude that
span{1, th the ...} is dense in C([0, 1]).
Conversely, if the condition (7) does not hold, then

o
Z“i<°° and Z—<oo
i=1

Given a sequence {wy, ..., w,} of n different positive real numbers, we denote by T,{1, t*1, ..., t"“r} the
associated Chebychev polynomial in the compact [0, 1] given by theorem 8. With this notation, we define
Tn,a = n{l’ 4, ., t%n,
Tog = Tu{1, 11, ..., tPn},
Tonap = Tonil, %, ..., 1%, tP1, L (P},

Now our objective is to count and localize the zeros of these polynomials. It follows from Newman’s
inequality (theorem 6) and the mean value theorem that for every ¢ > 0 there exists a k;(¢) € N depending
only on {a,}-, and ¢ (and not on n) so that T, , has at most k; () zeros in [¢, 1) and at least n — k,(¢) zeros
in (0, €).

Analogously, it follows from theorem 7 and the mean value theorem that for every € > 0 there exists a
ky(¢) € N depending only on {8,};-; and ¢ (and not on n) so that T, 5 has at most k,(¢) zeros in (0, 1 — €]
and at least n — k,;(¢) zeros in (1 — ¢, 1).

Now, counting the zeros of T, o — Ty, q,3 and Ty, g — Trp, o g, We can deduce that for every ¢ > 0 there exists
a k(¢) € N depending only on {4,};-, and € > 0 (and not on n) so that T, o g has at most k(¢) zeros in
[e, 1 —¢].

Take a fixed ¢ = i and k =k (i) We pick k + 4 points such that

1 3

Z<770<771<---<77k+3<z,

and a function f € C([0, 1]) such thatf(t) = 0 for every t € [0, i] U [%, 1], and
fa)=2(-1,  i=01,..,k+3.

Suppose that there exists a polynomial p € span{1, t*, t*2, ...} such that

Ilf = Pllcqoay < 1.

Then, p — Ty, 4 g has at least 2n + 1 zeros in (0, 1). However, for sufficiently large n,

P — Topap € span{l, th, .., then},
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which can have at most 2n zeros in [0, +co0). This contradiction shows that span{1, t*1, t*2, ...} is not dense
in ([0, 1]).

Finally we consider the case when the sequence {1,,} has a cluster point in (0, o). In this case there, exists

a subsequence {1,, } such that infycx 4,, > 0 and Zk 1\ "k = oo, where we may apply the case 1. L]

5. The full Miintz-Szasz theorem on L!([0, 1])

Now we present the full Miintz-Szész theorem on I'([0, 1]).

Theorem 10. Suppose that {1, }-, is a sequence of real numbers greater than —1. Then,
span{tho, th, .}

is dense in I}([0, 1]) if and only if .

Z Ai+1 .
(/1+1)2+1 ’

Proof. Suppose that the set span{t* : i € N U {0}} is dense in L'([0, 1]). We fix a non-negative integer m.
For € > 0, we choose p € span{tlo, th ...} such that

8) 1™ = pllLiony) < &

We define the function ,
q(t) = f p(s)ds € span{tto*!, th+l 1
0

By the inequality (8), we have that

<eE.

H tm+1
C([Oyl])

m+1
We apply the Weierstrass approximation theorem to conclude that the set
span{l, tho+1 thi+l 1

is dense in C([0, 1]). We apply the full Miintz-Szdsz theorem in C([0, 1]) (theorem 9) to conclude that

(s

Z Ai+1 - too
(/1+1)2+1 )

Conversely, now we suppose that
o

Z Ai+1 _ 4
/(i +1)2+1 o

By the Hahn-Banach theorem and the Riesz representation theorem, the set span{t*, t4, ...} is not dense
in I}([0, 1]) if and only if there exists a function 0 # h € L*([0, 1]) such that

1
f thih(t)dt = 0; i=01,...
0

Given this function h, we define )
fz) = f t*h(t) dt,
0

and then -
z
9(z) = f(—1 e 1)
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Note that the function g is bounded and analytic in the open unit disc and

o(125) = Fa =0

= +oo implies that

5 -l

n=1

Ai+1

Note that Z -0 m

We consider the Blaschke product [7, Theorem 15.23] to conclude that g = 0 on the open unit disc, and
f(z) = 0 in the half plane R(z) > —1. In particular, we have that

1
f(n) = f t"h(t)dt = 0; n=0,1,..
0

We apply the Weierstrass approximation theorem to get
1
/ u(tHh(t)dt =0
0

for every u € C([0, 1]). Finally, we conclude that & = 0 and that span{t*, t!1, ...} is dense in L'([0,1]). =

6. The full Miintz-Szasz theorem on I°([0,1]) for1 < p < o0

Once we have shown the full Miintz-Sz4sz theorem on I'([0, 1]) and I?([0, 1]), it is natural to ask about the
full Miintz-Szész theorem on IP([0, 1]) for 1 < p < 0. This question was posed by Borwein and Erdélyi [1]
and solved by Operstein [6, Theorem 1].

Theorem 11. Let 1 < p < o0 and {1,,}5%-, be a sequence of different real numbers greater than —1/p. Then,
the set span{t* : i € N U {0}} is dense in IP[0, 1] if and only if

(s

A+ l/p
® Z (4 +1/p)*+1 =t

To show this theorem, we need the following lemma.

Lemma12. Let {u;}32, be a sequence of positive real numbers such that the set span{t*i~V" : i € N U {0}
is dense in I’([0,1]). Then, the space span{t*i~V/s : i € N U {0}} is dense in I’([0,1]) for s > r, and
span{l, tho, t#1, .} is dense in C([0, 1]).

Proof. We consider the spaces X = I/([0,1]), Y = I¥([0,1]) and A = span{t¥~V" : i € N U {0}}. Our aim is
to define a linear bounded operator J between the spaces X and Y such that J(X) is dense in Y. Note that
this fact implies that J(A) is dense in Y. We consider the operator J: L'([0,1]) — L’([0, 1]) defined by

t
Tp)(E) = =419 f pydu,  te01], ¢ € (01]),
0

where % + % = 1. By the generalized Hardy inequality [5, Theorem 329], this operator J is bounded.

For every n € N, we define the function ¥,(t) = (n + 1/r + 1/s)t"*5=V" for t € [0,1]. Note that
Y, € L'([0, 1]) and (J3,,)(¢t) = t" for n € IN. By the Weierstrass approximation theorem, we conclude that
J(X) is dense in Y and the set J(A) = span{t*~V/s : i € N U {0}} is dense in L*([0, 1]).

To show the second part, we consider the linear bounded operator J: L'([0,1]) - C([0, 1]) defined by
t
p)(e) = 7" / pw)du, te€(0,1],  (Up)0)=0,
0

for ¢ € ([0, 1]) and % + % = 1. Using similar ideas to the ones in the first part, we conclude that the set
span{l, tho, t#1, .} is dense in C([0, 1]). n
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With the help of this lemma and the full Miintz-Szasz theorem on I}([0, 1]) and C([0, 1]), we prove theo-
rem 11.

Proof of theorem 11.  We take a sequence {4;}2, satisfying condition (9). Now we consider the sequence

{v;}2,, where v; = 4; — 1/p’ for i > 0, where 1_1) + z% = 1. By hypothesis, we have that

v +1 Ai+1
Z (vl+ll+)2+1 - Z s +;r/p)/2p+1 = oo
We apply theorem 10 to conclude that the space
span{t’i : i € Nu{0}} = span{t%~"4 : i € NuU {0}
is dense in I}([0, 1]). We take u; = A; + 1/p for i € N U {0} and we apply lemma 12 to get that

span{t“~P : i e NuU{0}} = span{th : i € NuU{0}}

is dense in IP([0, 1]) for p > 1.

Conversely, we suppose that the space span{t* : i € N U {0}} is dense in IP([0, 1]). We write u; = 4; + 1/p,
for i € N U {0}, to obtain that
span{t“~P : i € N U {0}}

is dense in IP([0, 1]). By lemma 12, the space span{1, t*i : i € N U {0}} is dense in C([0, 1]). Now we apply
theorem 9 to obtain that

o0

o Ai+1/p Mi
= = 400. n
gf)(ziﬂ/p)z“ LT

i=
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Abstract: In this paper we introduce four different definitions for the fractional
Laplacian operator. First, we begin by giving the definition through the Fourier
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formula with a probabilistic motivation. The last two definitions come from func-
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study properties of a nonlocal operator by means of local methods. We prove the
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Four different approaches to the fractional Laplacian

1. Introduction

Fractional operators, and in particular the fractional Laplacian, are well known from the point of view
of functional analysis. However, they also appear in other areas of mathematics. Some of the settings in
which this operator arises are the theory of Banach spaces [10], potential theory [8], Lévy proceses [1], the
theory of partial differential equations [4], and scattering theory in conformal geometry [6]. Bibliography
in this topic is extensive and the above are just some examples.

The goal of this paper is to introduce four of the different definitions of the fractional Laplacian which
appear in the literature. There are other definitions that we will not consider here, see for instance the
paper of Kwasnicki [7] for a nice exposition on ten different definitions of the fractional Laplacian.

The function space we are going to work with is the Schwartz space .”(R"), which is the space of functions
f € C*(R") satistying

If1l, = sup sup (1 + |xI)P?[6°f(x)| < o0,  pENU{O},

|a|<p xeR"
a [24
where a = (ay, ..., a,) denotes a multi-index in (N U {0})" and % f denotes the derivative : ;1 ;x_“n" f.
X1 n

With the metric given by

® If =gl
’ = _p—pr ’ y Yl,
d(f,9) ;02 e, J9ET®Y

the Schwartz space is a Fréchet space.

In section 2 we introduce the fractional Laplacian operator through the Fourier transform, as the inverse
operator of the Riesz potential. In section 3 we introduce the fractional Laplacian from a probabilistic
motivation, obtaining a pointwise integral formula. Section 4 is devoted to the study of the fractional
Laplacian through the heat semigroup. Also in this section, we will prove the equivalence of the previous
definitions. Finally, in section 5 we will study the fractional Laplacian as a «Dirichlet-to-Neumann» operator
for a harmonic extension problem.

2. First definition: Fourier transform

The first time the fractional Laplacian appeared in the literature is in the paper by M. Riesz [10]. The usual

Laplacian, given by —Af = — EZ=1 Six,é for f € C%(R"), can be understood as the inverse operator of the
Newton potential I,, which is defined as
Bf(x) 1= Cnal - |72 % () = ca f pcf(% dy,  n23 fesRY,
R

1 n—2
where cn,2 = 471:_"/2F<T)

Riesz generalized the concept of Newton potential by defining the fractional integral operator (or Riesz
potential) of order 0 < « < n, n € N, as

J») d

oy T ESERD,

I f(x) = cn,ozl : |—n+oc * f(x) = Cn,oc/
R

with Cn.oc = 2aqn/2 F(%)'

In the same way we have that the relation
(1) Lo(-A)=1d=(-A)ol,

holds in .#(R"), Riesz posed the natural question of the existence of an operator (—A)%/? that would satisfy,
in Z(R"), the analogous relation

(2) I, 0 (=A)*? =1d = (~A)*? o I,.
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If we understand (—A)*'? as a fractional version of the differential operator (—A), expression (2) somehow
represents a fractional version of the fundamental theorem of calculus (thus the name «fractional integral»
for I,).

In order to find an explicit expression for an operator satisfying (2) we will use the Fourier transform. For a
function f € .#(R"), its Fourier transform F|f] is defined to be the function

TN = O = o [ SeSxan, geren
R1

[his defines an invertible operator in .#(R") whose inverse is given by
1 .
-1 = ix-& n
FU1X) a2 fR f(Ee™sd¢§,  xeR"

By using the well-known properties of F with respect to derivatives, it follows easily that F[(—A)f](§) =
|€2f (). Next, we are going to obtain an analogous expression for the operator (—A)*? defined above.

As one can see in Stein’s book [11, Ch. V], the following identity

e (|- [TE) = 15177, §ERY,

holds for each n € IN and each 0 < a < n. Hence, as the Fourier transform takes the convolution of two
functions to the product of their Fourier transforms (convolution theorem), we have that

FUaf1E) = Flenal - 17+ f1E) = cnaF (|- 7O ) = [EI74f ().

Thus, by taking into account that we want to define (—A)¥? as the inverse of I, and by writing a/2 + s,
we can define the operator (—A)* as follows.

Definition1. Given 0 < s < 1, we define the fractional Laplacian as the operator (—A)?® satisfying
FIAPf1E) = [EFf(E),  EeR, feSRY.
With this definition, we have

Flls o (AP fIE) = [E]75F (=) F1E) = [EI7=IE £ (&) = (),
so by taking the Fourier transform we have that, indeed, (—A)® and I, are inverse operators in . (R").

It is a well-known fact that the usual Laplacian satisfies
(3) A(woT)=AuoT, T € O(n),

i. e., the Laplacian commutes with elements of the orthogonal group. The same property can be easily
obtained for the fractional Laplacian (—A)® thanks to the invariance of the Fourier transform with respect
to these transformations. Indeed, since F(foT) = F(f)oTand F ' (fo T) = F~1(f)o T for every T € O(n)
and every f € .(R"), we can write, for each T € O(n) and each u € .(R"),

(=AY (uo T)(x) = F 7| - BF (wo T)()I(x) = F | - [¥F (W) o T()](x)
= FUITCHIFF @) o T(HI(x) = FH| - FF ()] o T(x) = (=A)'u o T(x),

where we have used that |x| = |[T(x)| = |T~(x)| for each x € R". This in particular proves that, if f has
radial symmetry (i. e. if f o T = f for every T € O(n)), then (—A)*f also has radial symmetry. Note that, for
the Fourier transform, the invariance with respect to elements of the orthogonal group and the fact that
F~1f(x) = F f(—x) imply that the Fourier transform and the inverse Fourier transform of a function with
radial symmetry coincide.
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3. Second definition: pointwise formula

In this section we will describe a probabilistic situation in which the fractional Laplacian appears in a
natural way. In this situation, the operator represents the rate of change in time of the probability of a
particle to be in a particular position at a particular moment if it moves according to a certain process.
This situation is depicted in Bucur and Valdinoci’s book [2].

We are going to discretize the movement of the particle in such a way that > 0 is the discrete step in
time and h > 0 is the discrete space step. We will use the time step 7 = h?S for a fixed space step h. Let us
denote by u(x, t) the probability of finding the particle in position x at time ¢.

Let us define, for each 0 < s < 1, the following probability on IN. For each subset I of natural numbers, we
define
P(D) = ¢ Z k1+25
kel

-1 ._ 1
where Cy == Zke]N s -

The particle under study moves according the following probability law: in each time step 7, the particle
chooses a direction v € $"~! randomly according to a uniform distribution on the unit sphere $"~1, and a
natural number k € N according to the probability law P depicted above, and then it performs a translation
by the vector khv. Note that, in this motion, large jumps are allowed, but their probability is very low.

According to this, a particle in position x, at time ¢, after a time step 7 (i. e., in time ¢ + 7), will be placed
in position x, + hkv for some k € N and some v € $"~!. Then, given x € R" and ¢, 7 > 0, the probability
that the particle is in position x after a time step 7 from the initial time ¢, u(x, t + 7), is the sum of the
probabilities of finding the particle in position x + hkv in the previous time for some k € N and some
v € §"~! multiplied by the probability of having chosen that direction v and that natural number k, i. e.,

Z u(x + hkv, t)

u(x, t+1) = pAFER do(v),

n-1
S ) keN Jgn-1
where o is the surface measure of the sphere.

On one hand we can write

u(x, t+ 1) — u(x, t) = (Sn 5 3 f u(x + hk;l,fz)s— u(x, t) do(v),
Sn 1

keN

and, on the other hand, by the radial symmetry of the process,

z f u(x — hkkvl,+tz)s— u(x, t) do(v).
Sn—l

keN

u(x, t+1)—ulxt) = (S” )

If we add the above and divide by 2,

u(x, t+1)—ulx,t) = JR¥ED do(v).

u(x + hkv, t) + u(x — hkv, t) — 2u(x, t)
2 (S” D) 2 /Sn !

keN
Now, dividing by T = h? on both sides of the above inequality, we arrive at

ulx,t+17)—ulx,t) h ¢ / u(x + hkv, t) + u(x — hkv, t) — 2u(x, t)
sn-

T — 9 o(Sn1) = (hk)i+2s

do(v).

Here we recognize a Riemann sum. By writing hk — r, and taking into account that r = h?5, we can take
the (formal) limit when h goes to 0 on both sides to obtain

fm f u(x + rv, t) + u(x — ro, t) — 2u(x, t) do()dr
Sn 1

rl+2s

1
Su(x,0) = 5 (S,i_l)

et u(x +ro, t) + u(x —ro, t) — 2u(x, t)
2 O'(S” 1) / -/S‘:n L yn+2s dG(U) dr

u(x +y,t) —2u(x, t) + u(x —y, t)
2 O'(S" 1) |y|n+25 ’
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where we have used polar coordinates.

Thus, the operator I§ given by

Cn,s u(x +y) —2u(x) + u(x — y)
leu(x) = _7 Ln |y|n+25 dy’

where ¢, ; is a positive constant (which we will choose later), depicts (up to a constant) the rate of change
in time of the probability of the particle being in a certain position in a certain moment according to the
laws we have just described. As we will see in section 4 below, this operator L} coincides with the fractional
Laplacian (—A)%, so we have got a probabilistic interpretation for this operator. Note that, according to the
obtained expression, L} is a nonlocal operator, as in order to obtain its value at a point, we need to know
the value of the original function in the whole space.

Even though the above computations are just formal, the definition of L makes sense as, for functions in
Z(R"), the integral there converges. Indeed,

f|m@»wwzﬁ—m»ﬂm®
R V4

=f [2u(x) —u(x+y2) —u(x —y)| dy+/ |2u(x)—u(x+y2)—u(x—y)| dy
pist ypes izt v

=I+1I

Since u € .(R"), by using the Taylor expansion, we know that, if |y| < 1, then 2u(x) —u(x+y) —u(x—y) =
—2(V?u(x)y, y) + o(|y|?) for each x € R", so

i / 2u) — e+ )~ e =)
_ 12(VZu(x)y, y) + o(ly[*)
- n+2s dy
2|V2ux)|ly* + lo(ly*)l
< n+2s dy
st vl
1
<c / 1<
X " |y|n—2(1—s)
as0<s< 1.
The boundedness of IT is simpler:
[2u(x) — u(x + y) — u(x — y)|
I = / |y|n+2$ dy < 4||u||L°°(]Rn) W dy < 0.
[y[=1 [ylz1

Remark 2. Observe that in the above argument, we only use that u is a bounded C?(R") function. Thus, I
makes sense in a bigger class than . (R").

This pointwise formula allows us to prove in a very simple way the behavior of this operator with respect to
translations 7, f(x) = f(x + h), h € R"; dilations A; f(x) = f(4x), and transformations of the orthogonal
group O(n) (i. e., the isometries of R" which fix the origin, as, for instance, rotations or reflections).

Proposition 3. Let u € .#(R"). For each h € R" and each A > 0, we have that
(5) D(gu) = 5,(3u)  and I5(Au) = A25A;[15ul.

Proof. The behavior of L} with respect to translations is easily obtained by direct computations using
the definition of the operator. The behavior with respect to dilations is straightforward to obtain as well.
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Let us see the proof of the behavior with respect to dilations in order to illustrate the simplicity of these
computations. Let us fix x € R". By using the change of variables z = 1y, we have

c 2Mu(x) — Aju(x +y) — Aju(x —
R
Cns 2u(Ax) — u(Ax + Ay) — u(dx — 1y)
= 7 n+2s dy
R ¥l
_ Cns f 2u(Ax) — u(Ax + 2) —u(dx —z) dz
) n 2]\ +2S n
R (%)
Cn,s 2u(Ax) —u(dx + z2) —u(lx — 2)
= /1237 f |Z|"+2S dz
RN
= B u(Ax) = 250, [Lu](x). "

In the following two sections we will give two new definitions of the fractional Laplacian and we will prove
that they are equivalent to the definition of L} and the one of (—A)’. First, we will rewrite L.

Theorem 4. Let u € .“(R"). For each x € R" we have

u(x) = u(y)
=y

)

®) L5u(x) = ¢y PV f

R
where PV is the Cauchy principal value, i. e.,

" pv [ MO0 g, i ue) —u)
R

n X =yt =0t Jo e XY

and c, ¢ Is a constant that depends on the dimension n and the order of the fractional Laplacian s.

Proof. Let x € R". As the integral defining L converges, we can rewrite it as follows:

ey < G [ B —uGt ) =y

2 R |y|n+2s
_ Gns g 2u(x) ~u(x +y) —ulx—y) |
= o |2 Y
[yI>¢

C — C — —
=S | O e Sy [ OEE
lyl>e 0" Jiypse

If we use the changes of variables z = x + y and z = x — y, respectively, we can write the previous sum as

Cns lim f —u(x) — u(@) dz + fns lim —u(x) — u@) dz.
|z—x|>€

2 e—ot |Z_x|n+2s 2 esot |x—z|>€ |x_z|n+2s

By grouping all the terms in one integral, we finally obtain the desired result:

. u(x) — u(z)
LBu(x) =c, ,lim ———dz. [
1 ( ) n,se_)OJr ezl |x —Z|"+2S

Remark 5. Note that when we first defined the operator L}, we proved that this definition made sense in
the Schwartz class by using that, in the Taylor expansion of u(x) — u(x + y) — u(x — y) used in (4), the linear
term disappears, while in the formulation of theorem 4 we do not have this property at hand; hence we
need to plug in the principal value.

4. Third definition: the heat semigroup. Equivalence of definitions

In this section we will give a new definition of the fractional Laplacian in terms of the heat semigroup
and then we will prove that this and the ones introduced above through the Fourier transform and the
pointwise formula are equivalent and define the same operator.
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Let us take a positive second order differential operator L = L, acting on functions in the spatial variable x
defined on a domain Q c R”, n > 1. Let us consider the problem

v(x, t) + Lu(x, t) =0, for (x,t) € Q X (0, ),
u(x, 0) = u(x), for x € Q.

Inspired by the form of solutions of linear first order differential equations, given an initial data u for the
previous problem, we define the operator e ‘L by

(8) e~ Lu(x) = v(x, 1), xet>0,

where v is the solution to the previous problem corresponding to the initial data u.

If we now think of the family {e~*F, ¢t > 0}, it turns out that it is a semigroup of class (C,) [14, Def. 1, Ch. 9].
Indeed, if v is the solution to the previous problem with initial data u and we consider ¢, € (0, o), then
the function v2(x, t) := v(x, t + t,) satisfies the differential equation and also verifies v2(x, 0) = v(x, t,) =
e 2Ly(x). Then,

e~ il(e2ly(x)) = vi2(x, 1)) = v(x, t + t,) = e~ (hH)ly(x), X € Q, t,t, €(0,c0).

If we take L = —A acting in the spatial variable x, we have defined the operator e’ in the way we just
depicted in (8). In this case, a more specific expression can be given by solving the initial value problem

v(x, t) = Av(x, t), for(x,t) € R" X (0, o),
v(x, 0) = u(x), for x € R™.

By applying the Fourier transform with respect to the variable x, we can rewrite the previous problem as

o) {ﬁt(s, £) = |EP0(E, 1),  for (£, ) € R" x (0, ),

0(¢,0) = a(é), for £ € R™.

The resulting problem is a Cauchy problem associated to a homogeneous linear first order differential
equation with initial value #. Its solution is 0(¢, t) = e_’|§|2ﬁ(§ ). By applying the inverse Fourier transform,

) = (2n1)n/2/ e ¥ a(¢)e*E df = 2y fRn e tsF (Ln u(z)e 162 dz) eX < de

/ﬂ; u(@) ((Zn)n f —t\glzei(x—z)'é' d;;-’) dz = An U(Z)W(X —-2)dz,

1w
u/t(x)—We at

where

is the Gauss kernel.

Once we got an explicit expression for e’4, and inspired by the following numerical identity,

p( s)/ (e~ t1+s

which is valid for any 0 < s < 1 and 4 > 0, we can give the following alternative definition for the fractional
Laplacian.

Definition 6. For 0 < s < 1 and u € .(R"), we define the operator L, as

Su(x) = e )/ (eu(x) — u(x)) t1+S'
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This definition can be justified by means of the spectral theorem, and can be found for instance in Stinga’s
thesis [13].

At this point, we prove the equivalence of the operators L} and L} to the fractional Laplacian (—A)S which
we defined in section 2. The following result can be found in Stinga’s thesis [13, Lemma 2.1].

Theorem7. Let0<s<1andue€ . .(R"). Then, (—A)’u = Lju = Lyu, i.e.,

S Cns [ uCx+y) = 2u(0) + u(x - y) L[ dr ;
(Cayu = -3 | S Ay = fo (eu(0) ~u() pr, X ER,

where
_ 4°T(n/2 +5)
Cns = e[ (=s)

Proof. We will prove that the last expression coincides with the other ones. Let us see first the equivalence
between (—A)Su and Lyu. By the Fourier inversion theorem,

U ) = G [ Daeiag
R"

By using this and the change of variables w = t|£|?, we obtain

[ e —ulgg s, [ [ e - apaias i
c [ / v 1) S jeiace) o
RN

~ Cps / E25]a(8)| dE < oo,
RP

as u € .(R"). Hence, by Fubini’s theorem

1 1 ® R dt .
e s)/ (emu(x)—u(x)) t1+s _F(—s)—(27t)"/2 /]Rn/o (e~tEF — 1) mu(é’)e fde

. -w S 7 ix-
~ I(=s) S)(27t)"/2 f f -1 1+s|€|2 a(§)e™< dé

)m/ [EPoa(ede = 77 (|- ) ().

(27r

Now, we see that Lju and Lyu coincide for a suitable choice of ¢, ;. More precisely, we will prove that

1 o dt 4T (n/2 +s) u(x) — u(z) .
F(—s)[) (etAu(x) —u(x)) tl+s = —mn2[(—s) 4% /ﬂ;n I — g dz, x € R".

Let ¢ > 0. By using the fact that |[[W,(x — - )||pign) = 1 for every x € R" and Fubini’s theorem,

/ (emu(x)—u(x))?—fs = f f W (x = 2)(u(z) — u(x)) dz is

® dt
= [ [ s - 2@ - e i e = 14 11
Rn Jo
On one hand,

|x—z|>¢

= f (u(z) — u(x)) f (dmty e i ffsdz
|x—z|>¢€ 0

_ 3 4°r(n/2 +s) 1
- ‘/I;—z>s(u(x) “(@) —Tn/2 |x — z|n+2s a4z
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2
where the change of variables r = % is used. Note that, as u is bounded, I; is absolutely convergent for

any € > 0. On the other hand, by using polar coordinates,

IIE = f / u/t(x - Z)(H(Z) - U(X)) dz t?—fs
0 |x—z|<e

(e € 2
_ / o f eyt / (uCx + r2') — u(x)) AS() dr ok
0 0 |z'|=1

Now, by Taylor’s theorem and by using the symmetry of the sphere, we can write
f (u(x +rz’) — u(x))ds(z’) = K,r?Au(x) + O(r?),
lz']=1

with K, some constant that we will specify later. Indeed, by Taylor’s theorem we can write, for each
7 e st
2
r
u(x +rz") = u(x) + Vu(x),z') + E(Vzu(x)z',z’) + 0(r®),

where (-, -) denotes the usual inner product in R". Taking into account the symmetry of the sphere, we
know that the integral of an odd function over $"~! is 0: this means, in our formula above, that the first
order terms integrate zero over the sphere. Likewise, when we examine closely the cross derivative terms
of V2u(x), they also accompany an odd function in the formula above and so they disappear when we
take the integral. This computation can be easily done by taking polar coordinates. It can also be noticed
that what we are left with is a multiple of rAu(x), as we wrote above.

Hence,

¢ « e_g dt €
el < K au(x) / r"+1f miz+s § K, au(x) f rnHKn,sr_n_Zs dr = Kn,Au(x),SEZ(l_s).
0 0 0

This proves that II; - 0 when ¢ — 0, so

°° dt . 45T (n/2 + 5) u(x) — u(z)
A _ _
/0. (e u(x) — u(x)) s T 151_1}315 +1I, = s PV /]Rn =g d

With computations very similar to the ones we just did, we can prove that, whenever u € C2(R") n L°(R"),
we have that (—A)’u(x) converges to u(x) when s — 0%, for every x € R". Actually, for a given x € R", to
prove the aforementioned convergence, we would only need that u belongs to C?(B(x)) n L*(R"), with
B(x) the ball of center x and radius 1 [13, Prop. 2.3]. Note also that, when u € .(R"), the pointwise
convergence is obvious by the definition via Fourier transform, in the same way that it is obvious that
(=A)S - (-A)whens - 1.

5. Fourth definition: the extension problem

When one works with nonlocal operators as (—A)®, one of the principal difficulties which appears is the
fact that they do not act on functions in the same way that differential operators do, but they are defined by
integral formulas. As a consequence, we do not have some of the properties that local operators have. From
the point of view of the tools to study these operators, it is desirable to have some procedure which allows
us to connect a nonlocal problem with a local one at hand. The bibliography in the topic of differentiable
problems is extensive, and then the set of techniques is very rich. With this motivation, we present the
trace relation and the extension problem.

Caffarelli and Silvestre [3] introduced a method which allows to transform nonlocal problems in R" into
other ones in which some differential operator in R%*! appears. The method is described as follows: given
0 <s<landu e .Y(R"), we want to study the solution of the system

Ly_psU(x,y) :=divy , () 72V, , U) =0, xeR%},y>0,
(10) U(x,0) = u(x),
U(x,y) > 0wheny — oo.
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By using the definition of the divergence, the system in (10) can be rewritten as

—AU(x,y) = (dyy + %6},) Ulx,y), xeR},y>0,
(1) U(x, 0) = u(x),
U(x,y) > 0wheny — oo,

and the solution of (11) is given by the following result.

Theorem 8 (extension theorem). The solution U of the extension problem (11) is given by the convolution

(12 U&Jﬁ%ﬂ%ﬁ*@@ﬁi[%@—&ﬂMQ%,

RN

where
_I'(n/2+5s) ¥

R(x,y) = nn/ZF(s) (2 + |x|2)(n+2s)/2

is the generalized Poisson kernel for the extension problem in the semispace R"**'. Moreover, for U
defined as in (12) one has

25711(s)

—_A) - _ ; 1-2s

(13) (—=A)Su(x) T—s) )}E&y d,U(x,y),
which is what we call the trace relation.

Remark 9. The extension theorem provides an interesting relation between the operators (—A)* and 9.
This relation allows to obtain properties of the nonlocal operator from the properties of the local one.

Proof of theorem 8. By taking the partial Fourier transform in the variable x in (11), we get the system

AU y) + 520,06, y) - [EPUE ) =0, (§,y) e REY,
U(,0)=a(¢), UEy) —»0wheny - 0, &eR™

(14)
Now, if we fix § € R" \ {0} and write Y(y) = Yz(y) := U(&, ), the previous problem can be written as

) [yZY”(y) +(1—25)yY'(y) - [E2Y*Y(») =0, yER,,

Y(0)=a(&), Y(y)— 0wheny — co.

The equation in the above problem, under some adjustment of the parameters, is known in the literature
as the generalised modified Bessel equation (see for instance Lebedev’s book [9]), and is given by

(16) YY" + (1 = 2a0)yY'(y) + [B2r%y? + (a — v?yH)]Y(y) = 0,

where
a=s, y=1, v=s, B=[&.

It is well known (see Lebedev’s book [9]) that (16) has two linear independent solutions given by

w(y) = y'L(|§]y) and uy(y) = YK (|€]y),

where I; and K are Bessel functions of second and third kind, respectively:

- I(z) = <§)r Yreo Tkt 1()z;2(3:’:_ ST |z| < oo, |arg(z)| < ;
K (@) = T 1) jarg(2)] < 7.

Thus, for each & # 0, the solution of (15) is

(18) U, y) = AVL3EW) + BY'K(€ly),  (§,y) € RY*.
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From the expressions in (17) one can obtain (see [9, formulas (5.11.9) and (5.11.10), p. 123]) the following
asymptotics for g — oo:

1/2
(19) I(2) ~ e¥(2mz) V2, K (z) ~ (%) ez,

where we use the symbol A = B to say that there exist constants ¢, C > 0 such that cA < B < CA. Thus, the
function Iy(z) diverges, while K (z) takes finite values for z sufficiently large. From here, we can deduce
that the condition that U(§,y) — 0 when y — oo implies that, in (18), we must have A = 0. Therefore,

(20) U ) = ByK(l&ly), (6 e RE.
On the other hand, it can be proved that, when z — 0% in (17),

1 Z\* Z\"8
(21) IS(Z) ~ m (E) and _S(Z) ( S) ( )

(c.f. [9, formula (5.7.1), p. 108]). Hence, by imposing the condition U(, 0) = @(¢), we can fix B in the
following way:

BT ysI_s(Iﬁ ) — ¥ I(Ely) 200 Bm2*!

—-S — st—lr —s,
sin 7ts ra —s)sinnslé’| ©)I¢]

(22) By*K(|€ly) =

where in the last equality we have used the property of the I" function that

(23) rxr—-z)= prp ZEL.
Since U(¢, 0) = 1(&), we have that

A 1§1°a§)
(24) UE Y =55 TGy Ks(1§1y)-

Suppose that U is given by the convolution of u with a kernel B(x, y) and let us see the explicit expression
for this kernel. With this assumption, from the properties of the Fourier transform with respect to the
convolution of functions, we deduce that U(£, y) = B(&, y)i(¢), so

R =5 (G2 0 =1 (Gl sy ) o

. S . . . . . .
Now, as the function zs—ll—ll"(s) V’K(| - |y) is a function with spherical symmetry, we know that its Fourier
transform coincides with its inverse Fourier transform, so finding an expression for the kernel B(x, y) is
equivalent to computing the Fourier transform (in the case in which the Fourier transform is applied to

radial functions, it is called the Hankel transform) of the function zs_ll'—l‘f(s)ysKsﬂ - |-

For this, we use the fact that the Hankel transform of a radial function f(-) = f(]-|) is (see Stein and
Weiss’s book [12, Ch. IV, Th. 3.3])

FU) = nnzfﬁ@hmmms
2m)zrz

Here, Jn-2 denotes the Bessel function, defined for k a real number greater than 1/2 by letting
2

(t/2)* !

eitS(l _ S2)(2k—1)/2 ds.
[k + 1)/2]0(3)

J(0) =

Thus, by applying this to our function and by using [5, formula 3 in 6.576, p. 684], we get

7 (5 y Kol ) ) = 7 (kv )

25-11°(s) 25-11°(s)
= Y = m%mwmmwmmm
21y (2m)F x| :
_IG+s) N

2z (y2 4 |x|2)(n+2s)/2'
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Only (13) is left, i. e., we just have to check the equality

225 IF(S)

(=AYu(x) = TTa=s) o

hm yEU(x, y).

Let us recall that the Fourier transform of the function (—A)*u(x) is |£|*a(£). Then, (13) is equivalent to
seeing that

22s IF(S)
—5) y-ot

S 1y - saU
(25) 1€1#a) = z 5(5&)-

By using the following identities for the Bessel function of third kind (c.f. [9, formula (5.7.9), p. 110)],

(26) K}(@) = ~Ky(2) = Ksa(@)
and
28
(27) Z s(z) - Ks+l(z) = - s—l(z) = _Kl—s(z)’

together with (23), we get

. s+1 2 s+1
y=20,063) = LB (2 - Kontem) = - EEEE -k qew

In view of the behaviour of the Bessel function of third kind K, we have that

o ra-s)ér!
1-5 —
ylggg Y Ks([€ly) = 55 :
so we get
lim Y1256, 0(%, ) = — 2pe 2k £ 50(E)
y—-0t Y ’ 22S IF( )
This proves (13), thus finishing the proof. L]

Alternative proof of (13). By using the following property of the generalised Poisson kernel,

(28) / B(x,y)dx =1, y>0,

]Rn
we can obtain an alternative proof where we do not need to use (26) and (27).
Let u € .(R") and consider a solution

Ulx,y) = (B(-,y) = u)(x)
of the extension problem (12). Observe that, by using (28), we can write

I'(n/2 +5s) (u(z) — u(x))y*

Ulx,y) = TETG) s OF + = ) dz + u(x).
By differentiating the two sides with respect to y, we obtain
YT, U(x, y) = 2SF(n/2 +5) Uz) = ulx) dz + 0(»?).

T2 (5) - 2+ |z - x|2)(n+2s)/2

If we let y — 0% and we use the Lebesgue dominated convergence theorem, we get

e . I'(n/2+5) u(z) — u(x)

29) SOV =2 Z0n T Y e (e - xpp
B I'(n/2 +s) ol s
= Zs—n"/zf( ) L(=A)Su(x),
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where in the second equality we have used the definition of fractional Laplacian (6).

Finally, recall that

250 (n/2 + 5)
30 === =7
( ) Cn,s Tcn/zl—v(l S)

so, by substituting the expression of (30) in (29) we obtain

. _ r(n/2+s) _ I'(l1-s)
1-2s - _ 1(_A)S = =% (A
ylg(r)ler 9,U(x,y) = —2s T2T(s) Crs(—=A)u(x) 223—1F(s)( AYu(x),
which completes the alternative proof. n
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Holomorphic functional calculus

1. Introduction

In this expository paper we develop the main ideas about holomorphic functional calculus for sectorial
operators on Hilbert spaces. Of course, we cannot be exhaustive and make a complete presentation of
the theory. We present the sketch of some proofs, and the complete demonstration of some results. Our
purpose is to show some of the usual procedures and tools in this context. The interested reader can
consult, for instance, the references listed at the end.

The functional calculus that we study was formalized in the late 80’s and 90’s mainly by McIntosh [1, 4, 17,
18]. The motivation was in Kato’s square root problem and the operator-method approach to evolution
equations of Grisvard and Da Prato. Many examples within the class of operators under consideration can
be found among the partial differential operators (elliptic differential operators, Schrodinger operators
with singular potentials, Stokes operators...).

The purpose of a functional calculus is to give a meaning to f(T), where f is a complex function defined
on a subset of C and T is an operator defined on a Hilbert space.

For example, in a finite dimensional Hilbert space, we can find exponentials and logarithms of matrices
through the theory of linear systems of differential equations. These operations can be regarded as a
special case of a functional calculus for operators in a finite dimensional setting.

Another example is the well-known equality

(1) Af = FY(yPF),

where A represents the Laplace operator, ¥ denotes the Fourier transform and ! is the inverse of F.
This equality holds provided that f satisfies certain regularity and decay conditions. From (1) it follows
that, if P is a polynomial, we can compute P(A) using the following expression:

(2) PQA)f = FHP(yAF ().

Now, if we want to define m(A) for a general complex function m, (2) suggests the following definition:

m(A) f = F = m(ly)F ().

This is the first step to construct a functional calculus for the Laplace operator. In a second step, we
need to specify the Hilbert space H where f belongs to and the class £ of admissible functions m in this
functional calculus. Actually, (1) can be seen as a spectral representation for the operator A. This fact
allows to extend these ideas and to define a functional calculus for operators on Hilbert spaces by using
spectral representations.

The abstract method of defining a functional calculus follows ideas from Haase [8], and it is roughly done in
the following way. If T is an operator in a Hilbert space H, we consider a class & of functions defined on the
spectrum o(T) of T and a mapping @ : £ — B(H), where B(H) represents the space of bounded and linear
operators on H. @ is actually a method to assign an operator f(T) defined by @(f). In a first approach,
the class ¢ is formed by smooth enough functions. Later on, this class of functions will be enlarged by
including less regular functions. In this second step, f(T) may be unbounded if T is not in B(H). Since the
purpose of functional calculus is to make computations, it is convenient that £ is an algebra and @ is an
algebra homomorphism. Furthermore, the mapping ¢ should be somehow connected to the operator T
(note that we write f(T)). One of such relations should be that (1 — z)~!) = R(4, T), where A € p(T) and
R(A, T) = (AI—T)~ ! is the resolvent operator. Haase [8] presented an abstract approach to the construction
of functional calculus.

This paper is structured as follows. In section 2 we present the holomorphic functional calculus. The
definition and the main properties of the sectorial operators on Hilbert spaces are presented in section 3.
The holomorphic function algebras, basic for functional calculus, are studied in section 4. Section 5 is
focused on the definitions and properties of the holomorphic functional calculus for sectorial operators.
Finally, in section 6 we discuss an example: a sectorial operator in a separable Hilbert space that does not
have a bounded holomorphic functional calculus.
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The theory developed in this paper is concerned with operators in Hilbert spaces and holomorphic
functions. The standard definitions and properties about these topics that are used in the sequel can be
found in the monographs of Rudin [19, 20]. A detailed study about the holomorphic functional calculus
for sectorial operators appears, for instance, in [7, 14, 15, 24], where most of the results in this paper are
included.

2. Holomorphic functional calculus

Let H be a Hilbert space. In this section, we assume that T: H — H is a bounded linear operator.

oo

Let f be a holomorphic function defined on C such that f(z) = ano

of convergence of f. Let us also suppose R > ||T||, where ||T|| = sup

a,z" |z| < R, where R is the radius

1T2lle
zeH\{0} |izllg

A natural way of defining f(T) is the following one. It is clear that the series defined by

is the operator norm of 7.

f(T) =3 a,T"
n=0

is convergent in B(H) and f(T) € B(H). Moreover, if By denotes the space of holomorphic functions on
{z € C : |z|] < R} for some R > ||T||, the mapping

f— ()

is an algebra homomorphism. Notice that this way, the definition of f(T) coincides with the natural
definition whenever f is a polynomial.

There is also a natural way of defining f(7) when f is a rational function. Let p, q be polynomials such that q
does not vanish in o(T). Then, r = p/qis a rational function with no poles in o(T). Write q(z) = H;lzl (—2).

Since a; & o(T), we have that the resolvent operator R(a;, T) = (oI — T)~!is a bounded operator on H.
Therefore, one can define r(T) as

n
r(T) = p(T) [ [ R(eg, T).
j=1
Moreover, ¥(T) € B(H) and the mapping

V. Rc’(T) — B(H)

r— r(T)

is and algebra homomorphism. Here Ry denotes the spaces of rational functions without poles in o(T).

Our objective is to define a functional calculus extending the two above particular cases (power series
with a radius of convergence greater than ||T|| and rational functions without poles in ¢(T)). In order to
do this, we consider holomorphic functions in some neighbourhood of the spectrum of T € B(H).

Let T be a bounded operator in H and 2 C C an open set containing o(T'). For each connected component
Q; of Q, we consider a closed contour ¥ in Q; around o(T) N Q;. We let y be the union of all the 4. In
particular, y is a finite collection of smooth closed paths that is contained in Q \ o(T), see figure 1. Then,
we have

1 dz |1, aea(),

2mi J z—a |0, ag¢Q.

Suppose that f is a holomorphic function in ; in short, f € FH(Q). Motivated by the Cauchy integral
formula, we define

f(T) = zim'[f(z)R(z, T)dz,
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Figure 1: The contour y around o(T).

where R(z, T) = (zI — T)7! is the resolvent operator. The integral is understood in the B(H)-Béchner
sense [3]. Since f € H(Q) and y is contained in Q \ o(T), the Cauchy integral theorem and Hahn-Banach
theorem imply that the integral defining f(T) does not depend on the contour y satisfying the above
conditions. Moreover, f(T) € B(H).

Theorem 1. Let T € B(H). Assume that Q is an open set in C containing o(T). Then, the mapping

@ H(Q) — B(H)
fr— f(D)

satisfies the following properties:

(1) @ is an algebra homomorphism.
(2) @(p) = p(T), for every polynomial p.

() If {fu}o=; C H(Q), f € H(Q) and f,, —» f, as n — oo, uniformly on every compact subset of Q, then
d(f,,) = ®(f) asn — oo in B(H).

Moreover, ® is the unique mapping from H(Q) into B(H) satistying the properties (1), (2) and (3).

This holomorphic functional calculus is also called the Dunford-Riesz functional calculus. Note that the two
previous examples are special cases of the Dunford-Riesz functional calculus. Indeed, if f(z) = Z‘:: 0 @’
with radius of convergence greater than ||T||, by taking @ = B(0,R), we have that &(f) = >,

® a,T"
=0 n
Also, if r € Ryry N H(Q2) with o(T) C Q, and r is a rational function without poles in o(T), then
p(2)

I (@i—2)
The spectral mapping theorem holds for @, that is, if 2 is an open set in C containing o(T) and f € H(Q),
then f(a(T)) = o(f(T)) [20, Theorem 10.28(b)].

We are going to give an idea on how to extend the holomorphic functional calculus to closed operators.
Let T be a closed operator and Q an open set such that o(T) C Q and the resolvent set p(T) N (C \ Q) # @.
We choose a € p(T) N (C \ Q) and we consider the function

&(r) = p(T) H?zl (a;I — T)~L. Here, we are assuming r(z) = , where p(z) is a polynomial over C.

L ifzeC\{a},

Zz—a
Ry(z) =400 ifz=aq,

0 if z = .

It is clear that R,(Q) = Wis an open set in C \ {0}. Also, we have that —R(c(T)) = o((al — T)™}). Since
o(T) c Q, o((al — T)™') € —W. We define

f(D) = (f o (=RzH((ad = T)7H),

where we use the holomorphic functional calculus defined in theorem 1 on the right hand side.
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3. Sectorial operators

In this section we introduce sectorial operators and we discuss their main properties. These operators may
not be defined on the whole Hilbert space H but on a dense subspace that we call domain of T (and denote
by D(T)). Moreover, they may be unbounded. For a (possibly unbounded) linear operator T: D(T) — H,
we define its spectrum o(7T) as the set of 1 € C such that T — AId has a bounded inverse.

If 0 < w < 7, by S,, we denote the open sector, that is symmetric with respect the positive real axis and
with opening angle w, that is,
Sy ={z € C\ {0} : |Arg(z)| < @}

Also, we define S, = (0, ). S,, denotes the closure of S,,, for every 0 < w < 7.

Definition 2. Let T: D(T) — H be a linear operator. We say that T is a sectorial operator of angle
w € [0, 7) (in short, T € Sect(w)) when the following two properties hold:

1) o(T) C Sy,

2) foreveryw < a < T, .
M(T, ) :=sup{||zR(z, T)|| : 2 & Su} < o0.

Note that if T € Sect(w) for some w € [0, ), then (—o0,0) C p(T) and T is a closed operator. We name
sectoriality angle wr of the operator T to the number

wr=min{0 <w <7 : T € Sect(w)}.
We now give a few examples of sectorial operators.
Example 3. If T € B(H) is self-adjoint and positive, then T € Sect(0).
Example 4. Let0 < w < g A family {T(z) : z € S,,} C B(H) is said to be a holomorphic semigroup when

) T(z)T(z2) = T(z1 + Z2), 21,22 € Sy
2) the mapping

¥: S, — B(H)
z+— T(z)

is holomorphic.

The infinitesimal generator of {T(z)} is the operator A defined by

Ax = lim T - Ix, Xx € D(A),
t—0+ t
where the domain D(A) of A is formed by all those x € H such that the limit lim,_,+ T(t)tx —~ exists. Then,

the operator —A is in Sect(5 — w).
Example 5. We consider on C? the usual inner product defined by
(u,v) - (a,b) =ua+vb, u,v,abeC.
We define the space #2(C?) of sequences z = {z,, = (u,,, v,)}>; in C? such that
oo 1/2
lIzll2 = {zntn=all = (Z (lunl? + |Un|2)> < 0.
n=1

The vector space ¢2(C?) is actually a Hilbert space with the natural operations and the inner product of
£2(C?) is defined by

2y =2k Do = D) 20 Y 2y € 63(C).

n=1

TEMat monogr., 1 (2020) €-ISSN: 2660-6003 65



Holomorphic functional calculus

We define the operator T on £2(C?) as follows: for z = {(u,, v,)}>;, we define

T(Z)={( 2: yon )( o )};'

Therefore, T € B(¢£?(C?)). Note that T is not a sectorial operator for any angle 0 < @ < 7. Let ¢ < 0. Let
z = {(u,, vy}, € €%(C?). We have that

(eI -T)(z) = {( E_oz_n g—_zl-” )( ZZ )Ll'

And therefore, the resolvent operator has the following expression:

(e—2"""lu, + (e —27")?p,

c-n={( CE 2=t e e
N n=1

and
eI = T)7Y| > sup (e —2"")"2 =¢2,

n>1

Hence, T ¢ Sect(w), for any w € [0, 7).
Example 6. The following differential operators are sectorial:
1) Tf =—f", f € D(T) = W?2(R).
2) Tf =—f", f € D(T) ={f € W>*(0, 1) : f(0) = f(1) =0}
3) Tf=—f",feD(T) ={f e W>*0, 1) : f(0)=f'(1) =0}
4) Let Q be a bounded open set in R” with C? boundary and
Tu = —Au, u € D(T) = W22(Q) n W,"*(Q).

Here, by W we denote the usual Sobolev spaces [20, Chapter 8.8].

Now, we present some of the main properties of sectorial operators.
Proposition 7. Let H be a Hilbert space and T € Sect(w), where 0 < w < 7. The following statements hold.
1) If T is injective, then T~! € Sect(w).
2) Let x € H. We have that x € ﬁ ifand only if lim,_, ., t"(t + T)™"x = x.
3) Let x € H. Then, x € R(T) ifand only if lim,_,, T"(t + T) ™ "x = x.
4) lﬁ =Hand H = N(T) & ﬁ T is injective if and only if R(T) is dense in H.
5) T* € Sect(w) and wt = wr-.
Proof.

1) Suppose that T is injective. We have that T~!: R(T) Cc H - D(T) C H. If 2 # 0, 1 € o(T) if and only
if/l1 € o(T™Y). Moreover \(A+ T~ )7 ! =1— /11(%L + T)~! provided that _71 € p(T). Then, o(T~Y) C S,
and, for every a € (w, ), M(T™}, @) < co.

2) Since (t + T)""x € D(A), for every ¢t > 0, we deduce that x € D(A) provided that x = lim,_, , ., t"(t +
T) "x. Suppose that x € D(T). We can write

X =t +T)'x+ %(t(t +T)"DTx.

By iteration of this equality we get

x = (¢t + T)"1Y'x + % (t(t + T)"V)*Tx.
k=1

Since sup,_, [|t(t + T)7'|| < oo, it follows that lim,_ . (t(t + T)™")"x = x. By using again that
sup,_, llt(t + T)7!| < oo, we deduce that lim,_, , ,, (¢t(t + T)™")"y =y, for every y € D(T).
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3) This property can be proved in a similar way as the previous one.

4) Let x € H. Since sup, _ |[n(n + T)™'n|| < oo, there exists an increasing function ¢ : N — N and
y € H such that ¢(n)(¢(n) + T) 'x — y, as n — oo, in the weak topology of H. That is,

lim ($(n)(@(n) + T)7'x, 2) = (v, 2, z€H.

This implies that T(¢(n) + T)"'x — x — y, as n — oo, in the weak topology of H. Now, T is a closed
operator. This means that G(T) is a closed subspace of H X H. Hence, G(T) is also weakly closed in
H x H. Then, x = y. Since the closure of D(T) in the weak topology of H coincides with the closure

of D(T) in H, we conclude that x € D(T).
We now prove that H = N(T) @ R(T). Note that, according to 2), if x € N(T) n R(T), then

0=Tx=lim({+T)"'Tx = lim T(t + T)"'x = x.
t—0t t—0t

Hence, N(T) N R(T) = {0}. Let x € H. Since sup,_ ||t(t + T)™'x|| < oo, there exists a decreasing

sequence (f,)%; C (0, o) such that t, — 0, and t,(t, + T)"'x — y, as n — oo, in the weak topology
of H. On the other hand,

T, + T x=t,(x—t,(t, +T)™H) >0, asn— oo,

in H. By recalling that G(T) is a weakly closed subspace of H, it follows that Ty = 0. Moreover,
T(t, + T)"'x — x —y, in the weak topology of H. Hence, x — y is in the weak closure of R(T) that
coincides with the closure of R(T) in H. We conclude that x € N(T) + R(T).

5) This property follows by taking into account that p(T*) = {1 : 1 € p(T)}and thatR(1, T)* = R(A, T*),
for every 4 € p(T). ]

Before stating the last properties of sectorial operators, we give some definitions.

Definition 8. A collection of operators {T;};c; is said to be uniformly sectorial of angle w € [0, 1) when
T; € Sect(w), i € I, and, for every a € (w, ), sup,_, M(T;, @) < co.
Definition 9. Suppose that the sequence {7} is uniformly sectorial of angle w. We say that {T},},,cn

is a sectorial approximation on S,, for an operator T when there exists 1 ¢ S,, such that 1 € p(T) and
R4, T,) » R(,T), as n — oo, in B(H). In this case we write T, — T, (S,).

Note that if {T,},cn is a sectorial aproximation on S,, for T, then T € Sect(w) and, for every 1 ¢ S,,,
R(A,T,) » R(4, T), in B(H).
In the next proposition we present some properties concerning sectorial convergence.

Proposition 10. Suppose that the sequence {T,}yx-, uniformly sectorial of angle w.

1) If T, —» T, (S,) and T,, T are injective, then T,”* — T}, (S,).

2) If T, » T(S,) and T € B(H), then there exists n, € N such that T, € B(H) when n > n, and
T, » T, as n - oo in B(H).

3) If {T,,}-, CB(H), T € B(H) and T,, » T, as n — oo in B(H), then T,, > T, (Sy,).
Proof.

1) Follows from proposition 7.1).

2) Assume that T, —» T, (S,), and T € B(H). Then, —R(-1,T,) = I+ T,)"! - (I + T)"! in B(H). The
set of invertible operators in B(H) is open in B(H). Also if A,, n € N, and A are in B(H), they are
invertible and 4,, — A, as n — oo in B(H), then A,,' - A~! as n — oo in B(H). Thus 2) is proved.

3) Assume that {T,;}, ¢ B(H), T € B(H)and T, - T as n —» oo in B(H), I + T is invertible and
I+T)' > JT+T)7},asn — oo in B(H). "
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4. Spaces of holomorphic functions

In this section we present the definitions and the main properties of the spaces of holomorphic functions
which will be used to define holomorphic functional calculus in the next section. We recall that 7 (Q)
denotes the space of holomorphic functions on Q.

Let ¢ € (0, t]. We say that a function f € F((S,) is in the Dunford-Riesz class on Sy, shortly f € DR(S,),
when

i) f € H®(S,), thatis, f is bounded on Sg;
ii) there exists a < 0 such that f(z) = O(|z|%), as |z| = oo with z € S;
iii) there exists 8 > 0 such that f(z) = O(|z|®), as |z| = 0 with z € So-

If there is no possible confusion about the sector, we may write DR instead of DR(S,). Note that, if
f € DR(S,), then the function g(z) = f(1/z), Z € S, is also in DR(S,,). In short, a holomorphic function
is in DR when it is bounded and tends to zero at the origin and at infinity sufficiently fast. Some examples
of functions in DR(S,) are the following:

a) f(2)=1,2€5,0<p< 3.

b) f,(z) =ze7%,z€ 85, 0<9< 3.

A £z =+ze V5, z € Sp» 0 < ¢ < 7. Here, if z = re', with r > 0 and 6 € [—m, 7), then y/z = \/rel2.

In the following proposition, equivalent definitions of the functions in DR(S,,) are stated. The proof of
these characterizations is straightforward from the definition.

Proposition 1. Let ¢ € (0, &t]. Suppose that f € J((Sy). The following properties are equivalent:

) f € DR(Sy).
2) There exist C > 0 and s > 0 such that |f(z)| < Cmin{|z|%, |z|™*}, z € S,,.

3) There exist C > 0 and s > 0 such that |f(z)| < C%, Z € Sy.

We now define another space of functions, namely DR,,. A function f € F(S,,) is said to be in DR (S,)
when

) feH®(S,);

2) there exist a < 0 such that f(z) = O(|z|%), as |z| — oo with z € S;

3) there existr > 0 and F € F((B(0,r)) such that F(z) = f(z), 2 € S, N B(0, r).

In other words, a function in DR, decays at infinity and is holomorphic in a neighborhood of the origin.

Suppose that f € DR(S,) + DRy(Sy), thatis f = g + h with g € DR(S,) and h € DR (S,,). Since h can
be extended as a holomorphic function to a neighborhood of the origin, there exists ¢ € C such that
h(z) = ¢ + 0(|z]), as z — 0 with z € S,,. On the other hand, if f € 7((S,) and ¢ € C, we can write

(z) —
f@)= 1iz+flz+zc+ Hz_zf(z), Z €S,

By taking these properties in mind, we can establish the following proposition.

Proposition 12. Let ¢ € (0, t]. Assume that f € J((Sy). The following assumptions are equivalent:
1) f € DR(Sy) + DRy(Sy).
2) f € H* and it satisfies that

a) there exists a < 0 such that f(z) = 0(|z|%), as |z| — co withz € Sy;
b) there exist § > 0 and c € C such that f(z) = ¢ + O(|z|f), as |z| — 0 withz € Se-
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Note that the function f(z) = 1 is not in DR(S,) + DRy(Sy).

We introduce the last space of functions. By A(S,) we denote the function space formed by all those
f € H(S,) for which there exists n € N such that f(2)(1 +z)™" € DR(S,) + DR(S,). The functions in
A(Sp) can be characterized as shown in the next proposition.

Proposition 13. Let ¢ € (0, nt]. Suppose that f € J((Sy). The following properties are equivalent:
) f € ASy).
2) f has the following properties:

a) fe }CC(S¢), that is, for every 0 < r < R < o0, f is bounded on Sy N {zeC:r<|z| <R}
b) There exists a < 0 such that f(z) = O(|z|*), as z — co with z € S,;
) There exist § > 0 and c € C such that f(z) = ¢ + O(|z|f), as z — 0 withz € Se-

3) Thereexistce C,ne NandF € @52(S¢) such that
f@=c+(1+2)"F(z), z€S,.

It, in addition, f is bounded, 3) holds withn = 1.
If w € [0, ) and M represents either DR, DR, or A we define
mis,)= |J msy).

W<PLT

5. Holomorphic functional calculus for sectorial operators

In this section we develop a holomorphic functional calculus for sectorial operators and functions in the
spaces defined in the previous section. We will be able to give a meaning to the expression f(T) when T is
a sectorial operator and f is in the function spaces from the previous section. The basic tool is the Cauchy
integral formula. We begin by defining the contours of the integrals.

Let ¢ € (0,7) and 6 > 0. We define the path I';, = F;; + I, , where
() =—te®, te(—,0], and I,(t)=te™®, te(0, ).
Thus, I, is the boudnary of the sector S, oriented in the positive sense. We also consider the path
Tys =Ty s+Ty5+T, 5 where
Iyst)= —te!?, t € (—o0, —5]; Fg,a(e) =68e® e (p2n—0q]; I,st) = e, t € (8, ).
See figure 2. Note that I';, 5 is the boundary of S, U B(0, §) positively oriented. We can think that the paths
I'p and I'y, s go around the sector S, when 0 < w < ¢.

I

¢ ®,8

RO

Figure 2: The contours Iy and Ios) for ¢ = 3m/4.

In the sequel of this section we assume that T € Sect(w), where w € (0, ]. Our objective is to define the
operator f(T) for every f € A[S,]. Note that we cannot assure that o(T) C S, when ¢ € (w, 7t].

We first define f(T) when f € DR(S,) and ¢ € (@, 7t].
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Proposition 14. Let ¢ € (w, Tt]. Suppose that f € DR(Sy). If w < 1 < ¢, the B(H)-Bochner integral
f(2)R(z, T)dz
I
converges absolutely (with the B(H) norm). Moreover, if w < 1,1’ < ¢, then
f@R(z, T)dz= | [(2)R(z, T)dz.
T, Ty

Proof. The convergence of the integral can be shown using proposition 11.2) and splitting the integral
near zero and near infinity. The second statement follows from the Hahn-Banach theorem and the Cauchy
integral theorem. n

Following proposition 14, we define the following functional calculus. If ¢ € (w, 7] and f € DR(S,), we
define f(T) by

=5 [ J@RG D

where 1 € (w, 9). Thus f(T) € B(H) when f € DR(S,) and ¢ € (@, 7t].

Assume now that f € DRy(S,). We cannot ensure that the integral in proposition 14 converges if f(0) # 0.
We choose § > 0 so that f can be holomorphically extended to B(0, §) \ S,. Proceeding similarly we can
define

1
S =5 [ f@RE DIz,
T
1,6
where 6, A are as above, since one can check that the integral is absolutely convergent. Thus, f(T) € B(H).
Note that if f(0) = 0, then f € DR N DR, and both definitions for f(T) coincide, by the Cauchy integral
theorem. If f = g+ hwithg € DR and h € DR, we define f(T) = g(T) + h(T). This definition does

not depend on the choice of g and h. Some properties of the functional calculus we have defined are
contained in the following proposition.

Proposition 15.  Let ¢ € (w, ]

1) Suppose that x € N(T) and f = g+ h, where g € DR(S,) and h € DR(S,). Then, f(T)(x) = h(0)x.

2) The mapping ¥: DR(S,) + DRy(S,) — B(H) defined by ¥Y(f) = f(T) is a homomorphism of
algebras.

3) If fulz) = #+z, where u & S,, then f, € DRy(S,) and f,(T) = R(u, T).

4) Suppose that A € C(H) commutes with R(4, T) for every A € p(T). Then, Af(T) = f(T)A for every
f E€EDR+ DR,

Proof.
1) Since x € N(T), we can write, for any z € p(T),
ZR(z, T)x = zR(z, T)x — R(z, T)Tx = (zR(z, T) — TR(z, T))x = (z — T)R(z, T)x = x.
Then, by taking 4 € (@, ¢) and & > 0 such that h can be holomorphically extended to B(0,6) \ S,

1

f(D)x = o fr : 9(z)R(z, T)xdz + % /F . h(z)R(z, T)x dz

= —1. / _g(z) dz+—1. f _h(z) dz | x.
2mi 2 2mi r z
A 1,6

By using the Cauchy integral theorem, since g € DR and h € DR, we conclude that

L. f @ dz=0 and L hz) dz = h(0).
2mi J. z 2mi J. oz
A A,6

The first statement is proved.
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2) All the properties of an algebra homomorphism are straightforward to prove except for

(fFXT) = f(T) o F(T),
for every f, F € DR + DR,. The proof is easy but fairly long; it can be done by using some properties
of the resolvent operator and the Fubini and Cauchy integral theorems.
3) Letu ¢ %. It is clear that f, € DR (S,). We have that

1 R(z, T)
Ju(T) = —f ——dz,
# 2mi s M2

where 1 € (w, ¢) and § < |u|. The function ¥(z) = R(z, T) is holomorphic in p(T) taking values in
B(H). We finish by using the Hahn-Banach and Cauchy integral theorems.
4) Suppose that f € DR(S,). In the general case we could proceed in a similar way. We have that

f(Tx = = / f(ORG@ T)xdz, x € H,
I

2mi

where 4 € (w, ¢). Let x € D(A). It follows that

f(D)Ax = = f FRG, TAx dz.
r

2mi
A

The last B(H)-Bochner integral is absolutely convergent in the H—norm. The standard properties of
the B(H)-Bochner integral lead to f(T)Ax = Af(T)x. L]

Finally, we define f(T) for every f € A(Sy). Let f € A(S,) with ¢ € (w, 7t]. There exists n € N such that
f@A+2)" € DR + DR,. Therefore, we can define the operator f,,(T) by

f

fu(T) = T+ T) (p—) (1),

where p(z) = 1 + z. We make two small remarks about this definition. Note firstly that, since (I + T)™" €
B(H), (I + T)" is a closed operator. Then, the operator f,(T) is closed because (f/p™)(T) € B(H). Secondly,
one can prove that the definition of f,, does not really depend on 7, as long as fp™" € DR + DR,. The
proof is not difficult but it is a bit technical, so we omit it. Therefore, we define f(T) = f,(T) for any
admissible n.

Some properties of this functional calculus are summarized in the following proposition. For the sake of
conciseness, we omit the proof, which is easy but tedious.

Proposition 16. Let ¢ € (w, 7], and f € A(S).

i) If T € B(H), then f(T) € B(H).

i) If S € B(H) and S commutes with T, then S commutes with f(T).

iii) Suppose that g € A(S,). We have that

J(M)+9(T) c(f+9XT) and f(T)g(T) C (fg)(T).
Furthermore, D((fg)(T)) n D(g(T)) = D(f(T)g(T)).

We cannot say that the natural functional calculus commutes with the sum and the product of functions
(see proposition 16.iii)). But if f, g € A(S,), we can see that

(D) +9(T) = (f + g)(T),
F(M9(T) = (fg)(D),

provided that g(T) € B(H). For instance, if f(z) = ¢+ (1 + 2)"9(z), z € S, where c € C, n € N, and
g € DR(S,,), then f(T) = c+ (1 + T)"g(T).
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If0 < <mand f € H(S,), we define the function f* by

f@=f@, z€S,

Thus, f* € J((S,), where f* is named the conjugate of the function f. It is clear that the function spaces
that we have considered in section 4 are invariant with respect to conjugation.

In the following proposition we show how the natural functional calculus acts on adjoints.
Proposition 17.  Let ¢ € (w, ] and f € A(Sy). Then, f(T*) = (f*(T))*.

Proof. Suppose firstly that f € DR(S,). We have that
1
£ = 5 [ F@RG Tz € Ba).
2mi I

Here w < 4 < ¢. For every x,y € H,

() = (5 | T@RE Txdz,y)

Iy

= N |

= 5= | f@(RE Dx y)dz

I
L f f@)x,R(z, T*)y)dz

~ 2n

.ﬁ

f f(RR(, T* )ydz>
=(x, f(T*)y).

We have taken into account that all the Bochner integrals that appear are absolutely convergent. Then,
(1) = f(T7).
If f € DRy(S,) we can proceed in a similar way. Assume now that f € A(S,). There exist n € N,

g € DR(Sy) and h € DRy (S,) such that (lffgn =g(z) + h(2), z € S,. Then,

F(T*) =QQ+ THH"F(T),
where F = g + h. Here (F*(T))* = (g*(T))* + (h*(T))* € B(H). Moreover, we can write
A+ T9)"=(=D"A + TH"[R(-1, TH"][A+ D"
= (D" + THRC-L TH)"[A + D)"]* = [A + D)"]".

We get
F(I) =[Q+D"E(T)" = EF(MA+ T)")"
According to proposition 15.4), for every x € D(T™) = D((1 + T)"), we have

F(T)(Q+T)'x =1+ T)"F(T)x,

or, in other words, D(T™) C D(f*(T)). Since D(T) = ¥, using proposition 7.2), we deduce that (¢ + (¢t +
T)™H'x = x,ast — oo, and f*(T)(t+(t+T)"V)'x = (t(t+T)"V)"f*(T)x — f*(T)x,ast — oco. Furthermore,
(t+ (t+ T)"H"x € D(T"), for every ¢ > 0.

This fact allows us to conclude that the closure f*(T)p(rny = f*(T) can be written as
J(T) = (f*(D)pcrmy)" = (f*(D)permy))* = (fF*(T))" .

We can find in the literature extensions of the natural functional calculus. There exists a trade-off between
operators and function spaces. When the operator is better we can define a functional calculus for a wider
class of functions and vice-versa. We finish this section with the following definition.
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Definition 18. Let ¢ € (w, 7r]. Suppose that 7 is an algebra contained in A(S,) N H*(S,). The natural
functional calculus on ¥ for T is said to be bounded when f(T) € B(H), for every f € ¥, and there exists
C > 0 such that

I <Clflle  VfEF.

6. An operator without a bounded H*-calculus

Mclntosh and Yagi [18] presented the first example of a sectorial operator without a bounded H*-calculus.
We are going to give an example that can be found in the work of Le Merdy [11] (see also Haase’s thesis [7,

p- 49]).

Suppose that H is a separable Hilbert space. We can think for instance H = ¢2(IN). We say that a sequence
{e,}r, in H is a conditional basis in H when the following two properties hold:

i) For every x € H there exists a unique sequence (u,);—; C C such that x = Z:f’:l Unen.

i) There exist a sequence (u,);=; C C of complex numbers and a sequence (8,)n-; C {—1, 1} of signs
such that Zle HUne, converges in H, but Z:’:l 0, 1,e, does not converge in H.

According to Lindenstrauss and Tzafriri [16, Proposition 2.b.11], there exists a conditional basis {e, };-, of
H. We may assume that ||e,,|| = 1 for all n € N. We define the n-th projection operator F, in the standard
way:

P:H—H

0 n
X = pxex — Bi(x) = D ue.
k=1 k=1

Foreveryn € N, B, € B(H). Also, one can prove that the sequence {B,};;_, is bounded in B(H). The constant
Mp = sup, . [IB]| is known as the constant basis for {e, };~,. This constant plays an important role in the
theory of basis, but we will only use that Mj, is finite.

Let a = (a,)5-; be a complex sequence. We define the multiplier operator associated to a as follows: if
X =) Hne, € His such that 3} a,upe, converges in H, then we set

T,x = z ApMnen.

n=1

These multipliers operators were studied by Venni [23]. Note that the domain

D(T,) = {i HMnén : i ApMpen € H}

n=1 n=1
is dense in H because the dense set { Zi\le,unen €H: : u,eCMe ]N} is contained in D(T,).
Proposition 19. The multiplier operator T, is a closed operator.

Proof. Suppose that {x;}3,; € D(T,) is such that x;, — y and T,x, — z as k — oo, for some y, z € H. Then,

k—oo
R(xx) — Ry,
k—o0
R(Tyxi) = ajRxy — Rz,

and, in general, for everyn € N

k—o0

B (k) — B(xi) — B () — B(),
k—o0

By 1(Tyxi) — B(Toxy) —— By (2) — Bu(2).

We deduce that a,R(y) = B(z) and, for every 1 € N, @41(Bis1(3) ~B(3)) = Buy1(2)— Bi(2). Hence y € D(T,)
and T,y = z. n
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Let (a,)y=; be a sequence of complex numbers. We define

[+3)
llall = limsup|a,| + 2 |an1 = anl-
n—oco n=1

This quantity can be infinite. When Z:"zl |a,4+1 — a,| < oo we say that (a,)y=; has bounded variation, and
in this case (a,)5-; is convergent.

Proposition20. Let a = (ay) be a complex sequence and T, the associated multiplier operator. If ||a|| < o,
then T, € B(H) and || T,|| £ M||a]|

Proof. Suppose that x = Z;‘;l Mier € H with (up)i2, € C. For n € N, we have

n n n—1
Z agfex = Z ar(B — B-)x + a;Bx = Z (ar — arp)BX + ayBx.
k=1 k=1 k=1

Since ||a|| < o, {a,B,x}3-; converges and {Z:’:l (ag—ak+1)Bx}-, is absolutely convergent in norm. Hence,
Z:’:l agprer converges and

oo
2. ke[ < Mollallflx]- .

k=1

Let A € C such that 1 # a,, n € N. Then, the multiplier operator associated to the sequence 1 — a =
{A—a,),is Ty_, = AI — T, and it is injective. Moreover, (AI — T,)~! is the multiplier operator associeated
to the sequence {ﬁ};’l":l.

n

Proposition 21. Let a = (a,)n=; be an increasing sequence of real numbers satistying that a; > 0 and
lim,,_, . a, = oco. Then, the associated multiplier operator T, is sectorial of angle 0.
Proof. LetA € C\ [a;, ). We define a(1) = ( ! )i-;. We can write

A-ay
dnet g ®de
a-2|=) =i
an | I

Hence, 1 € p(T,). We conclude that o(T,) C [a;, ). Also, if 1 = re®, with r > 0 and v € [-7, ) we get

[s9)

la@ll = 3,

n=1

(e8]

=2

n=1

1 1
A_an+1 ﬂ'—an

_ © pdt 0 du
4G = T < Mol < Mo [ g =y |

|eie — u|2'
If ¢ € (0, 7) we have that
fm du f°° du
b 19 —ul?  J,  (cos6—u)?+sin*6

is bounded by
® du )
—— for 0 € [n/2,m — p] U [p — 7r, —7/2];
b u2+sin“g
® du
e — f -, -7, —T|;
/(; (o5 77 or6e(m—gp,m)U[-m, ¢ — 7|
2cos 6 du S du
.2 + 2 + 2
o Sin“@  Jycpsp (COSO —u)? + sin” ¢
2cos6 ® du
S — + —1 — fOI' 9 (S [¢r 7[/2] U [_T[/Z! _¢]
sin” ¢ o u*+sin“g
Hence, ||A(AI — T,)7Y| < Coy L & E. Thus, we prove that T, € Sect(0). ]
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A

0
J“l

Figure 3: The contour &; s and a;.

Finally, let us show that if a = (2");,, then the operator T, does not have a bounded functional calculus.
Let f € A(Sy) NH*(S,) where ¢ € (0, rt]. There exists m € N such that f(z)(1+2z)™™ = g(z) € DR+ DR,.
Since o(T,) C [a,, +c0) we can write

1
9(Ty) = o f; 5 9(2)R(z, T,) dz,

where the path &, s = £ 5+ & 5 + £15 With0 < 1 < ¢, 0 < § < a; and
EFs(t) = —teld, t € (—o0,=6], &75(0) =te™™, t €[5, ), &) 5(t) = 8e7¢, 6 € (=4, +A).

See figure 3. By using the Hahn-Banach and Cauchy integral theorems we deduce that

g(Ta)(en) = ZLT[I‘/; g(Z)R(Z, Ta)en dz = 1 L M dz ep = g(an) €n-
A,6

2mi a,—2
s

Then, if (uy)f=, € Cwithn € N,

n n n

f(TL) (Z Mkek) = > (L + T"glar) e = D, uef (ak) e
k=1 k=1 k=1

If the natural functional calculus on A(S,)NH>(S,) for T, were bounded, then we would have f(T;,) € B(H)

and, hence, the series 3, uf(ai)e, would converge in H provided that 3," | e, € H.

Now, take the sequence a,, = 2", n € N. Since {e,} is a conditional basis, there exist two sequences
(Unzy € € and (6,)5=; C {—1, 1} such that Zf::l HUne, converges in H and Z:’zl 6, 1une, does not converge
in H. According to Garnett [6, Theorem 1.1, VIL1], there exists f € H*(S,,) N A(S;/») such that f(2") = 6,,,
n € N. We conclude that, if T, is the multiplier operator associated with {a,,}52;, f(T,) & B(H). Hence, the
natural functional calculus on A(S,) N H*(S,,) for T is not bounded.

Multiplier operators like those we have just studied have also been considered to obtain examples related
to certain operator theoretical problems [2, 9, 10, 12, 21, 23].

References

[1] AuscHER, Pascal; McINTOsH, Alan, and NaHMOD, Andrea. “Holomorphic functional calculi of opera-
tors, quadratic estimates and interpolation”. In: Indiana University Mathematics Journal 46.2 (1997),
pp. 375-403. 1sSN: 0022-2518. https://doi.org/10.1512/iumj.1997.46.1180.

[2] BaILLON, Jean Baptiste and CLEMENT, Philippe. “Examples of unbounded imaginary powers of
operators”. In: Journal of Functional Analysis 100.2 (1991), pp. 419-434. 1sSN: 0022-1236. https:
//doi.org/10.1016/0022-1236(91)90119-P.

TEMat monogr., 1 (2020) €-ISSN: 2660-6003 75


https://doi.org/10.1512/iumj.1997.46.1180
https://doi.org/10.1016/0022-1236(91)90119-P
https://doi.org/10.1016/0022-1236(91)90119-P

Holomorphic functional calculus

BOCHNER, Salomon. “Integration von Funktionen, deren Werte die Elemente eines Vektorraumes
sind”. In: Fundamenta Mathematicae 20.1 (1933), pp. 262-176. URL: http://eudml.org/doc/212635.

CowLING, Michael; Dousrt, Ian; McINTOSH, Alan, and YAGI, Atsushi. “Banach space operators with a
bounded H* functional calculus”. In: Journal of the Australian Mathematical Society. Series A. Pure
Mathematics and Statistics 60.1 (1996), pp. 51-89. 1sSN: 0263-6115. https://doi.org/10.1017/
S1446788700037393.

DunNFoRD, Nelson and SCHWARTZ, Jacob T. Linear operators. Part 1. Wiley Classics Library. New York:
John Wiley & Sons, Inc., 1988. 1SBN: 978-0-471-60848-6.

GARNETT, John B. Bounded analytic functions. 1st ed. Graduate Texts in Mathematics 236. New York:
Springer, 2007. https://doi.org/10.1007/0-387-49763-3.

HaASE, Markus. The functional calculus for sectorial operators and similarity methods. PhD thesis.
Fakultat fiir Mathematik, Universitdt Ulm, 2003.

Haasg, Markus. “A general framework for holomorphic functional calculi”. In: Proceedings of the
Edinburgh Mathematical Society 48.2 (2005), pp. 423—444. 1ssN: 0013-0915. https://doi.org/10.
1017/50013091504000513.

Karron, Nigel. “Applications of Banach space theory to sectorial operators”. In: Recent Progress in
Functional Analysis. International Functional Analysis Meeting on the Occasion of the 70th Birthday
of Professor Manuel Valdivia (Valencia, 2000). North-Holland Mathematics Studies 189. Elsevier,
2001, pp. 61-74. https://doi.org/10.1016/s0304-0208(01)80036-0.

LANCIEN, Gilles. “Counterexamples concerning sectorial operators”. In: Archiv der Mathematik 71.5
(1998), pp. 388-398. 1ssN: 0003-889X. https://doi.org/10.1007/s000130050282.

LE MERDY, Christian. “H*-functional calculus and applications to maximal regularity”. In: Semi-
groupes dopérateurs et calcul fonctionnel (Besangon, 1998). Publications mathématiques de I'UFR
Sciences et techniques de Besancon 16. Besangon: Université de Franche-Comté, 1999, pp. 41-77.

LE MERDY, Christian. “A bounded compact semigroup on Hilbert space not similar to a contraction
one”. In: Semigroups of operators: theory and applications (Newport Beach, 1998). Progress in
Nonlinear Differential Equations and Their Applications 42. Basel: Birkhduser, 2000, pp. 213-216.

LE MERDY, Christian. “The Weiss conjecture for bounded analytic semigroups”. In: Journal of the
London Mathematical Society. Second Series 67.3 (2003), pp. 715-738. 1sSN: 0024-6107. https://doi.
org/10.1112/5002461070200399X.

LE MERDY, Christian. “On square functions associated to sectorial operators”. In: Bulletin de la Société
Mathématique de France 132.1 (2004), pp. 137-156. 1ssN: 0037-9484. https://doi.org/10.24033/
bsmf.2462.

LE MERDY, Christian. “Square functions, bounded analytic semigroups, and applications”. In: Per-
spectives in operator theory. Banach Center Publications 75. Warsaw: Institute of Mathematics, Polish
Academy of Sciences, 2007, pp. 191-220. https://doi.org/10.4064/bc75-0-12.

LINDENSTRAUSS, Joram and TzAFRIR1, Lior. Classical Banach spaces. I. Sequence spaces. Ergebnisse
der Mathematik und ihrer Grenzgebiete 92. Berlin, New York: Springer, 1977. 1SBN: 978-3-540-08072-5.

McInToSH, Alan. “Operators which have an H_, functional calculus”. In: Miniconference on operator
theory and partial differential equations (North Ryde, 1986). Proceedings of the Centre for Mathe-
matical Analysis 14. Centre for Mathematics and its Applications, Mathematical Sciences Institute,
The Australian National University. Canberra, 1986, pp. 210-231. URL: https://projecteuclid.org/
euclid.pcma/1416336602.

McINTOsH, Alan and Yaci, Atsushi. “Operators of type w without a bounded H, functional calculus”.
In: Miniconference on Operators in Analysis (Sydney, 1990). Proceedings of the Centre for Mathemat-
ical Analysis 24. Centre for Mathematics and its Applications, Mathematical Sciences Institute, The
Australian National University. Canberra, 1990, pp. 159-172. URL: https://projecteuclid.org/
euclid.pcma/1416335070.

RuDIN, Walter. Real and complex analysis. 3rd ed. McGraw-Hill series in higher mathematics. New
York: McGraw-Hill, 1987. 1sBN: 978-0-07-054234-1.

76

https://temat.es/monograficos


http://eudml.org/doc/212635
https://doi.org/10.1017/S1446788700037393
https://doi.org/10.1017/S1446788700037393
https://doi.org/10.1007/0-387-49763-3
https://doi.org/10.1017/S0013091504000513
https://doi.org/10.1017/S0013091504000513
https://doi.org/10.1016/s0304-0208(01)80036-0
https://doi.org/10.1007/s000130050282
https://doi.org/10.1112/S002461070200399X
https://doi.org/10.1112/S002461070200399X
https://doi.org/10.24033/bsmf.2462
https://doi.org/10.24033/bsmf.2462
https://doi.org/10.4064/bc75-0-12
https://projecteuclid.org/euclid.pcma/1416336602
https://projecteuclid.org/euclid.pcma/1416336602
https://projecteuclid.org/euclid.pcma/1416335070
https://projecteuclid.org/euclid.pcma/1416335070
https://temat.es/monograficos

Ariza et al.

[20] RubpIN, Walter. Functional analysis. 2nd ed. International Series in Pure and Applied Mathematics.
New York: McGraw-Hill, 1991. 1sBN: 978-0-07-054236-5.

[21] SimArD, Arnaud. “Counterexamples concerning powers of sectorial operators on a Hilbert space”. In:
Bulletin of the Australian Mathematical Society 60.3 (1999), pp. 459-468. 1ssN: 0004-9727. https:
//doi.org/10.1017/S0004972700036613.

[22] StEIN, Elias M. Topics in Harmonic Analysis Related to the Littlewood-Paley Theory. Annals of Math-
ematics Studies 63. Princeton: Princeton University Press, 1970. 1SBN: 978-0-691-08067-3. URL:
http://www. jstor.org/stable/j.cttlbgzbcx.

[23] VENNI, Alberto. “A counterexample concerning imaginary powers of linear operators”. In: Functional
Analysis and Related Topics. International Conference in Memory of Professor Kosaku Yosida (Kyoto,
1991). Lecture Notes in Mathematics. Berlin, Heidelberg: Springer, 1993, pp. 381-387. https://doi.
org/10.1007/BFb0085493.

[24] Wers, Lutz. “The H*-holomorphic functional calculus for sectorial operators — a survey”. In: Partial
Differential Equations and Functional Analysis: The Philippe Clément Festschrift. Ed. by Koelink,
Erik; Neerven, Jan van; Pagter, Ben de; Sweers, Guido; Luger, Annemarie, and Woracek, Harald.
Operator Theory: Advances and Applications 168. Basel: Birkhduser, 2006, pp. 263-294. https :
//doi.org/10.1007/3-7643-7601-5_16.

TEMat monogr., 1 (2020) €-ISSN: 2660-6003 77


https://doi.org/10.1017/S0004972700036613
https://doi.org/10.1017/S0004972700036613
http://www.jstor.org/stable/j.ctt1bgzbcx
https://doi.org/10.1007/BFb0085493
https://doi.org/10.1007/BFb0085493
https://doi.org/10.1007/3-7643-7601-5_16
https://doi.org/10.1007/3-7643-7601-5_16




IX Escuela-Taller de Andlisis Funcional (2019)

Geometry of polynomial spaces and polynomial

Manuel Bernardino
Universidad de Sevilla

manubernipino@hotmail.com

Luis Gémez
Universidad de Extermadura

Luisgomezesp@gmail.com

Estrella Lavado
Universidad de Extermadura
elavados@alumnos.unex.es

Clara Martinez
Universitat de Valencia

claramartinezartero@gmail.com

Souleymane Ndiaye
Universidad de Murcia

so.uleymane@live.com

Nuria Storch
Universidad Complutense de Madrid
nuriastorchdegracia@gmail.com

Course instructor

& Gustavo Mufioz
Universidad Complutense de Madrid
gustavo_fernandez@mat.ucm.es

inequalities

Abstract: This paper summarises the contents of the course on geometry of polyno-
mial spaces and polynomial inequalities delivered at the 9" workshop of Functional
Analysis organised by the Spanish Functional Analysis Network in Bilbao between
the 3™ and the 8% of March, 2019, in memoriam of Prof. Bernardo Cascales. We
first survey the most relevant results needed to understand polynomials in normed
spaces. Then, we provide a few examples of polynomial spaces whose extreme
points are fully described, and a couple of applications of the so-called Krein-
Milman approach to obtain several sharp polynomial inequalities.
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Geometry of polynomial spaces and polynomial inequalities

1. Introduction

This paper contains three main blocks. The first one is devoted to introducing polynomials in normed spaces.
Although polynomials in a finite number of variables are well known to all undergraduate students, it is not
so clear what polynomials in infinitely many variables are. In this block we will present all definitions and
basic results required to understand polynomials in an arbitrary normed space, including the polarisation
formula and polarisation constants. The second block deals with the geometry of polynomial spaces. The
reader is referred to Dineen’s book [15] for a modern monograph on polynomials on normed spaces. The
characterisation of the extreme points of polynomial spaces is a question that has called the interest of a
significant number of researchers in the last decades (1, 5, 10, 11, 18, 22, 24, 28-31, 33, 34]. This problem
conveys a tremendous difficulty in most infinite (or even finite) dimensional polynomial spaces of interest,
but in very specific cases, a complete and explicit description of the extreme points can be given. We will
focus on a number of these particular examples, providing the reader not only with the extreme points
of several 3-dimensional polynomial spaces, but also with a formula to calculate the polynomial norm,
a parametrisation of the unit sphere and nice pictures of the unit balls of those spaces. Finally, a third
section contains the applications of the geometrical results of the second block. In order to understand
the applications, a precise introduction to several well-known polynomial inequalities will be provided. It
is possible to find a vast diversity of applications in the literature, and therefore we will make a (restrictive)
selection consisting of two types of polynomial inequalities, namely, the polynomial Bohnenblust-Hille
inequality and the Bernstein-Markov type inequalities.

The arrangement described in the previous paragraph respects the structure of the course on geometry of
polynomial spaces and applications delivered during the 9" workshop of Functional Analysis organized
by the Spanish Functional Analysis Network in Bilbao between the 3™ and the 8" of March, 2019, in
memoriam of Prof. Bernardo Cascales.

2. Polynomials in normed spaces

In this section we present the essential definitions and results needed to understand polynomials in
normed spaces. We begin by recalling a number of basic concepts and definitions related to polynomials
in a finite number of variables. In order to handle monomials in K", we introduce the following notation.
An n-dimensional multiindex is an n-tuple a = (a3, ..., a,) with o; € NuU {0} foralli = 1,...,n. Ifx =
(xy, -, Xp) € K", then |a, a! and x* represent, respectively,

a a
a + ..+ ay,, apl - ap! and Xt xn"

With the above notation, a polynomial in K™ of degree at most n is a linear combination of monomials of
the form x* with x € K™ and « € (N U {0})™ with |«| < n. Hence, a polynomial P in m variables (real or
complex) of degree at most n has the form

P(x) = Z a x%, for all x € K™,

as(Nufoh™
|a|<n

with a, € K. Accordingly, a polynomial P in m variables is homogeneous of degree n if

P(x) = Z agx%, for all x € K™,

ae(Nujoh™
la]=n

with a, € K. Our first objective is to recall how to extend the above well-known definition of polynomial
and homogeneous polynomial to arbitrary linear spaces.

Let E be a linear space over K (K = R or C). From now on, for each n € N, £, ("E) denotes the space of
all n-linear forms on E. Recall that L is n-linear if it is linear in every coordinate. As usual, E" := E X ") x E.
Also, we consider the diagonal mapping

A, E—>E"

x - (..., X).
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Definition 1 (homogeneous polynomials). If E is a linear space over K and n € N, we say that P is an
n-homogeneous polynomial if there exists L € £, ("E) with P = L o A,,. Equivalently, we write P = L.
The space of all n-homogeneous polynomials on E is denoted by %,("E). We say that P is a polynomial of
degree at most n on Eif P = B, + ... + B + B, where B, € B(XE) fork = 1,...,n and R, is a constant.

Observe that, if P € $,("E), then P(1x) = A*P(x) for all x € E and every 4 € K. This property is also
satisfied by all homogeneous polynomials in a finite number of variables. On the other hand, the n-linear
form that defines a given n-homogeneous polynomial is not uniquely determined. Let us see this with
an example. First, notice that for all bilinear forms L on K", where n € N, there exists an n X n matrix
with entries in K such that L (z, w) = zAw” for all z, w € K". Here w” means, as usual, the transpose of w.
Hence, all 2-homogeneous polynomials on K" are of the form

n
P(z)=L(z,2) = ), @z,
i,j=1

where A = (aij)’fjﬂ. If we consider now B = %(A + A”), then zAz~ = zBz” for every z € K". The latter
means that the two bilinear forms determined by the matrices A and B define the polynomial P.

The previous example motivates the definition of symmetric multilinear forms.

Definition 2 (symmetric multilinear forms). Let E be a linear space over K and let n € N. An n-linear
form L is symmetric if

L(Xy, e, Xp) = L (X5(1y, e Xo(n))

for all (xy, ..., x,,) € E" and every permutation o of {1, ..., n}. The space of all symmetric n-linear forms on
E is denoted by £ ("E).

Remark 3. Let us consider the mapping s from £, ("E) onto £ ("E) given by

1
S(L) (xl,...,xn) = ; Z L(xa(l),...,xa(n)),

* oesS,

where S,, is the group of all permutations of {1, ..., n}. Then, s is a projection. Furthermore, L and s(L) define
the same homogeneous polynomial. Therefore, if P € ,("E), it is always possible to choose L € L§("E)
such that L. = P.

Now, using the so-called multinomial formula, it is possible to see that definition 1 does extend the concept
of homogeneous polynomial from a finite number of variables to arbitrary linear spaces.

Proposition 4 (multinomial formula). Let E be a real or complex linear space, P € %, ("E), x,, ..., Xy € E
and ay, ..., a; € K. Then,

k
n! m, my my my
P(Zaixi)= Z %al R L(xl y oo s X ),
i=1

me(ulopk
|m|=n

where L € £3("E) satisfies [, = P and
my my
L (x{"‘, — x,'(n") = L( Xy vees X1y voes Xigy vy Xt )

Proof. Letm = (my,...,my) €10, 1, ..., k}* with |m| = n and define

Ap = {(il, - i) €1{0,1,..., k}k such that 1 appears m, times, ..., k appears m; times}

and
Ay = Z L(xil,...,xik).
(il ----- lk)EAm
Then, using linearity,
m m
Playx; + ... + apx) = Li(ayx; + o + apx)™) = Z at e ag fap,.
me(Nu{oh)k
|m|=n
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Observe that, due to the symmetry of L, we have
A = L e, X0 6) - #(A ),

where #(A,,) denotes the cardinality of A4,,,. Using elementary combinatorics we arrive at #(4,,,) = W'L""k”

which concludes the proof. n

The importance of the multinomial formula in this context relies on the fact that it can be used to extend
the classical definition of polynomials in several variables. Indeed, let E be a real or complex linear space
and F a finite dimensional subspace of E. Let {ey, ..., ;. } be a Hammel basis for Fand x = x,e; +...+ x e, € F.
Then, using the multinomial formula,

P(x) = P(x1e; + - + xpey)
— n! my my my me\ _ m
= Z ST X L(e1 e € ) = Z ay,x™,
me(NU{oh¥ me(NU{oh¥
Im|=n Im|=n

which shows that the restriction of an n-homogeneous polynomial in the sense of definition 1 to a
k-dimensional space is an n-homogeneous polynomial in k variables.

2.1. The polarization formula

If E is a linear space and P € 2,("E), we have seen in remark 3 that there exists L € £5("E) such that P = L.
We can go further and prove that this symmetric n-linear form that determines P is unique, and we call it
polar of P. The polarization formula does not only prove the uniqueness of the symmetric n-linear form
that defines a given n-homogeneous polynomial: additionally, it provides an explicit expression of the
polar in terms of the polynomial it defines. There are many forms of the polarization formula. We have
chosen one taken from Dineen’s book [15] that uses Rademacher functions.

Theorem 5 (polarization formula). Let E be a real or complex linear space, P € %, ("E), L € £3 ("E) and
assume that L = P. If (x,,..., x,) € E", then

1
1
(1 L(xy, ., Xp) = ] f H@) 1, (OPH®) x + ... +1,() x,)dt,
*Jo
where ¥ is the j-th Rademacher function, defined by
5 (1) = sign(sin(2/nt)) foralll < j<n.

Proof. Let m = (my, ..., m,) € (N U{0})". Recall that the Rademacher functions satisfy

1 1 1
Q) / my+1 (t) mn+1 (t) dr = f m;+1 (t) dr-- f my+1 (t) dr
0 0 0
and
1 . .
3) /' ] O dt = 1 Tf m;+1 %s even,
0 0 ifm;j+1isodd.
1 1
If we assume |m| = n, the productf rlm1+1 (t)ydt--- f rrmt! (t)dt vanishes unless m; = ... = m,, = 1, in
0 0
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which case its value is 1. Now, using the multinomial formula,
1
f B (OPH@) X+ .. +1, () x,) dt
0
1
= f B (OLB O X+ e +1,() Xy, e, () X + oo + 1, () ) dE
0

1
B f SORTACIED Y ORI YA SR
A .

me(INU{0})"
Im|=n
n! ! m;+1 my+1
= > = ATOn"T OAL (e, Xn) = ALK, e Xy). .
me(Nu{o})" m 0
Im|=n

Remark 6. Let P € R,("E) and L € £("E) be the polar of P. It has already been mentioned that there are
many forms of the polarization formula. To see this we just need to replace the Rademacher functions
by any set of functions satisfying the identities (2) and (3). For instance, we may consider any set of n
independent and orthonormal random variables #, ..., ,, on [0, 1] taking values on K and

n
Y=pn ---fn~P<Zrixi).
i=1
Proceeding as in the proof of theorem 5, the expectancy of ¥ would be given by
E[¥] = nlL(xy, ..., X,),
that is,
1
L(xy,...,x,) = E]E[IP],
which is a much more general way to express the polarization formula (1). Thus, if 5, ..., 1, are n independent

Bernouilli random variables taking the value —1 with probability 1/2 and 1 with probability 1/2, we would
have

1 n
(4) L(xy, ., Xp) = Sl Z € &, P <Z sixi>.
gj==*1 i=1

This is a very convenient form to put down the polarization formula.

2.2. Continuity in polynomial spaces

All polynomials in finitely many variables are continuous. However, this is far from being true when
polynomials on an infinite dimensional normed space are considered. Actually, continuity fails to be
universal even for linear forms on an infinite dimensional normed space.

Let (E, || - ||) be a normed space over K. We represent the space of continuous n-homogeneous polynomials,
the space of continuous n-linear forms and the space of continuous symmetric n-linear forms, respectively,
by ? ("E), £ ("E) and £’ ("E). Also, for P € P("E) and L € £L5("E), we define

[IP]| = sup{|P(x)| : |Ix]| <1},
IL|| = sup {|L (x1, ..., x2)| 2 [[(Xp oo, )| < 11,
where
1Cey, -y Xl = sup{llx;l| : 1 <i<n}.

These definitions are intended to introduce a norm in ?("E) and £("E). However, at this stage we do not
even know whether ||P|| or ||L|| are finite. As a matter of fact, the finiteness of ||P|| or ||L|| characterizes the
continuity of P or L, as we will see later. First we present a fundamental result in the theory of polynomials
in normed spaces also known as the polarization inequality. The proof provided below is taken from
Dineen’s book [15].

TEMat monogr., 1 (2020) €-ISSN: 2660-6003 83



Geometry of polynomial spaces and polynomial inequalities

Theorem 7 (polarization inequality). Let E be a normed space. Then,
nn
1P < [ILIF <~ (1Pl

forevery L € L5 ("E) and P € P ("E) such that L is the polar of P.

Proof. The first inequality is trivial since P is a restriction of L. To prove the second inequality, we use the
polarization formula (4):

LIl = sup{IL (x1, oo, Xp)| 2 (X1, oees 2) | < 1}

1 n
= SUP{ onpl 2 & --.EnP <z gixi> . ||(x1,...,xn)|| S 1]
g=%1 i=1
1 n
< 2np! Z Sup{ P(Z Eixi) : ||(xl’~'~;xn)|| < 1}
gi=+1 i=1
nn 1 n
= i 2 Sup{‘P<;ZEixi) I s XN < 1}
gi==1 i=1
nl’l
< TP ]

As is well known, boundedness is a characteristic property of continuous linear forms on any normed
space. A similar result holds for homogeneous polynomials, as we are about to see. The proof of the
following result is inspired in Dineen’s book [15].

Theorem 8. Let E be a normed space over K and P € %, ("E). Then, the following are equivalent:

(i) P is continuous in E.
(i) P is continuous at 0.
(iii) P is bounded over Bg, the closed unit ball of E.

Proof. That (i) implies (ii) is trivial. We prove now that (ii) implies (iii). By continuity at 0, given ¢ > 0 there
exists § > 0 such that |P(x)| < € whenever ||x|| < 26. Therefore, if x € B we have

b9 1 €
IP(x)| = |p(a. 5)| = 5 P60l < =
Thus, P is bounded on Bg.

Finally, we show that (iii) implies (i). Choose an arbitrary x, in E and take x € E with ||x — x|| < 1. In

[P (x) — P (xo)| = [P ((x — Xo) + Xo) — P(xo)|

n-1 n X .

(e =)

j=0\J

n-1

j=0

nn n-1,, ;

< 2P =l X () ol
Jj=0

particular, ||x|| <1 + ||x,]|. Then, by Newton’s binomial formula and Martin’s theorem, we have
n j n—j
< j LI 1ol 11 = ol
n" n
< 7@+ {1xo D7 [1PIHlx = xo

Recall that ||P|| is finite since P is bounded on Bg. Without loss of generality, we may also assume that
[[P|| > 0. Hence, for an arbitrary ¢ > 0 we can take

n!
6= min{l, } >0
n(1 =+ {|xo[D)" 1P|
and we have that |[P(x) — P(xy)| < € whenever ||x — xy|| < §, that is, P is continuous at x. L]
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Remark 9. Let E be a real or complex normed space. Theorems 5 and 8 show two relevant facts:

1. If P € ("E) and L € L£L3("E) is its polar, then P is bounded (continuous) if and only if L is bounded
(continuous).

2. The spaces P("E) and £5("E) are topologically isomorphic and £5("E) 3 L — L € P("E) is a natural
isomorphism whose inverse is provided by the polarization formula.

Using the axiom of choice it is easy to construct non-bounded (and therefore non-continuous) polynomials.

Example 10. Let E be any normed space of dimension ¢ (here ¢ is the continuum, or the cardinality of R).
Let B = {e,, : x € R} be a Hammel basis of normalized vectors of E indexed in R and define L € £5("E)
on B by L(ey,, .., ex,) = X; -** X,. On the rest of E, L is defined by linearity. Then, the n-homogeneous
polynomial induced by L is not bounded on Bg, since B C Bg, but

lim P(e,) = lim x" = .

X X—00

In general, for any normed space E, the algebraic size, measured in terms of dimension, of the set of non-
bounded n-homogeneous polynomials (respectively non-bounded symmetric n-linear forms) is maximal.
Consider the sets NBL*("E) and N B2P("E) of, respectively, all the non-bounded symmetric n-linear forms
and all the non-bounded n-homogeneous polynomials on E. Then, Gdmez-Merino, Muiioz-Ferndndez,
Pellegrino, and Seoane-Septlveda [16] proved in 2012 the following.

Theorem 11. If n € N and E is a normed space of infinite dimension A, then the sets N'BL* ("E) U {0} and
NBP("E) U {0} contain a 2*-dimensional subspace. We say then that the sets N BL*("E) and N'BP("E)
are 2*-lineable.

2.3. Polarization constants

If E is a real or complex normed space P € P("E) and L € £5("E) is the polar of P, according to Martin’s
theorem (theorem 7),

nn
LN <~ 1IP1l-

n

The constant % cannot be replaced by a smaller constant in general since equality can be attained for
) n

the space E = ¢] and the polynomial @,,(x, ..., x,,) = x; --- X, and its polar. However, % can indeed be

replaced by a smaller estimate for specific spaces. This motivates the following definition.

Definition 12 (polarization constants). If E is a normed space over K, we define the n-th polarization
constant of E as
K(n; E) := inf{K > 0 : ||L|| < K||P||, VP € P("E) and L = P}.

A somewhat more general concept than that of polarization constant arises from the following result by
Harris [19].

Theorem 13. Let E be a complex normed space and n,, ...,n, € N. If n=n,+ --- + n and L € L5("E),

then | o
n n . . ny-- N N

Sup{|L(x1‘,...,xkk)| . ||xl|| = 1, 1 <i< k} < W

ny e nyn!

IIL]]-
A similar result with a different constant can be proved when E is a real normed space. All this serves as a
motivation for the following definition.

Definition 14 (generalized polarization constants). Let E be a normed space over K and n, ny, ..., n € N
with n = n; + --- + n;. Then, we define the generalized polarization constant K(n,, ..., ny; E) as

K(n,, ..., n; E) = inf{c : [L(X]", ..., g 9)| < c||L]|, VL € L5("E), ||x;|| = 1}
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From theorem 7 we deduce that "
n
1 <KW E) < )

for any normed space E over K, but the exact value of K(#n; E) for many choices of E has remained as an
unresolved problem until today. The calculation of the exact value of the polarization constants of specific
spaces seems to be a challenging problem and yet, significant progress has been made. Of particular
interest are the works of Sarantopoulos [37] and Kirwan, Sarantopoulos, and Tonge [23], where the spaces
satisfying K(m; E) = ,;l_r: are studied. At the other end of the scale, according to an old result, if E is an
Euclidean space over K, then K(n; E) = 1 [2, 21, 38] (see Dineen’s book [15] for a modern exposition).
Furthermore, Benitez and Sarantopoulos [4] proved that R(n; E) = 1 implies that E is a real Euclidean
space. However, C(n; E) = 1 does not necessarily imply that E is a complex Euclidean space. The value of
K(n; ¢,,) is known for some choices of p (see for instance [36]), but most of the polarization constants of
the classical spaces are still unknown nowadays. For a complete account on polarization constants, we
recommend Rodriguez-Vidanes'’s work [35].

The use of the Krein-Milman approach (which will be described right after theorem 15) in combination
with a description of the extreme points of certain polynomial spaces may produce good results in the
difficult task of calculating polarization constants. The next section is devoted to the study of the geometry
of certain polynomial spaces.

3. Geometry of some 3-dimensional polynomial spaces

Let E be a finite dimensional normed space. Recall that C C E is a convex body if it is a compact convex set
with nonempty interior. A point e € C is an extreme point of C if it is not an interior point of any segment
contained in C. We use the notation ext(C) to represent the set of all the extreme points of C. According
to the Krein-Milman theorem (or its finite dimensional version proved by Minkowski in 3-dimensional
spaces and by Steinitz for any dimension), the set of the extreme points of a convex body C in the finite
dimensional normed space E determines C. The precise formulation of this result is the following.

Theorem 15 (Minkowski-Steinitz). If E is a finite dimensional normed space and C C E is a convex body,
then

(i) ext(C) # @.
(i) C = co(ext(C)).

Note that co(A) is the convex hull of the set A.

This result has been used in a large variety of settings to optimize convex functions. In fact, the result that
allows the optimization is the following:

If C C E is a convex body in the real finite dimensional normed space E and f: C - Ris
a convex function that attains its maximum in C, then there is a point e € ext(C) such that

f(e) = min{f(x) : x € C}.

We will address to this result as the Krein-Milman approach from now on. A combination of the Krein-
Milman approach and an exhaustive description of the extreme points of the unit ball of a polynomial
space provides, in many cases, sharp polynomial inequalities. The previous argument motivates the study
of the geometry of polynomial spaces. As a matter of fact, many publications have dealt with this question
in the past. Konheim and Rivlin [24], as late as in 1966, characterised the extreme points of the space of
real polynomials of degree not exceeding n, namely %,(R), endowed with the norm

IPll = sup{|[P(x)| : x € [-1,1]}.

Unfortunately, Konheim and Rivlin’s results do not provide an explicit representation of the extreme points
of Z,(R). Choi, Kim, and Ki [11], on the one hand, and Choi and Kim [10] on the other, characterised
the extreme points of P(*¢7) and P(*¢3,). Grecu [18] extended those results to P(*¢3) for arbitrary p > 1.
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Aron and Klimek [1] characterised the extreme points of the space of the real quadratic polynomials on
[—1, 1] and the unit disk in C. Mufioz-Fernandez and Seoane-Septlveda [33] studied the extreme points of
the real trinomials on [—1, 1], whereas Neuwirth [34] did the same thing on the unit disk in C. Kim [22]
studied polynomials on an hexagon or an octagon. Special attention has also been given to polynomials
on non-balanced convex bodies. Thus, Mufioz-Ferndndez, Révész, and Seoane-Sepilveda [31] studied
the geometry of the space P(24) of the 2-homogeneous polynomials on the simplex 4 (the triangle of
vertices (0, 0), (1,0) and (0, 1)). Milev and Naidenov [28, 29] studied the extreme points of the space of
polynomials (homogeneous or not) of degree at most 2 on A. Gimez-Merino, Mufioz-Ferndndez, Sédnchez,
and Seoane-Septilveda [17] studied the geometry of the space P(0J) of the 2-homogeneous polynomials on
the unit square [J = [0, 1]?. Mufioz-Fernandez, Pellegrino, Seoane-Septlveda, and Weber [30] characterised
the extreme points of the space P(*D(«, 8)) of the 2-homogeneous polynomials on the circular sectors
D(a,B) = {re®® : r € [0,1], 6 € [a, B} for g —a = §, 73, %ﬂ and 8 — « > 7. These results have been
generalised in a recent work by Bernal-Gonzélez, Mufioz-Ferndndez, Rodriguez-Vidanes, and Seoane-
Septlveda [5] for an arbitrary length of the interval [a, §].

In the rest of this section we will provide a few illustrative examples representing a tiny fraction of the
results mentioned above about geometry of polynomial spaces.

3.1. The geometry of B(R)

Here we consider the space B(R) of the real polynomials ax? + bx + ¢ of degree not greater than 2, endowed
with he norm
IPllgry = sup{|P(x)| : |x| <1}
Elementary calculus shows that
%—C| ifa#0, %(<1and§+l<%(‘%|—l)2,
la +c|+|b| otherwise.

||(av b, c)”.’}i(]R) =

The geometry of this 3-dimensional space was investigated by Aron and Klimek [1] (see also the work
of Mufioz-Ferndndez and Seoane-Sepilveda [33]). The conclusions extracted from these papers are
summarised in the following result. From now on, if E is a normed space, B and Sg stand for the closed
unit ball and the unit sphere of E, respectively. Also, graph(f) stands for the graph of the function f.

Theorem 16. Define I'(a) = 2(\/2a — a) and

U={(a,b) €R? : a <0 and |b| <min{lal, (|a])},

v={@be [-% %] X[=1,1] < bl 2 Jal},

W={(a,b) € R? : a > 0 and |b| < min{|a|, I'(|la}}.
If for every (a, b) € R? we define
f+(a) b) =l—-a- |b|r f—(a) b) = _f+(_ar b);
and for every (a, b) € R? with a # 0 we define
b2
g+(a,b) = 4a L g-(a,b) = —g,(-a,b),
then

(@ Sgr) = graph (f+ IWUV) U graph (f—|UuV) U graph (g+|W) U graph (9—|U)-
(b) ext(By(r)) = {£(t, £I'(1), 1 —t—I'(1)) : t €[1/2,2]}U{%(0,0, D)}

We show a picture of Sy g in figure 1.

For fixed m > n in N, the geometry of the space {ax™ + bx" + ¢ : a, b, c € R} endowed with the sup norm
on [—1, 1] has been studied by Mufioz-Fernandez and Seoane-Sepulveda [33] for all possible choices of
m, n. The results depend strongly on whether m and n are even or odd.
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1.0

2 -1.0

Figure 1: Unit sphere of B(R).

3.2. The geometry of P(A)

Recall first that (%4) is the space of polynomials P(x, y) = ax? + by? + cxy endowed with the norm defined

by
[IP]la = sup{|[P(X)| : x € 4},

where A represents the region enclosed by the triangle in R? of vertices (0, 0), (0, 1) and (1, 0) (or simplex,
for short). All the results in this section are taken from the work of Mufoz-Ferndndez, Révész, and
Seoane-Septlveda [31]. First, it is convenient to have a formula to calculate the norm || - || 5.

Theorem 17. Let a,b,c € R and P(x,y) = ax® + by? + cxy. Then,

c?—4ab . 2b—c
max{|al, [Bl, |;5mas|} if a—c+b#0and 0 < 325 <1,

max{|a|, |b} otherwise.

(5) I1Plla = l

Now we provide a parametrisation of Sp2,) and describe the geometry of Byz,). We use the notations S,
and B, for short.

Theorem 18. If we define the mappings

fu(a,b)=2+2y(1—a)l-Db)

and
f-(a,b) = —fi(=a,=b) = =2 =24/ (1 + a)(1 + b),

for every (a,b) € [—1,1]?%, and the set
F ={(a,b,c) €R3: (a,b) € 3[-1,1]? and f_(a,b) < ¢ < fi(a,b)},
where 8[—1, 1]? is the boundary of [—1,1]?, then
(@ Sp = graph(fy|j—11p) U graph(f_|_y,u2) U F.
(b) ext(By) = {+(1,t,—2 — 24/2(1 + 1)), +(t,1, -2 = 2¢/2(1 + 1)) : t € [-1,1]}.

You can find a picture of S, in figure 2.
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e

I

Figure 2: Unit sphere of P(?4).

3.3. The geometry of P(*D(«, B))

First, recall that P(>D(a, B)) is the 3-dimensional space of the polynomials ax? + by? + cxy endowed with

the norm

:x € D(o, B)}.

It is a simple exercise to show that the spaces P(*D(a, a + 8)) and P(>D(0, B)) are isometric. We write D(8)

1Pl p(a,p) = sup{|P(x)]
instead of D(0, §) for simplicity. Actually, the isometry is given by the matrix

).

2
cos 2a

sf7f1 2a

sin 20

sin? «
cos?a
sin 2a

cos?a
sin?«a
—sin2a

This isometry allows us to restrict our attention to the study of the geometry of Bpg).

A moment’s thought reveals that, if 8 > 7, then Bp gy

By(2¢2), Where By 2.2y stands for the closed unit ball

endowed with the sup norm over the unit disk.

of the space P(%¢3) of 2-homogeneous polynomials on R?

The extreme points of By(2€%) were described by Choi and Kim [10]. An alternative approach was provided

by Mufoz-Ferndndez, Pellegrino, Seoane-Septilveda, and Weber [30].

Theorem 19. Let 8 > 7 and define f(a,b) = 24/1 + ab — |a + b| on [—1,1]%. Then,

for all P € P(*D(B)).

s(la+bl+y/(@=-by2 +c2),

(b) Spep(sy = graph(f) U graph(—f).

(c) ext(By(zD(ﬁ))) ={£(t,—t,2V1 —t2)

@ [IPlpeg)

[-1,1]}u{£(1,1,0)}

€

it

The reader can find a graph of S,z in figure 3.

Let us give just another example in this section, taken from the work of Mufioz-Ferndndez et al. [30].
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Figure 3: S;(2/2). The extreme points of B,.,z) are drawn with a thick line and dots.

Theorem 20. If we define the mappings
Gy(a,b) =24/(1 —a)(1 —b)

and
G,(a,b) = —G,(—a,—b) = =24/(1 + a)(1 + b),

for every (a,b) € [—1,1]?, and the set
F ={(a,b,c) € R3 : (a,b) € [-1,1]? and G,(a, b) < ¢ < Gi(a, b)},
where 3[—1, 1]? is the boundary of [—1,1]?, then

@ [IPllp(z) = max{|a|, |b|, %|a + b +sign(c)y/(a —b)?2 + 02|} for every P € P (*D(3)).
(b) SD(%) = graph(G;) U graph(G,) U F.
(©) ext(Bp(xy) = { (1,272 + ), £ (1,1, =2y2(1 + 1)) : t € [-1, 1]} U {(1, 1,0)}.

The reader can find a sketch of S, p(zy) in figure 4.

4. Polynomial inequalities

A number of polynomial inequalities can be tackled using the Krein-Milman approach described right
after theorem 15. In this section we will introduce some problems of interest together with a sample of the
type of results that can be achieved using the Krein-Milman approach.
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Figure 4: Spz). The extreme points of By x) are drawn with a thick line and dots

4.1. The Bohnenblust-Hille inequality and related problems

The ¢, norm of the coefficients of polynomials in P("K") is given by

1
IPlg = (Ziaqm 9217)°

ifl1 <q<+oo,

max{|a,| : |a| =m} ifq=+oo,
for every P € P("™K") with coefficients a,. Observe that
11
|~|qS|~|SSdS ql'lqr

for 1 < s < q, where d is the dimension of P("™K"). These norms appear in a number of problems of
interest. They can also be used to estimate the difficult-to-calculate polynomial norm of the spaces P("¢p)
Let us denote the norm in P("¢y) by || -

|lp- Since the norms | - |, and || - ||, are equivalent for all p,q > 1,
there exist k and K depending on p, q, m, n such that

k|[Pllp < |Plg < KI|P]|p,

for all P € P("™R"). The optimal values of the constants k and K can be calculated in many situations using
the Krein-Milman approach. Indeed, as for the constant K, the target function to which the Krein-Milman
approach could be applied is
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Here is where the geometry of By, can be used to optimise the target functions in the case when we have
a description of its extreme points.

The equivalence constants which we have just introduced are closely related to the famous polynomial

Bohnenblust-Hille constants. Let us call K, , 4 , the best (smallest) value of K in (4.1). The m-th polynomial

Bohnenblust-Hille constant is nothing but an upper bound for K,,, , == _ . The reason why the specific
" m1r

choice q = rfl—’fl and p = o is of interest rests on the fact that, if g > rfl—’fl, then there exists a constant
Dy,q > 0 depending only on m and g such that
6) IPlg < D gllPllos

for all P € P("™K") and every n € IN. Moreover, any constant fitting in (6) for ¢ < nzl—'fl depends necessarily
on n. This result was proved by Bohnenblust and Hille [7] in 1931. Observe that any plausible choice for
D, q in (6) must satisfy D, g > Sup{K,; 4, : 1 € N}. The best (in the sense of smallest) possible choice

for Dy, 4 in (6) when q = Wzl—'fl is called the polynomial Bohnenblust-Hille constant. It is interesting to
notice that there exists a considerable difference between the polynomial Bohnenblust-Hille constants for
real and complex polynomials. For this reason, the polynomial Bohnenblust-Hille constants are usually
denoted by Dy ,.

Moreover, if we keep n € N fixed, the best (smallest) D,,(n) > 0 in
|P| 2m < Dy (n)||Pl| o
m+1

for all P € P(™K"), is denoted by Dy ,,,(n). Observe that Dk ,,(n) = K, , am The calculation of the
TR

Bohnenblust-Hille constants Dy ,, and Dy ,,(n) has motivated a large amount of papers, but their exact
values are still unknown except for very restricted choices of m and n. The best lower and upper estimates
on Dy ,, and Dy ,,,(n) known nowadays can be found in the literature [3, 8,9, 12-14, 20, 25].

We present below a simple application of the Krein-Milman approach to calculate the value of DR (2) based
on the following result by Choi, Kim, and Ki [11].

Theorem 21.  The set ext(By.2 (ry)) Of extreme points of the unit ball of P(262,(R)) is given by
ext(Bpepz ry) = (X%, £y%, +(tx* — ty* £ 2V/t(1 — t)xy) : t € [1/2,1]}.
Theorem 22. Let f be the real-valued function given by
3
ft) = [zt% + Vit - t))%]“ .

We have that Dy ,(2) = f(ty) ~ 1.837373, where

1
ty = 36 (23\/107 +9V129 + 3'\/856 — 724129 + 16> ~ 0.867 835.

Moreover, the following normalized polynomials are extreme for this problem:

B,y == (toxz — toy? £ 24/ to(1 = to)xJ’)-

Proof. We just have to notice that, due to the convexity of the ¢,-norms and theorem 21, we have

Di(2) = sup{[als : a € Byary} = supflals : a € ext(Bypap)} = sup [(0).
tel1/2,1]

The function f is maximized using elementary calculus. The help of computer packages of symbolic

calculus such as Matlab may be helpful to prove that f attains its maximum in [1/2,2] at t = ¢,, thus

concluding the proof. ]
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4.2. Bernstein and Markov type inequalities

Bernstein and Markov inequalities are estimates on the growth of the derivatives of polynomials. The
famous Russian chemist D. Mendeleev (the author of the periodic table of elements) was among the
pioneers that studied these types of estimates. In particular, he was interested in the following problem:

If p(x) = ax® + bx + c with a,b,c € R, o, € R with @ < 8, and we define ||pl|j¢g) =
max{|p(x)| : x € [a, ]}, then what is the smallest possible constant M,(«, 3) > 0 so that
Ip'(x)| < My(a, B)||Pllja,p) for every x € [a, 8] and every quadratic polynomial p?

Considering an appropriate change of variable, namely x — [a + § + (8 — a)x]/2, it can be seen that
M,(a, B) = 2/(B — a)M,(—1, 1) and, hence, we can restrict ourselves to (quadratic) polynomials on the
standard interval [—1, 1]. Mendeleev gave his own solution to the problem proving that M,(—1,1) = 4.
Mendeleev’s result was generalised by A. A. Markov in 1889 for polynomials of arbitrary degree [26]. What
A. A. Markov proved was that

@) P11 < R2I1Pll=1,1),

with equality for the n-th Chebyshev polynomial of the first kind, defined, for x € [-1, 1], by T,,(x) =
cos(narccos x). V. A. Markov [27] (brother of A. A. Markov) provided in 1892 a sharp estimate on the norm
of the k-th derivative of a polynomial of arbitrary degree. A. A. Markov’s inequality (7) can be improved in
the inner points of [—1, 1]. Let M,,(x) be the optimal constant in

PG| < MIPlj_yy,  forall P € B(R).

n

e in (-1, 1). Both the uniform
—X!

Markov type estimates on the norm of the derivative and the pointwise estimates due to Bernstein have
been generalised in many different ways in the last century. One of the most popular generalisations is
due to Harris in 2010 [19]. He proved that the old A. A. Markov constant n? is valid for polynomials on
any real Banach space, that is, if P is a polynomial of arbitrary degree n on a real Banach space E, then
IDP(x)|| < n?||P||. Obviously, the constant n? is optimal in the general case too. Many Bernstein and
Markov type estimates can be obtained by applying the Krein-Milman approach. We present here a worked
out example where the Markov and Bernstein optimal estimates are obtained for the space of trinomials
Ppn =1ax™ + bx" 4 c} endowed with the norm

According to a classical result due to Bernstein [6], we have M, (x) <

[lax™ 4+ bx" + ||y, = sup{lax™ + bx" +¢| : x € [-1,1]}.

Observe that the polynomial ax™ + bx" + ¢ in %, ,, can be identified with (a, b, ¢) in R3. The geometry of
the space %, , was studied by Munoz-Fernandez and Seoane-Septilveda [33], and the optimal value of
the Markov constant M,, , and the Bernstein function M,, ,(x) where calculated by Mufioz-Fernandez,
Sarantopoulos, and Seoane-Septlveda [32] when m is odd and n is even. We reproduce here the complete
reasoning, based on the Krein-Milman approach and the following characterisation of the extreme points
of B, ,, (unit ball of %, ,,) when m is odd and n is even.

Theorem 23. If m,n € N are such that m is odd, n is even and m > n, the extreme points of the unit ball
of (IRS’ I| - ||m,n) are
{#(0,2,-1),+(1,1,-1),+(1,-1,1),+(0,0,1)}.

Theorem 24. Let m,n € N be such that m is odd, n is even and m > n. Then,

1

-1 . N\ 7=
2n|x|" if 0< x| < (5)™",

(8) Mip,n(x) = L
mx™ ' n|x"7tf ()™ < x| <1

Proof. If x € [—1, 1], by definition we have that

Mm,n(x)= sup |p'(x)|.

PEBm,n
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It suffices to work just with the extreme polynomials of M,,, ,,, which are given in theorem 23. Notice that
the contribution of £1 to M, ,(x) is irrelevant. Hence, it suffices to consider the polynomials

pi(x) =£2x"=1), p(x)=x(x"+x"—-1) and ps(x) =" —-x"+1).

Therefore,
My, n(x) = max{|pj(x)], |pa(x)|, | p5(xX)|}
= max{2n|x|"7!, Imx™1 + nx"7, jmx™"! — nx"1|}
= max{2n|x|""!, mx™~! + n|x|"1}
= |x|""! max{2n, m|x|™" + n},
1
and since 2n < m|x|™" + nand (7)™ < |x| are equivalent, the result follows immediately. n

Corollary 25. If m,n € N are such that m is odd, n is even and m > n, then

My =My (1) =m+n,

and equality is attained for the polynomials p(x) = +(x™ + x" — 1) and p(x) = £(x™ — x" + 1).
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Maximal averaging operators: from geometry to boundedness through duality

1. Introduction

The Lebesgue differentiation theorem is a classical result in real analysis (see, for instance, Wheeden and
Zygmund’s book [10, Chapter 7]) which states that, for every 1 < p < oo, the collection of open euclidean
balls in R” differentiate every function in IP(R") almost everywhere. A more precise statement of this
result can be found in theorem 1 below; before its formulation, we introduce some notation and several
definitions.

In this article, n will denote a positive natural number and p will be a number on the extended real interval
[1, +o0].

A differentiation basis is a family B consisting of bounded open sets in R"” whose union is the whole
space and which is homothecy invariant, that is, for every x € R", every 1 € R, and every B € B we
have that B + x, AB € B. It is straightforward to check that the collection of all Euclidean balls in R" is a
differentiation basis. We will denote this basis by 3B,,. Two other differentiation bases which we will be
using in this text are the cubes in R"”, and the rectangular parallelepipeds (rectangles) in R”, with sides
parallel to the coordinate axes; these will be denoted by Q,, and ,,, respectively.

Now let B be a differentiation basis and ¢ : B — R, be a set function. We write

Lim $(B)
BeB

to denote the limit of ¢(B) as the diameter of B tends to 0 and x € B, for sets in the differentiation basis B.
When we work with only one differentiation basis we will simply write }gi{n ¢(B).
pe

With this notation we can state the Lebesgue differentiation theorem in the following way.

Theorem 1 (Lebesgue differentiation theorem). Let n € N and 1 < p < 0. For every f € IP(R") we have
that, for almost every x € R",
o f il -

One of the purposes of this article is to study conditions under which the Lebesgue differentiation theorem
holds when we substitute B,, by other differentiation bases. We carry out this analysis in detail for the
basis R,, consisting of n-dimensional rectangles.

Arguably, the most important tool in the study of differentiation bases is the corresponding maximal
operator. This is a sublinear operator that can be associated with every differentiation basis and whose
properties are closely related to the respective differentiation properties of the bases. We give the definition
below.

Definition 2. Let B be a differentiation basis. The maximal operator associated with B is defined for all
f € L},.(R") as
1
Mg f(x) = sup — ff, x € R™.
Bl Jp

BeB
xXeB

It is not hard to see that Mz f is a well-defined measurable function whenever f € L
to check that My is sublinear on L} .(R™):

(R™). It is also easy

loc

My(f +9) <Mg(f) +Mz(g)  Vf g € Lo (R™).
An easy consequence of the sublinearity that we will use below is that
M IMgf —Mpgl SMg(f—9)  Vf,g € Lio.(R").

We briefly discuss the importance of maximal operators in the subject of differentiation bases. For an
extensive discussion of the properties of differentiation bases and related differentiation theorems we
send the interested readers to De Guzman’s monograph [5].
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Let B be a differentiation basis, let € > 0, and define the sublinear operator T, by means of

= sp o [ f fehu®), xeR

BesB, d1am(B)<s

It is clear that theorem 1 is true for B if (T,f), converges to f almost everywhere as ¢ — 0%, for every
function f € IP(R"). Let us fix f to be such a function and, for simplicity, let us assume that 1 < p < 0.
Then, for every g € C°(IR") we use sublinearity in the form of (1) to write

(2) ITef(X) = fO < T(f = @) + | Teg(x) — g(X)| + |9(x) = f(x)].
Now, in order to prove that (T, f), converges to f almost everywhere, it is enough to show that
limsup |T.f(x) — f(x)| =0 fora.e. x € R™

e—0t

In turn, this will follow if we manage to show that for every 4 > 0 we have that

€) l{x € R* : limsup |T.f(x) — f(x)] > A} = 0.
e—0t

We now fix 1 > 0 and, by estimate (2), we have that
[{x € R" : limsup |T,f(x) — f(x)| > A}]
-0t

<lfx e R" : limsup |Tf(x) — T.9(x)| > A/3}| + |[{x € R" : limsup |Tg(x) — g(x)| > A/3}|
(4) e—0t e—-0t

+[{x e R" : [g(x) — f(x)] > A/3}|

3p
< Hx €R™ : My(f = g) > A3} + 511 = 9lizoceny-
Passing to the the last line in the estimate above we have used the easily verifiable fact that
limsup |T,g(x) —g(x)| =0 Vg € CX(R™)
e—0t

together with the fact that sup__ T.(f — 9) < M3(f — g). The condition that we need on M in order to
deal with the first term in the last line of (4) is given in the following definition.

Definition 3. Let T be a sublinear operator defined on locally integrable functions, and let 1 < p < co. We
say that T is of weak-type (p, p) if there exists C > 0, depending only upon T, p, and the dimension n,
such that

lix € R" @ |Tf(x)] > A} < f IfClPdx,  VfeIP(RY), VA>O0.

From the discussion above about estimate (4), it is easy to show that, if M is of weak-type (p, p), then
theorem 1 holds for the differentiation basis B and the index p. Indeed, by (4) and the weak-type property
of Mz we have that
cP3P
[{x € R" : lim sup ITef () = fOOI > A < —=IIf = 9l s T ||f 911 perm)-
E—

Now, for any § > 0, we can choose g € C°(R") such that max(C, 1)P3PA7P||f — g||€p(IRn) < 6/2, which is
possible since Cc°(R") is dense in IP(R") for 1 < p < oo, showing that |[{x € R" : limsup__, |T.f(x) —
FEII >4} < 6.

The discussion above proves (3), and thus theorem 1, under the weak-type (p, p)-assumption for M.
Therefore, our first goal will be to determine under which circumstances the maximal operator associated
to a differentiation basis is of weak-type (p, p). To this end, we establish a geometric characterisation
of the weak-type (p, p) property, given in terms of the sets of the differential basis, in section 2. This is
used to prove that the basis of cubes Q,, differentiate every function in L} .(R"). In the last section, we
study the case of the basis of rectangles R,,, where the associated maximal operator is not of weak type
(1, 1). Instead, we prove the so called strong maximal theorem, which is the appropriate replacement of
the weak-type (1, 1) property for the maximal operator associated with the basis ,,.

In the statement of the theorem below we use the standard notation log* ¢ := max(0, log ¢) for t > 0.
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Theorem 4 (strong maximal theorem [6]). The following estimate holds for all A > 0:

|§_|(1 + (10g+ %)n_l),

where C,, depends only upon the dimension. It follows that R,, differentiates functions f for which

e R My, 700> AN < €, [

R

f [FOOI(1 + (og™ [f(x)))"V)dx < 0o for every compact setK C R".
K

The original proof of this theorem is due to Jessen, Marcinkiewicz, and Zygmund [6]. However, we are not
going to reproduce the original analytical proof given there. Instead, we will follow the ideas of C6rdoba
and Fefferman [2], a geometrical approach using covering properties of a differentiation basis in order to
prove boundedness of the corresponding maximal operator. In this context, the precise link between the
analytic and geometric statements will be given by duality of suitable function spaces and the adjoint of
the (linearised) maximal operator associated with a given differentiation basis.

Note that maximal operators are not linear, but sublinear, so in order to define the adjoint operator we
will consider a linear operator T bounded by the maximal operator Mz so that T is a linearisation of M.
There are several ways to linearise a maximal operator depending on the differentiation basis B. A useful
example of a linearisation technique can be found in the proof of proposition 6.

2. Duality link between analysis and geometry

We start by defining a geometric property for differentiation bases.

Definition 5. Let1 < q < co. We say that B has the covering property V] if there exist ¢;, ¢, > 0 depending
only on 3B, q and the dimension such that, for every finite collection {Bj jl\il C B, there exists a finite
subcollection {B}}L, C {B}Y, satisfying

N M
0 |Us|<a|Us|
j=1 k=1

Property (i) of the definition above roughly states that we did not lose too much measure when passing to
the subcollection, while property (ii) is an L2-control of the overlap of the sets in the subcollection.

The next proposition establishes the duality between the latter geometric property on the basis B and the
analytical weak-type (p, p) condition of its maximal operator M.

Proposition 6. Let1 < p < o0 and % + z% = 1. The maximal operator My is of weak-type (p, p) if and only
if B has the covering property V.

Proof. 'We start by showing necessity. Suppose that 3B is a differentiation basis with the covering property
V. Let f be a function in IP(IR") and, for 1 > 0, consider the set E; = {x € R" : Mzf(x) > A}. If a point x
is in E;, by definition we have that there exists a set B, € B containing x such that

1
o Bl < [ 15O
By

Therefore, we have that the set E; is contained in the union of the family C; := {B, : x € E;} C B where
the B, are selected satisfying property (5). It is straightforward to check that this inclusion is actually an
equality.
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Next, we consider a compact set K C E; = | B,. By compactness, there exists a finite collection

.X,'EE;L
{%}}11 C C;, covering K. Now we apply the hypothesis, and there exists a finite subcollection {B, )1, C {Bj}}il
satisfying properties (i) and (ii) from definition 5. By property (i) it follows that

M
U
k=1

The sets By, verify inequality (5) for k = 1, ..., M because they are chosen from the original collection Cj.
Therefore, we have

M M 1 M
7 (UB{ <X 1Bd<3 f > 15, W) dy.
k=1 k=1

R" k=1

(6) K| < ¢

Now, this is the integral of the product of two positive integrable functions, so we can use Holder’s inequality
to get

® [ Zanoiroia < P ZlBk Wl
R” k=1

Next, combining inequalities (7) and (8) and using property (ii) of the definition of V,, we arrive at

M X
2
o) Us{<? UBk 11
which, together with (6), implies
M 1
1 ~ |P C4C:
(10) KIP < e [ JB|™ < =2,
k=1

Finally, since the Lebesgue measure is regular, and we have this inequality for every compact set K contained

1 1
in E;, we conclude that |E;|P = sup{|K| : K C E;, K compact}? < c¢;c,A™"[|f]|,. Since this holds for every
A > 0 and for every f € IP(R"), we get that the maximal operator My is of weak-type (p, p).

Now, we are going to see that if M is of weak-type (p, p), for 1 < p < oo, then B has the covering property
V. To this end, let us consider a finite collection {Bj}}\il C B. Without loss of generality, we can assume that
the sets in this collection are ordered by size in measure, |B,| > |B,| > ... > |By]; this ordering assumption is
just for the sake of specificity. Now, we are going to define a selection algorithm to extract a subcollection
{Bk}k | satisfying inequalities (i) and (ii) in the definition of V.. Start by taking the biggest set in measure,
B, = B,. Having chosen B, ..., B,,, m < N, we choose the next set B to be the largest set in measure from
{B+1, - » By} such that

m
~ 1
Bn .| < =|B]|.
‘ UB‘I‘ - 2| |
j=t
This condition tells us that the sets we are selecting do not overlap more than 50 % in measure. Since the

original collection was finite, the selection algorithm stops in finitely many steps.

We have selected a subcollection {Bk}ﬁ’lzl Cc {Bj}jl\il' Now, we have to use that the sets in this subcollection
satisfy certain overlapping properties, and that My is weak-type (p, p) by hypothesis, to prove that this
subcollection verifies the conditions required in the definition of the covering property V.

To prove condition (i) of V,, it is enough to prove an inequality of the type

| fsalsy

B not
selected
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with C,, a constant depending only on p. Recall that, if B € {B; }N , has not been selected, then we have that
BN UQ/I:I By| > |B|/2. Hence, the following inclusions hold,

IBﬂUk ) 1 . 1

selected

since, if x € B with B not selected,

1 BnU,_, Bd 1
Myl p )= sup b f pO)dy= sup k=P L
B>x,BeB | | —1 B>x,BeB | |

Therefore, using that M is of weak-type (p, p), we have that

M
1 _
n . ~ - 1 9p _ p — (' 9P
) B‘ ‘{xe]R P My(1 g () > 2}’ < Cp2 f 1y 5 OIPdy = G2 ’UB,(‘
seBieré(t)éd RY k=1

with C}, a constant depending only on p. Hence,

n M
) U Bj’ <+ c;,zp)’ U Bk‘
j=1 k=1

and we conclude that the subcollection {Ek}f:l satisfies condition (i) of the covering property V.

In order to prove condition (ii) of the covering property V,, let us start by defining the collection of
sets {E;JML, by setting By := By \ Uj<kf§j. It can be easily seen that the sets {E;}}L, are pairwise disjoint;
furthermore, we have

- 1 - - -
Bkl 2 51Be|  and U By = U By.
These properties tell us that this new subcollection covers the same space as the one given by the algorithm
and that the sets involved have at least half of the measure of the previous ones.
Let us define the following linear and weak-type (p, p) operator

M

(=3, (|Bl | fB fOG e, xeR™
k

Observe that for fixed x € R” the sum above collapses to a single term because of the fact that the sets
{E“k},ﬁl:l are pairwise disjoint. This readily implies that T(f)(x) < My(f)(x) for all f € IP(R") and x € R".
Using Tonelli’s theorem we see that

M
T(f)(x) = Z(|Bl| f FOp,  xeRr,

is the adjoint operator of T. Evaluating T* at 1 and using the properties of the collection {£; }} |

M ~
Uk:l By
above, we get

T )00 = Z (E":)lgkm > 1 Z 15,0

for all x € R".

Now we claim that, if a sublinear operator acting on measurable functions in R" is of weak-type (p, p) for
some 1 < p < o0, then for every measurable set E C R” of finite measure we have

M) f ITFGO|dx < ol fllion |EIP
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Assuming this claim for a moment and combining it with the estimate above for T* we obtain

3 15,007 < [ gy sesead =2 /U M GOLE

R” k=1
UBk

with C, , a constant depending only on p and the dimension n. Finally, taking the supremum over all
functions f € IP(R") with || f]|zp(rny < 1 and using that the dual space of IP(R") is LP’(]R"), we conclude

1

_/

’

< 2Cp ullfllprny

<2Cyn
LP'(RR)

M
” Z 1p,
k=1

so {B M. | satisfies condition (ii) of the covering property V,» and B has the covering property V,, as we
wanted to see.

It remains to prove the claim, which is however a straightforward calculation using the layer-cake decom-
position [3, Proposition 2.3]. We have for any 8 > 0

[rrreorax= [ e reor> maas gigr+ [ Sl
E 0 8
cp C o
<BIE| + Wﬂfﬂip(mn) < —— Ifllzewm)lEl?
(p—1P
by choosing P = pc_Pl “Q‘p This proves the claim with a constant C, ~ p’ as p — 1*. [

Before ending this section, let us note a couple of remarks.

Remark 7. The claim in the proof above is only valid for 1 < p < o, as one can see also by inspecting
the proof. Furthermore, it can be seen that if B has the covering property V,, then My is of weak-type
(1, 1), but the converse is not true. Another remark that is of some interest is that the claim is actually a
characterisation of the weak-type (p, p) for some operator T and p € (1, o). Indeed, assume that (11) is
true for p. Then, for 1 > 0, consider the set

E;:=={xeR": |Tf(x)| > A}.

One needs here some qualitative assumption that will show that |E;| < oo. This can be made concrete for
specific operators T, such as maximal functions, by proving an a priori estimate on a nice function f and
then extending by density. If one can guarantee that |E;| < oo, then applying (11) to E yields

L
[Eald < | IT(OI < CpnrllfllplEal?"s
Ey
which clearly implies the weak-type (p, p) of T when |E;| < .

The principle behind this claim is slightly more general and can be used to define an actual norm on the
space IP**°(R") for 1 < p < oo, which turns these spaces into Banach spaces. For p = 1, the space ['* is
not normable and only a restricted weaker analogue holds. We refer the interested reader to Grafakos’s
book [4, Exercise 1.4.14] for further details.

Remark 8. The differentiation basis given by all cubes Q,, has the covering property V, (this is the well-
known Vitali covering lemma [10, Chapter 7]). Hence, we conclude that Q,, differentiates L'(R"™).

3. The strong maximal theorem

In this section we give the proof of theorem 4. First of all, we remember that R,, is the basis whose elements
are open rectangles in R" with sides parallel to the coordinate axes.

We begin by describing a negative result.

TEMat monogr., 1 (2020) e-1SSN: 2660-6003 103



Maximal averaging operators: from geometry to boundedness through duality

Proposition 9.  The strong maximal operator My, is not of weak-type (1, 1).

Proof. For simplicity, we provide the details in R?, but essentially the same construction proves the
proposition in any dimension. We are going to see that there is no ¢ > 0 such that

) x € R? : My f(0) > | < & f FO)ldy

holds for f = 14, where Q = [0, 1]*. Consider the set A := {x € R* : x;, x, > 1} and take x = (x}, X,) € A;
see figure 1. We get that

1 e, 1

M X su d sup — = su .

sz( )= 69]32 [R| flf(y)l V= Rej% R| f y= ReJI;z |R| X1X2
R>x R>x R>x

Now, for 0 < 1 < 1, let E; := {x € R?* : My, f(x) > A}. We have that

1 1 1
|E,1|>‘{x€]R2:x1x2</—l}'=f dx;dx, = = log/1+1 3 /—llogz,

1
{1<x1</72,1<x2</1}

where in the last step the functions on both sides of ~ are comparable for 4 € (0, 1). From here we can
conclude that (12) does not hold. Otherwise, we would have that

1817
which is clearly impossible when 4 — 0.
)s:le = /1
X, A
1 i
Q| | T
0 1 X

Figure 1: Representation of the function f = 1, the set A and the curve x;x,.

Thus, the strong maximal operator My, is not of weak-type (1, 1). In higher dimensions we just need to
work with the higher dimensional unit cube [0, 1]". n

In the case of the strong maximal operator, the suitable substitute of the weak (1, 1) property is the
L(log L)*~! endpoint estimate of theorem 4. In order to prove this, we will rely on an approach similar to
the one outlined in proposition 6, adjusted to the geometry of the basis RR,,. The appropriate covering
property is given in the following definition.

Definition 10. We say that a differentiation basis B in R" has the covering property V., ,,, m € N, if

there exist ¢}, ¢, > 0 such that for every finite collection {R; }N | C B there is a finite subcollection {R; }M. |
such that

(i)

M
(6] U Rk
k=1
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M 1
(i) there exists 6,(n) > 0 such thatf [exp(@( Z 1Rk)ﬁ> - 1] < 6c, for every 6 € [0, 6,(n)).
Rn k=1

M
U
k=1

The next proposition will be essential in the proof of theorem 4. We give the statement and proof for
general bases B in R” although we will only need it for the basis ,,.

Proposition 11.  If the differentiation basis B has the covering property Ve, , then there exists C > 0 such
that

L siog” LY

(13) fx e R" : Mgf(x)> A} < Cf

RN

Proof. We proceed exactly as in the proof where the covering property ¥, implied the weak-type (p, p).
Consider the set E; := {x € R" : Mzf(x) > A}. This set can be written as

E = B

X€E,

such that, for all x € B, we have

> |f FOIdy > 4

By taking a compact set K C Uerl B,, we can extract a finite subcover such that K C U;\]:l B; with

“;'f FOIdy > 2

By (i) of definition 10, applying the sub-additive property of the measure and using the last inequality,

Us UBk

j=1
Here we need a generalisation of Holder’s inequality matching the exponential norm in property (ii) of
definition 10. In order to prove it, note that ¢(t) = t(1 + (log* t)™) is a positive and strictly increasing
function in (0, +o0) and ¢(0) = 0. Hence, Young’s inequality with respect to ¢ guarantees us that

K| < <q

M
<ch 1B < & / > 15, 00| dy.

R” k=1

(14) st < cgms (1 + (log* ™) + exp(6tm) — 1,

where s, t > 0, 0 is a small enough positive value and cg ,, is a constant value that depends on 6 and m; a
detailed proof of (14) can be found, for example, in the work of Bagby [1]. Setting

M
= |f51_Y)| and ti= Z 15 (),
k=1

we have, by (14) and (ii) of definition 10 that

UBk

K| < ¢

Us.

Z 15, WG dy < ¢1c,6

vecon /R O (1 1 sony" Jav.

R" k=1 1
Notice that
G UBk <0 UBk +C1Cem/ If(y)l <1+<10g |f(y)|> ) y
k=1 RP
and then
M
1-¢c,0 5 / If(y)|< ( + If(y)l)m>
By| < == (1+(logm —=) |dy.
Com IE;Jl ‘ ke A 8 77 Y

Choosing 6 sufficiently small, letting K ' E; and using the regularity of the Lebesgue measure, we conclude

|Ea|l < Cf U/ll)' (1 + (logJr @)nv dy,
RP

for C = C(6, m). n
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Now, in order to prove our main theorem, it will suffice to show that the differentiation basis R, has the
covering property Vi, ,_;. Note first that we already know the differentiation properties of the strong
maximal operator on R, which agrees with the Hardy-Littlewood maximal operator; see remark 8. This
sets a first stone on the path for an inductive proof. Indeed, we will prove by induction on the dimension
that theorem 4 holds in R"”, with the case n = 1, which is the base step of the induction argument, being
known to hold true. We will then use the inductive hypothesis, which states that the theorem holds in
R"-1, to prove the corresponding covering property Vexpn—1-

With the latter paragraph as a motivation, we introduce two lemmas detailing some precise implications
on the boundedness of an operator satisfying (13).

Lemmal12. Let T be a sublinear operator for which there exists a constant C > 0 such that the inequality
Il ( + |f(x)|)’”
7 1+ log 7 dx,

holds for every measurable function f : R" — R. In addition, assume that ||T||pe(rn)—ro(rn) < 1. Then, T
is weak-type (p, p) for every p > 1 and the following inequality holds:

x € R : Tf(x) > A} < C2m+ (p%)m fR ('f(x)l)p.

(15) fxeR": Tf(x)>1}] < Cf

R1

1 A

Proof. First, fix some n € N, p > 1. For any function f and A1 > 0, define f£,; = f - 1,,,,, where 1, ,,, is
the indicator function of the set {x € R" : f(x) > 4/2}. Analogously, define f.;,, = f — £ /. Using the
sublinearity of T, it follows that

fxeR" : Tf(x)> A} < [{x € R" : T 0(x) > A/2}| + [{x € R" : Tfeyn(x) > A/2}].

Note that, since ||Tfci2/l0 < | T||osrllfcrrzlle < If<a2lle < 4/2, the latter term in the inequality above
equals 0, since an essentially bounded function cannot exceed its essential supremum.

Applying (15) on the surviving term, we get that

[{x € R" : Tf(x)> A} ssz/

Rn

| a72(0)] |fa2\™
/2 <1°g /2 ) ’

where we have used the elementary inequality (1 + ¢)"/t™ < 2" for t > 1. In addition, we can use that, for
every ¢ > 0, the estimate (logt)™ /t¥™ < 1/¢™ holds to obtain

n. c2m [ | fap)] ([ 1faz()\™
(16) fxeR" : Tf(x)>A}| < o f}Rn A2 < 12 ) .

Choosing em = p — 1 and noting that f;,, < f pointwise almost everywhere, we reach at

x € R" : Tf(x) > A} < C2m+P (%)m f}R ('f;x)l)p,

which is the desired weak-type (p, p) estimate. m

In the following lemma we use the weak-type estimates above to obtain strong-type estimates, with
appropriate control over the involved constants.

Lemma13. Let T be a sublinear operator for which there exists a constant C > 0 for which the inequality

17) [x € R™ 2 Tf(x) > A} £ G, f I£Ge) (1+10g" /) )’",

RP

holds for every measurable function f : R" — R. In addition, assume that ||T||pe(rn)—rorn) < 1. Then, T
is strong-type (p, p) for every p > 1 and the following estimate holds:

p m+1
(18) ITllzo(rn)-Logrey < C(n,m, cl)(ﬁ) _
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Proof. For any fixed p > 1, we estimate the IP-norm of Tf by using the layer-cake decomposition (3,
Proposition 2.3], and then considering again the decomposition f = f,;,, + f<i» together with the
sublinearity of T, as follows:

||Tf||§p(Rn) = pf P Y{x eR" : Tf(x) > A}|dA < p/ Px € R" @ T ,(x) > A/2}| dA.
0 0

Using the estimate (16) from the proof of lemma 12 and switching the order of integration with Fubini’s
theorem, we get for any € > 0 that

» om(l+e) 2|f(x)| )
7Sy < 0 2 [ Ao [ ez )
R" 0
2m(1+£)+p 1

= p
PO g . WO

as long as p — 1 > em. The proof is completed by optimizing in ¢ under the constraint above, which
amounts to the choice ¢ ~ (p — 1)/m. n

We proceed to show the main theorem.

Theorem 14. Assume that the strong maximal theorem, theorem 4, holds in R"~!. Then, the differentiation
basis R, has the covering property Ve, ,_;.

Proof. The statement of this theorem essentially proves the inductive step in the proof of theorem 4, in
combination with the results presented previously in this section. Let us denote by IT,,(R) the projections
of R € R,, onto the n-th coordinate axis. With this notation we can order the rectangles by choosing one
of their sides, say IT,,(R). Hence, we have that |I1,(R;)| > ... > |II,(Ry)| for {Rj}}il C R,. We construct a

subcollection {R; L, as follows.
First, we choose R, := R,. Assuming that the rectangles {R, ..., Ry =: Ry} C {Rj}fil for some k, < N have
been selected, we choose Ry, to be the first rectangle R € {Ri,+1, > Ry} such that either

(19) R (&)
Jj<k

holdsor RN ( Uj<k Ry) = @. Here, given some R € R,,, we define R* to be the rectangle with the same

center as R, satisfying IT,,(R*) = 3II,(R), and having all other sides coinciding with those of R. This selection
algorithm terminates in finitely many steps as the original collection was finite.

IR]

< =
-2

Let {ﬁj}}\il C {R; jlil, M < N, denote the subcollection extracted with the previous selection scheme. Our
aim is to project our selected rectangles down to R"~! in such a way that we can exploit the properties
of the strong maximal operator in R"!. For anyR € R, and y € R, let T (R) denote the slice of the
rectangle R by a hyperplane perpendicular to the n-th axis, and crossing the n-th axis at height y; in
formulas,

M;”(R) = {x e R"" : (x,y) € R}.

Ifarectangle R € {Rj}jl\il has not been selected with the previous scheme, then, for some k < N,

IR ( Uﬁ;‘)

Jj<k

IR|
5

>

Note that R necessarily intersects one of the {ﬁj}jsk, since otherwise R would have been selected. This
implies that IT,(R) C Hn(Uj <k Rj) and so the IT,, projection of the set appearing in the left hand side of the
estimate above is IT,(R). Thus, |II,,(R)| can be cancelled from both sides of the estimate, resulting in an
analogous sparseness property for the slices

1,
[T (R)]

(20) 2 @) (| 127 @) > =

j<k
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IT)(Ry)
7

Figure 2: An example of application of the presented selection scheme in R?. Rectangles are ordered by
the size of their vertical projection. Those rectangles shaded in red are the selected ones. The dotted lines
show some of the tripled extensions R — R*.

Estimate (20) must be understood as the statement that the (n — 1)-dimensional average of the function

1U -y ON the (n — 1)-dimensional rectangle Hﬁ Y(R) is big. Thus, remembering the definition of the
j<ktn A Tj

strong maximal operator as a supremum, we get that, for every x € Y (R),

mrwn (Jm@))| >

1
M 1 ~ > M 1 2
Rl UM 1H#‘y(Rj*)](x) 2 My, ,[1 T (R)| Jsk ?

Yo [(X) 2
jsknﬁy(Rj)]( )

The estimate above clearly holds also for any x € Uﬁl R;. Thus, we have proved

N

N
1, 1, 1. 1
(21) 0 y(jL:Jl Rj) = jL:Jlnn Y®) € {x eR"™!: Myn_l[luﬁlni,y@)](x) > E}'

Now we can proceed on showing that our selection scheme actually extracts a subcollection of rectangles
satisfying the V., ,_; property, namely conditions (i) and (i) of definition 10. Since by assumption My, |
satisfies the strong maximal theorem in R"~!, lemma 12 implies that My, _, is (say) weak-type (2, 2). This
and estimate (21) imply that

N M
m (U R) < alm(UR)
j=1 j=1

for some constant C; > 0 depending only upon the dimension. Integrating for y € R = I1,,(R") proves
property (i) of Veyy -
In order to prove condition (ii), we may take the following exponential expansion for some 6 > 0,

M e oo o7 M n-1 0 o7 M %
[ ool ]= [ SE(Em) S5 gL
Rt Jj=1 RA-17=1 ~° \j=1 =1 =1 Tl S ey

by an application of the monotone convergence theorem to the partial sums of the exponential series.
Again, we may get a control for the overlap in the right hand side of the estimate above from the (n — 1)-
dimensional properties of the strong maximal operator. For any k < M, it follows after the selection rule of
equation (19) that

i eon (Ut @) = o o i @) < i o
j<k j<k
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for every y € R. In order to simplify the notation, fix any y € R and write I}, := H%'l(lék), for k < M. In this
way, the previous inequality turns into the (n — 1)-dimensional sparseness property

(23) \Ikn(UIj)| < %|1k|, k<M.
Jj<k

Consider the disjoint increment sets Ej := I; \ Uj<k I; for k < M and define the auxiliary linear operator

Tf = Z(mf )1Ej5Mge,,_1f.

It follows that T has the same boundedness properties as My, , and so, combining the assumption with
lemma 13 gives the estimate

. 11
(24) I Tllagrn-1)—Lan-1y < Ca(@)"* ™, P + 7° 1, g=2

Following the path of the proof of proposition 6, we get that its adjoint is given by the formula

Bl

' fzjzzl(lleijf)l”" Tyt = Z T

Note that (23) implies that |Ej| > 2|Ik| so that T*(l e ) >3 Z] , 15, This fact, together with (24),
allows us to estimate, for every integer 1 < p < oo,

1
p\ P
f |lek‘ <2 /‘T* <1UM I )‘ ST e (ram1y— o’ Ry |1 4 H
RP-1 k=1 R k=1"k U= Ik LP(RN-1)
(25) Mo,
Cop" Y | J 1|
k=1

for some constant C,, > 0 depending only upon the dimension. Note that the estimate for p = 1is a
straightforward application of (23), without appealing to (24).

We can now complete the proof of condition (ii) of Viy, ,_;. Remember that from (22) we have

fﬂzz[exp@(élpkﬁ_l)]sc(’il) Z ) _/l;n_l‘zllk

T=2n-1

=T+1I.

Now for I, since 7/(n — 1) < 2, we can use Holder’s inequality together with (25) for p = 2 to get

M
1< Coe |1,
k=1

with Cj, only depending on the dimension. For IT we will use the asymptotic estimates for 7! provided by
Stirling’s formula [8, Exercise 12-22] in the form

lim |e]

Jooo ]J \/2mj

This, together with (25) for p = 7/(n — 1), yields the estimate

n<c, 3 (n—l) |U1k|<c"

T=2n— ITT

U1k1

provided that 6 < 6,(n) is sufficiently small; the constant C;, > 0 above depends only upon the dimension.
Summing the estimates for I and II completes the proof of property (ii) of Viy, ,—1, and thus the proof of
the theorem. n
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Proof of Theorem 4. 'We can now put together the full proof of theorem 4, which is by way of induction
on the dimension n. For n = 1 the theorem holds because of remark 8, namely because R, is the basis of
intervals of R and My, is just the Hardy-Littlewood maximal operator. So assume that the theorem holds
for Mg, | in R"~1. Then, theorem 14 tells us that the basis of n-dimensional rectangles has the property
Vexpn—1 00 R", and proposition 11, applied for m = n — 1, yields the conclusion of theorem 4 in R". The
inductive step and thus the proof of the main estimate of the theorem is complete. In order to show that
R, differentiates functions which are locally in the space L(log L)"~!, namely the second conclusion of the
theorem, one follows the argument on p. 3 of section 1, replacing the weak (p, p) type of M with the main
estimate just proved for My . We omit the details. n

4. Concluding remarks

In lemma 13 we presented a particular case of a more general interpolation theorem called the Marcinkie-
wicz interpolation theorem; see Stein’s book [9, § 1.4], for example. Whenever we have certain boundedness
properties of an operator at two particular endpoints 1 < p < q < o0, we can use interpolation arguments
to recover boundedness for every other r in between p and q. In our particular case, we had strong-type
(o0, 00) properties plus the strong maximal theorem, which implies we can use any p > 1 as a weak-type
(p, p) endpoint. For a more detailed exposition of interpolation theorems for operators acting on different
Banach spaces and applications to several problems in harmonic analysis see for example Grafakos’s
book [4].

This text is intended to be an introduction to the study of maximal operators given by differentiation
bases beyond the one consisting of Euclidean balls or cubes in R". Several other bases are of interest
and give rise to intriguing problems in harmonic analysis. For example one can consider the bases of
rectangles in R? with short side of length § <« 1 and long side of length 1, whose longest side points lie
in a given finite set of directions V' C S!. If these directions are uniformly distributed on $!, then this
basis gives rise to the so-called Kakeya maximal function, an object which is central in one of the main
conjectures in modern harmonic analysis. The study of the basis of rectangles with sides parallel to the
coordinate sides is a toy model, allowing the development of geometric and combinatorial arguments
which are suitable for these more general bases. As mentioned in the introduction, the interested reader
could consult De Guzmaén’s work [5] for a thorough discussion on the theory of differentiation bases and
the analysis of several different approaches for their study, together with corresponding conjectures.
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Abstract: We take a classical result on the interplay between complex and Fourier
analysis in one variable (that the space of bounded holomorphic functions on
the unit disc and the Hardy space on the torus are isomorphic), and extend it to
functions in infinitely many variables. This will present several difficulties that we
sort out.
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Hardy spaces and holomorphic functions of infinitely many variables

1. Introduction

Let D = {z € C : |z| < 1} be the open unit disc and T = {z € C : |z| = 1} its boundary (that we call the
torus). We denote by H, (ID) the space of bounded holomorphic functions on the disc and by H_ (T) the
Hardy space on the torus (precise definitions are given in section 2). A classical result in analysis states that

H (D) = He(T);

that is: both spaces are isometrically isomorphic as Banach spaces. Our aim in this note is to present an
analogous result for functions of infinitely many variables (or, to be more precise, defined on subsets of
infinite dimensional spaces, see theorem 43). This was done for the first time by Cole and Gamelin [4]. We
follow here a different approach, based in the one given by Defant et al. [5] using results from Rudin [6].
We do it in several steps. First we are going to analyse the proof of the 1-dimensional case, so that we can
transfer it to functions of several complex variables and, finally to infinite dimensional spaces. In order
to achieve this goal we have to face several issues: to find proper analogues to D and T for several and
infinitely many variables, find a good definition of holomorphy in this setting, and to find a device that
allows to extend the results from the finite to the infinite dimensional case. We assume some knowledge of
the basic concepts of complex, harmonic and functional analysis.

2. The 1-dimensional case

As we explained before, we are going to look at the interplay between complex and harmonic analysis,
and all the time we will keep one foot in each side. We begin by defining the spaces we will be dealing
with. First of all, the space of holomorphic functions on D is denoted by H(ID). We consider the following
subspace.

Definition 1. We define the space H,,(ID) = {f: D — C : f is bounded and holomorphic}.

Theorem 2. H_(ID) with the norm
Iflleo = sup [f(2)]

zeD

is a Banach space.

Proof. Let {f,}ro be a Cauchy sequence in H,(ID). The space C. (D) of bounded continuous functions
on the disc (that obviously contains H (ID)) is Banach (see, e.g., Cerda’s book [2, Chapter 2]). Then, the
sequence converges uniformly on ID to some bounded continuous f : ID —» C. But then {f,}5-, converges
uniformly on the compact subsets of D to the function f, and a straightforward application of Morera’s
theorem (see Stein and Shakarchi’s book [8, Theorem 5.2]) shows that f is holomorphic. L]

Remark 3. 1f Uis an open subset of C, then a function f: U — C is analytic on U if, for every point g, € U,
there exist r > 0 and a sequence {c,};,—o C C which depend on z, such that

[s9)

fl) = Z cp(z—zo)", foreveryz € (zo+rD) C U,

n=0

where z, + rD = {z € C : |z — zo| < r}. This is, f admits a power series expansion in a neighbourhood of
each point g, € U. One of the key results (probably one of the most important ones in complex analysis)
is that every holomorphic function is analytic [8, Theorem 4.4]. In our particular case, that is, on the disc
D, it is known that f : ID — C is holomorphic if and only if there exist coefficients {c, };-; C C such that

f@) =Y e
n=0

for every z € D. This convergence is, moreover, absolute on D and uniform onrD = {z € C: |z| < r} for
every0<r<1.
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This is our main object in the side of complex analysis. Let us explore now the side of harmonic analysis.
On T we consider the normalised Lebesgue measure, and the corresponding space L,(T). This means that,
for each f, the integral has to be understood in the following sense:

21
f Flw)dw = % f Fleitydt,
T

0

If f € Li(T), thenw € T ~ f(w)w™" is again in L;(T) for every n € Z (because [w™"| = 1). Then, we can
define the Fourier coefficients of f in the following way.

Definition 4. Given f € L,(T) and n € Z, the n-th Fourier coefficient is defined as
fny = f Fwyw™ dw,
T

Let us note that
0 ool < [ 17@ywidw = i1l
T
and the operator L,(T) — C defined by f — f(n) is continuous. We can now define the second space we

are going to be dealing with.

Definition 5. The Hardy space on the circumference is defined as
H (T)={f € L(T) : f(n) =0 forn < 0}.
Theorem 6. H_(T) is a closed subspace of L. (T), hence Banach.

Proof. The result follows as a straightforward consequence of the fact that the operator f — f(n) is
continuous. [

Thus, the goal of this section is to prove that
(2) H(T) = He(D)
as Banach spaces. That is: there is an isometric isomorphism between these two spaces.

Remark 7. Let us give the first step towards the proof. Each f € H(T) defines a family of Fourier
coefficients { f(1)}%,, and we may consider the (in principle only formal) power series given by Z:’:O f(n)z".
Note that (recall (1) and the fact that || f||; < ||f]le)

2 1" < Ifllee D 121" < 00 &= 2] < 1.
n=0 n=0

Then, the functiong : D — Cgivenby g(z) = Z‘:: 0 f(n)z" is well defined and, by remark 3, is holomorphic.

In other words, the operator H,(T) - H(ID) given by f — g(z) = Z:’:O f(n)z" is well defined. It is an easy
exercise to check that it is linear and injective. The main problem now is to show that in fact it takes values
in H, (D) (that is, the function g defined in this way is bounded) and is surjective.

Our first concern is to show that the function defined by the power series is indeed bounded on D. To do
this, we will reformulate the function in more convenient terms. We bring now our tool for this purpose.

Definition 8. The Poisson kernel p: ID X T — C is defined as

(3) p(z, w) = Y, writhyn,

nez

forzeDand w € T, where z = ru withu = z/|z| € Tand r = |z].
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Remark 9. Let us note that, since |w| = |u| = 1and 0 < r < 1, we have

Do wTrrrhn < Yt =1 42 Z "< oo.

nez nez

Hence, the series in (3) converges (even absolutely) for each fixed w € T and z € D and p is well defined.
Moreover, by the Weierstrass M-test (see Rudin’s book [6, Theorem 7.10]), the series converges uniformly
onrD x T forevery 0 <r < 1.

Proposition 10.  The following statements hold:

|w]* — |z
1. p(Z,LU)= W >0 forallweTandze D,

2. f p(z, w)dw = 1 for every fixed z € D.
T

Proof.

1. Letw € T and z € D. Observe that

pew = 3wt = 3 (5) + 5 (5

nez n=1 n=0
_wr wo wu(l —r?)
Sa—wr o uw — ru? — rw? + r2wu
1—r? _ 1-r2

1—r2 —r2 42 1 — ruw — ruw + r2
_ |w|* — |z[* _ JwP -z
w2 —zw—zw + [z [w—z[?

> 0.

2. If we fix z € D, the series in (3) converges uniformly on T. Then, we may change the sum and the
integral as follows:

/P(Z, w)= [ Y wrttdw = )] rtun f 1 duw.
T T nezZ nez

A straightforward computation shows that

2. .
(4) fw—ndw = / T emmndw L ifn =0, .
- o 2n 0, ifn#0.

A direct consequence of proposition 10.1 is that p(z, w) is bounded for each fixed z € D. Then, for every

f € L,(T), the function given by w — p(z, w)f(w) again belongs to L,(T) and the function P[f]: D - C
given by

me=fmwmww
T

is well defined. In fact, since the series defining p is uniformly convergent on T (for fixed z € D), then

fp(z, w)f(w)dw = f(z w‘”r'”u) (w) dw
T

nez

(/ fw)w™" dw) rirly”
nez

= fooyrirlur

nez

(note that this series converges because |f(n)| < ||f]l, 0 < r < 1 and |u| = 1). In this way, we may define an
operator P (that we call Poisson operator) acting on L,(T) by doing f — P[f].
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Remark 11. If f € H_(T), then f(n) = 0 for n < 0 and, for z = ru € D, we have

> forut = 3 forinut = 3 foyrut = Y, fine”.
n=0 n=0 n=0

nez

Then, P (restricted to H,(T)) is exactly the operator that we already considered in remark 7. We have

PR < [ bz, W) dw < [1f]l f 10z, w)| dw = Ifll
T T

and, hence,
(5) sup [P[f1(@)] < [Iflco-
zeD

This shows that P[ f] is bounded or, in other words, P: H(T) — H, (D) is well defined and continuous.

Roughly speaking, what the operator P does is to “extend” functions on T to D. Let us see how this operator
acts on some particularly nice functions.

Remark 12. We begin by considering trigonometric polynomials. There are functions Q : T — C that can
be written as

M
Q(w) = Z ann)
n=N

where q,, € C, N < M € Z. First of all, for each n € Z, taking (4) we have

M M .
A ¢, IfN<n<M,
A = | D) guwiw"dw= )] ckfwk‘” dw=1" =0

T k=N k=N  JT 0 otherwise.

Then, y
P[QI(z) = Y. Qmyr™ut = 3 ¢, rmlun,
n=N

nez

This function is continuous on all D and coincides with Q on T.
This, in fact, also happens to every continuous function.
Proposition 13. Let f € C(T). Then, P[f] extends to a continuous function on D which is equal to f on T.

Proof. By the Stone-Weierstrass theorem [6, Chapter 7], there is a sequence of trigonometric polynomials
{Qu}n=o converging to f with the supremum norm || - ||,. As we already observed in remark 12, each P[Q,,]
is continuous on ID. On the other hand, (5) gives

IP[Qn] = P[Qm]llc = [IP[Q — Qulllo < 1Qn — Quallo

for every n and m. This implies that {P[Q,]};L, is a Cauchy sequence in C(ID) and, hence, converges
uniformly to some continuous function F on D. For each w € T we have

F(w) = lim P[Q,](w) = lim Q,(w) = f(w). .

One would expect that, whenever a function is defined on D and is restricted to T, then “extending” it to
D with P would give us the original function. We have that, at least if the function is holomorphic on D
and continuous on ﬁ, then this is the case. This shows that, when restricted to this space, the operator P is
surjective.

Proposition 14. Let f : D — C be holomorphic on D and continuous on D. Let Jir denote the restriction
of f toT. Then, P(fir] = f onD.
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The last tools we need to prove (2) are some basic concepts of functional analysis related with the weak
topologies. We just recall here what we are going to need later. For a deeper study, the reader is referred
to Brezis's book [1]. Given a Banach space E, we denote its topological dual by E*, and given x € E
and x € E*, we write (x, x*) := x*(x). For each x* € E*, we consider the function ¢,.: E — C, defined
by ¢,«(x) = (x,x*). Then, the weak topology o(E, E*) on E is the finest topology that makes all the
maps (¢y+) g+ CcONtinuous. A sequence {x,}5-, in E converges to x in the weak topology if and only if
{(xp, X*)IS, converges to (x, x*) for all x* € E*. Similarly, for each x € E we may consider the function
P, 1 E* - C defined by ¢,(x*) = (x, x*), and the weak-star (or weak*) topology o(E*, E) is defined as the
finest topology on E* making all the maps (¥,.),cg continuous. A sequence {x;}ir_, in E* converges to x*
in the weak* topology if and only if {(x, x};)};7—, converges to (x, x*) for all x € E.

Remark 15. A key fact when dealing with weak topologies is the Banach-Alaoglu theorem [1, Theorem 3.16],
by which the closed ball Bg. = {f € E*: ||f]| < 1} is compact in the weak* topology.

Let us also recall that (L,(T))* = L, (T), and the duality is given by

f9 = f fw)g(w) dw
T

for f € L;(T) and g € L, (T). An important fact for us is that, since L,(T) is separable, the closed unit
ball of L (T) is metrizable in the o(L,, L;)-topology [1, Theorem 3.28]. These two facts imply that every
bounded sequence in L (T) has a subsequence that converges in the o(L,, L;)-topology.

We are finally ready to state and prove the main result of this section. Given a function g € H (D), we will
denote by c,(g) the n-th coefficient of its power series expansion centered on 0.

Theorem 16. The Poisson operator P: H,(T) — H, (D) defined as f — P[f] is an isometric isomorphism

so that c,(P[f]) = f(n) forall n € N,.

Proof. From remarks 7 and 11 we already know that it is well defined, continuous and injective. It is only
left, then, to see that it is onto. Let g € H_ (D), and consider its power series expansion (recall remark 3)

(o9

(6) 9@) = ) ca(9),

n=0

which converges absolutely and uniformly on rID for every 0 < r < 1. Now, for each n € N we consider the
function f,, : T — C given by f,(w) = g((1 — 1/n)w). Note that

lfnlleo = sup | fu(w)| = sup |g (1 — 1/m)w) | < sup |g(2)| = [|9||c-
weT weT zeD

Then, {f,}7=, is a bounded sequence in L, (T) that, in view of remark 15, has a subsequence {,, };-, that
converges to some f € L, (T). Notice that ||f]|e, < [||9]le- Our aim now is to see that, in fact, P[f] = g.
First, if n € Z, the weak* convergence implies

00 = [ " dw = (w7 = fim fy w0 = fim F,(0).
T o0 — 00
But, since the series in (6) converges uniformly on T, we have (recall again (4))

Fon) = fT @ dw = [ 3 (@)1= &) wmw

had LY (g) ifn>0,

— _1\m m,,—n _ (l_nk
_Zcm(g)(l nk) -/T.w w dw—i0

m=0 ifO > n.

Hence,
. cu(g) ifn>0,
n)=
fm {0 if 0 > n,
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thus f € H,(T). Moreover, for z € D,

o)

Pfz) = ) f(n)z" = Y en(9)2" = 9(2),
n=0

n=0
and by remark 11 we have ||9|| < ||f]lco- L]

We have the result for functions of one variable. Our aim is to extend this to an analogous result in infinitely
many variables. As an intermediate step we have to look at it for functions of several (but finitely many)
variables. We do this in the following section.

3. The N-dimensional case

We want to reproduce in this section the program that we presented in section 2. As there, we have to
keep a foot in the world of holomorphic functions and another foot in the world of Fourier analysis. But
before we proceed we have to define the concepts and spaces that we are going to work with.

Definition 17. Let U be open in CV. A function f: U — C is holomorphic if for every z € U there exists a
unique Vf(z) € CV so that
lim L&+ P = fR) = (V). h) _
im =
h=0 1Al

0,

where (x,y) = Zf\il x;y; for x = (X1, ..., Xn), ¥ = (1, .., Yn) € €N, and h — 0 with the usual topology on
CcN.
Remark 18. Given a holomorphic function f: U C CN - C and fixed N — 1 coordinates, that is,
Ay, s Gy, Gjyy, e AN € C, then the restricted function g(z) = f(qy, ..., li_1) 2 Qg1 ..., apy) is holomor-
phic in its domain of definition and ¢'(z) = (Vf(ay, ..., @j_1, 2, @1, - aN))j. Because then
lim I8 -9R) ~g'@) _,  J@+h) = [f@) - (ViR)h
h—0 |h h—0 Il

wherez = (ay, ..., @j_1, 2, Qj11 -+, AN) andh = (0,...,0, h,0, ...,0) with h in the j-th coordinate, and (V f(2), h)
as in the previous definition (not a scalar product). This limit equals 0 since f is holomorphic.

Akey fact of the bounded holomorphic functions space is the following version of the Weierstrass theorem [5,
Theorem 2.4].

Theorem 19. Let (f,), be a sequence of holomorphic functions on rDY that converges uniformly on all
compact subsets of rDN to some f: rDN — C. Then, f is holomorphic.

Following exactly the same proof as in the one-variable case (theorem 2) we have that it is a Banach space.

Theorem 20. H (DM) = {f: DN — C : f is bounded and holomorphic} is a Banach space with the
norm ||f|le = sup_pn |f(2)]-

In the one variable case we had that every holormorphic function is also analytic. This is also true for
finitely many variables, as we shall see in theorem 23. But before we get into that we have to make clear
what it means that a series converges in this context.

Remark 21. If (c;);¢s is a family of scalars with I being a countable family of indexes, we say that (c;);s is
summable if there exists s € C (which we call the sum of (¢;);c; and write s = Zie] ¢;) such that for alle > 0
there exists a finite set K, C I such that |s — ZieF ¢c;| < € for all finite sets Fy C F C I. This is equivalent to
the following three statements:

1. (Cauchy’s criterion) for all € > 0 there exists a finite set i, C I such that | )]
F C I\F;

¢ < efor all finite sets
ieF
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2. (absolute summability) (|c;|);er is summable, which equivalently means that sup, I finite >
in this case 3, [c;] = = SUPp[ finite Dier lcil
3. (unconditional summability) for every bijection o: N — 1, Z:;lca(n) converges; in this case

Diier€i = Zle Co(n)-

Let us fix some notation. A multi-index is an N-tuple & = (e, ..., ay) € NJ. Given such a multi-index and
some z = (z;, ..., Zy) € CN, we denote

ieF |Ci| < 005

Z“ = z?l Z?\(]N
A monomial is any mapping of the form z — z<.

Example 22. The first example of power series in N variables is
>z,
aeNy
that converges if and only if |zj| < 1 for every j = 1,..., N and, in this case,

N

1
% ==ty

aeNy J=1

This follows immediately from the fact that every finite subset of ]Nf)\r is contained in {0, 1, ..., M }N for some

M, that
S =Dl (X )

ae{o,1,..M N

and the formula of the geometric series.
Theorem 23. Let f: DN — C. The following two statements are equivalent:

1. f is holomorphic;
2. there exist coefficients (c,(f ))aeINN c C so that
0

f@= 2 calf)2",
aeNy
for every z € DN.

Moreover, in this case, the convergence is absolute and uniform on each compact set of DN, and the
coefficients are unique and can be computed as

S 4N
N e N - LR
(27‘{1) Gl=er Jenl=en a1+ gaN+
forany 0 < p; < 1 and a = (ay, ..., ay) € N¥.

Proof. Suppose first that f is holomorphic. Let z = (zy, ..., zy) € DY and choose = (py, ..., py) such that
|zjl < pj < 1forall1 < j < N. Then, applying N times the Cauchy integral formula for one one variable, we

obtain f(§ 6
12 o>
J@= (2m)Nfg| . fg Er AP R

I$nI= PN

But 1/(§ — zj) = 22:0 zjj/gj 7t , so this can be rewritten as

oo kl © kN
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Since these series converge uniformly on compact subsets, they commute with the integration and,
therefore,

-y [ t) .
f(Z)—kIZZO-.-kZ ((27‘[1) il=o1 f{ k1+11... IISIN+1 ddn - d§1> 2N -

ISNI=pN
So for each a = (ky, ..., ky) we can define
S SN
o )= [ - R do
[$11=p1 I$nI=PN

and notice that it does not depend on the choice of . With this, we get that f is analytic as

flz)= z co(f)z* forallz € DN

N
aeN])

and the convergence is absolute (recall remark 21). Let us see that the series converges uniformly in
every K, compact subset of DV. Since DY is open, there exists ¢ > 0 such that (1 + ¢)K C D. Now, given
z = (2p,-.,2n) € K, define s(z) = ((1 + €)|z], .., (1 + ©)|zn]) € [0, 1)V, so z € s(z)DV and, therefore,
{s(z)D" : z € K} is an open cover of K. Hence, there exist zy, ..., z,, € K such that K C U 1s(zj)]D Then it
is enough to check the uniform convergence on subsets of the form sD" with s € (0, l)N . To see this we
choose = (py, ..., pn) such that s; < p; < 1 for all j and use (7) to get

ag S
lealDIs* < 1l

Since 3\~ s%/p% converges (recall example 22), the Weierstrass M-test [6, Theorem 7.10] implies that
0

ZaeN{)\, c.(f)z* converges uniformly in sDN. Let us assume now that f(z) = Zaewf)\’ b,z* (pointwise) for

every z € DV, Pick some 0 < r < 1 and note that |b,z%| < |ber® --- r®N| for every z € rDN. But the series
2 [bar® -+ r*N| converges (by assumption) and, by the Weierstrass M-test, the series >, b,z% converges
uniformly on sDY for every 0 < s < r. In particular, the polynomials given by

b,z*
ae{o,1,...k}N

converge (as k — oo) uniformly to f on sDV for every 0 < s < r. By theorem 19 we have that f is
holomorphic and bounded on sDY and, since s is arbitrary, f is holomorphic in DV. In particular,

S t) _
celf) =g fg - f; L Sy, =

ISNI= PNg N

ddy -+ déy = be- .
Be JNN (Zm) /s”l =p1 '/;N| =PN §al+l°-- v

Now we move to the Fourier side. Analogously to the one dimensional case, we have to define the Fourier
coefficients and then the Hardy space which we are going to work with.

Definition 24. Given f € L,(TN), for each « € Z" the a-th Fourier coefficient is defined as

f@= [ fww*dw.

™

Just as in (1), we have |f(a)| < ||f]l; and the operator L;(TN) — C given by f ~ f(«) is continuous. This
immediately gives the following.

Theorem 25. The Hardy space
Ho(TN) = {f € L(TV) : f(a) = 0 fora ¢ N}'}

is a closed subspace of L (TN) and, therefore, it is a Banach space.
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The goal now is to show that there exists an isometric isomorphism between these two spaces, the space
of holomorphic functions and the Hardy space. For that purpose we define the analogous tool to the one
we used in the one dimensional case:

Definition 26. The N-dimensional Poisson kernel py : DY x TV — C is defined as
N
pN(Z, LU) = H p(zj’ LQ])
j=1

for z € DN and w € TV, where u € TV is given by u; = zj/|z;| and r = (1}, ..., y) by 5 = |z;|, and we write

[e4 (¢4
rlal = pl .--;jl\,N‘ and z = ru.

The absolute convergence of the series defining p(z, w) in (4) gives

pN(Z’ LU) = Z w—o(r|0l|u0(,
aezZN

for every z € DN and w € TV. Also, the series converges uniformly on rD" for every 0 < r < 1.
Proposition 27. The following statements hold:

1. py(z, w) > 0 forevery w € TN and z € DV;

2. / pn(z, w)dw = 1 for every fixed z € DN.
™

Proof. Both statements follow from the one-dimensional case (proposition 10) and Fubini’s theorem. =

Definition 28. Given f € L,(TYN), we define the N-dimensional Poisson operator for f by the function
By[f]: DN - C given by

mm@=f

T

pn(z, w)f(w)dw = Z flayrys,

aezZN

By[f]is well defined for every f € L;(TN) since |f(c0)| < ||f]l;, ¥ € [0,1]N and u € TV.
Theorem 29. For each N € N, the N-dimensional Poisson operator

By: Hy(TN) - H_(DN)
is an isometric isomorphism such that c,(By[f]) = f(«) for all « € NY.

Proof. On the one hand, observe that, for f € H,(TV),

®) Rlfl) = D, flwz*

N
a€N))

for every z € DN and (recall theorem 23) By[ f] is holomorphic on DV. Moreover, using the properties of
the N-dimensional Poisson kernel (proposition 27), we have that

B[l < sup f N (2, w)f (w)] dw < ||f]leo sup f Pn(Z, W) dw = [|f]lo-
™ TN

zeDN zeDN

Therefore, By[ f] € H,, (DY) and the operator By is well defined and continuous such that f(a) = c,(B/[f])
for every f € H,(TN) and « € N}. The uniqueness of the coefficients shows that the operator defined
is injective. It only remains to see that By is surjective. We take some g € H,,(DV) and, for each n € N,
consider the function defined by f,(u) = g((1 — 1/n)u) for every u € TV, which is in H_(T") and has
Fourier coefficients f,(a) = c,(g)(1 — 1/n)%l. Indeed, since the monomial series expansion of g converges
uniformly on rTY for every 0 < r < 1, we have that

c(@)(1 =1/n)  for « € NY,
0 otherwise.

fn(a)=f fn(w)w‘“dw={
TN
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Clearly, ||fullo < |l9lle for every n € IN. With exactly the same argument as in remark 15 we can find a
subsequence {f,, };=, which o(L,, L,)-converges to some f € B;_n)(0, ||g||-)- As a consequence of the
weak convergence,

ce(g) fora e NV,
0 otherwise.

fla) = f fww *dw = ;im fTank(w)w_“ dw =
™ -

This implies f € H.(TY). Moreover, by (8) we get By[f1(z) = g, and then || f||s = [9]/co- L]

4. The infinite-dimensional case

We jump now from finitely to infinitely many variables. To do so, we will restrict the problem to finite
variables, we will apply the finite-dimensional theorem and, using some powerful tools, we will go back to
infinitely many variables. We have, then, to face two problems:

¢ to define a proper setting for our problem in the infinite dimensional setting,

¢ to find tools that allow us to jump from the finite to the infinite dimensional case.

We begin by tackling the first issue: to translate our problem to the setting of infinite dimensions. We start
by defining the main components of our result. Firstly, we need to find a proper substitute for DV. Then,
we need to understand the concept of holomophic function in infinite dimensions. Finally, we define the
Fourier coefficients for infinitely many variables.

As substitute for DY we could think of the unit ball of the Banach space ¢, (the space of bounded
sequences with the supremum norm || - ||). However, this candidate presents some problems, since the
space ¢, (of sequences with only finitely many non-zero elements) is not dense in (¢, || - ||). So, we
may choose a “smaller” space: this is going to be the Banach space ¢, = {{z,}5=; € C : lim,_ g, = 0},
and we will consider its unit ball B, as analogous to DN. Recall that the dual space of ¢, is the space
() =6 ={{zplnm C C: 2,010:1 2| < oo}

The analogue to TV will be the infinite dimensional torus T® = {{w,}, : w, € T foreachn € N},
which is a compact space by Tychonoff’s theorem. Also, since T* is a grup with the product coordinate to
coordinate, we are able to work with the Haar measure (see Cohn’s book [3, Chapter 9]).

The definition of holomorphic functions on B, is a particular case of the Fréchet differentiability, which is
valid for any normed space and any open subset.

Definition 30. Let U be an open subset of a normed space X. A function f: U — C is said to be
holomorphic if it is Fréchet differentiable at every x € U, that is, if there exists a continuous linear
functional x* € X* such that
lim L& = ) = x*(h) _
im =
h—0 (1Al
In that case we denote the unique x* by df(x), and call it the differential of f at x.

0.

Remark 31. 'The restriction of every holomorphic function to finite dimensional subspaces is again holo-
morphic. More precisely, given a holomorphic function f: U — C and M an N dimensional subspace of X
with basis ey, ..., ey, then we just take the inclusion iy, : M — X, e; — iy(e;) = b; and consider, for each
2o € UM, the vector V(f o in)(Zo) = ([df(z0))iae(er)));,_, = ([df(20))(bi)),_,, which is the differential
of fiynm- Indeed,

[+ h) = f(zo) = (V(foin)Zo) by .. fzo+h) = f(zo) = 2, [df (zo)](b)hi
lim = lim
ho0 AL h—0 Il

In particular, if f : B, — C is a holomorphic function and N € N, the restriction fy : DN — C defined by
NGz - zn) = f(z, 4,28, 0,0, ...) is holomorphic.

Remark 32. Given a holomorphic function f : DY — C, we may see it as a function on B, (let us denote it
by f) just by adding zeros f(z) = f(z3, ..., Zn» 0, -..), which is holomorphic.
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Theorem 33. The space Hy,(B,,)) ={f : B, = C : f is holomorphic and bounded} with the norm ||f||, =

supzeBco |f(2)| is a Banach space.

This fundamental fact is a consequence of the following simplified Weierstrass type theorem, a proof of
which can be found in the book of Defant et al. [5, Theorem 2.13].

Theorem 34. Let X be a normed space, and (f,) a bounded sequence in H.(Bx) that converges to
f: Bx — C uniformly on each compact subset of By (i.e., with respect to the compact-open topology).
Then, f € Hy,(Bx) and ||f|le < sup,, [|falle-

Before introducing Taylor coefficients, let us fix some notation that will be used frequently throughout this
section. We will write
N = [JNY and z®™ =]z
NeN Nez
When convenient, we will also identify (o, oty, ..., an) with (ay, ay, ..., an, 0,0, ...). Given f € Hm(BCO) and
N, let fy: DN - C be its restriction, that is, NGz zn) = f(z1 528 0,0, ...). This is a holomorphic
function on DV (see remark 31) and, by theorem 23, can be expanded as a power series

@)Y= ) calfi)2

aeNy

for every z € DN. This, in principle, provides us a set of coefficients {c,( fN)}oce]NON for each N. But, as a
matter of fact, when we increase the dimension we only add “new” coefficients for the “new” dimensions.
Let us be more precise. If M > N and a € N¥ (that we identify with (a;, ..., ap, 0, ..., 0) € N} and call
again «), then

ca(fn) = ca(fm)-

Indeed, by theorem 23 we have

1 FGo o Cnans 0,2
canUv) = Gra f L f o i, Qv 4,
P1 P

N+T 51 = ON N+1

and using Cauchy’s integral formula,

27 Fr s 000,
o) = gy fm fp g W4

N+1T gl - ON
_ 1 f&, Ny 0,.0) ~
T RN LIT '/I;NT W dly ++- dg; = ca(fiv)-

Then, each function f € H(B,,) defines a unique family of coefficients {c,(f )}a]N(N), that we call Taylor
0
coefficients. In other words, each function f defines a formal power series

f~ 2 ez

ae]N((,]N)

The problem now is that f(z) may not coincide with Y’ c,(f)z*. Toeplitz [9] gave an example of a function
f € Hy(B.,) and a point z € B, for which ;] c,(f)z* does not converge. In other words, when we deal
with functions of infinitely many variables, holomorphic and analytic are no longer equivalent. This is a
problem for us, since the proof of the isometry between the spaces, both in the case of one and several
variables (recall theorems 16 and 29) depends heavily on the fact that a holomorphic function has a
representation as a power series.

We now move on to the Fourier part, as we did in the previous sections. Given f € L;(T®) and a € Z™,
we define the a-th Fourier coefficient as

f@) = f Fwyw dw
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and the Hardy space
Hy(T®) = {f € Lo(T) : f(a) = 0ifa € Z®™ \ NV,

Once again, we have that |f(a)| < ||f]|; for every a. We are also going to use the following two facts, the
proof of which can be found, for example, in the book of Defant et al. [5, Chapter 5].

Proposition 35. If f;, f, € L;(T®) are such that f,(a) = f,(«) for every a, then f;, = f,.

Definition 36. An analytic trigonometric polynomial is a function Q € L,(T*) of the form

Q= Z agw?.
aeFQN((]]r0
F finite
Proposition 37. The set of analytic trigonometric polynomials is dense in L;(T®).

With this we have accomplished the first goal that we stated at the very beginning of this section: to define
a proper setting on which to formulate our problem. So, our goal now is to show that

H(T*) = Hy(B,)

isometrically as Banach spaces. Since we have lost the equivalence between holomorphy and analiticity,
we cannot adapt the proof of the finite-dimensional case, and we have to go a different way. What we are
going to do is to go “down” in each side (holomorphic and harmonic) to N variables, apply the result that
we already know (theorem 29) and then “climb up” again to the infinite dimensional setting.

Hyo(T®) ——— He(B,)
t +
| [
| [
| [
+ +
Hoo(TN) —— H,(DV)

So, we now need to find tools that allow us to go “down” and “up” in each side (this was the second goal
that we stated at the beginning of the section). We start with the holomorphic part. Given f € H,(B,) and
N € N, by remark 31, fy: DN - C, where NGz - 2n) = f(Z1 928 0,0, ...), is a holomorphic function
on DV, This is the way to go from infinite to finite dimensions. We will use the next theorem (taken from
the book of Defant et al. [5, Theorem 2.21], sometimes known as “Hilbert’s criterion”) to go the opposite
way (that is, to “jump” from finitely to infinitely many variables). But before we need a tiny observation.

Remark 38. 1f g : DN — C is a holomorphic function with g(0) = 0 and |g(u)| < C for every u € DV, then

9 <cC ,
9 lg(w)| < lgglunl

for each such u. Indeed, for 0 # u € DY, define h: D — D by h(¢) = 1/Cg(¢ - m). Then, the

classical Schwarz’ lemma (see Rudin’s book [7, Theorem 12.2]) yields |h(¢)| < |¢] for all { € D, which for
¢ = max, |u,| gives our claim.

Theorem 39. Let (C“)aeJN(N) C C be so that
0

(10) D leaz®| < o0 forevery z € DN and every N € N, and
aeNy

(11 sup sup | Z caz"‘| < 0.
NeNzeDN ' (N

Then, there exists a unique f € H.(B.,) such that c,(f) = c, for every a € ]N(()]N). Moreover, ||f]|. equals

the supremum in (11).
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Proof. For each N € N we define the function fy : DN — C by
In() = Z oz

aeNy

By (10) and (11), this function is in H,,(IDV) (every analytic function on IDV is holomorphic by theorem 23).
Moreover, | fy(z)| < 7 for all z € DN and all N (where 7 is the supremum in (11)); in other words, || fyll < 7
for every N. We look now at these functions as defined on B, (recall remark 32), and our aim is to show
that (fy)ny converges uniformly on every compact subset K C B, . We choose then some compact K C B,
and we want to see that (fy)y is uniformly Cauchy on K. We fix z € K and define for 1 < N < M the
holomorphic function (remember that we look to the functions fy as defined on B )

M

fN,M . H D->C by fN‘M(u) = fN(Zl’ vy ZND O, 0, ) — fM(Zl! 2N U, O, O, )
n=N+1

Then, fy(0) = 0 and by (11) we have | fy p(u)| < 3n foru e Hf:NH, and hence by (9), for these u,
<3 .
@] <39 max |

Now we pick r € ¢y such that K C {x € ¢y : |zj| < |5| for all j € N} (take 7, = sup
taking u = (415 - Ta0)»

ek SUPs |zx|) and then,

|/NE@) = (@] = | fom@Ntr 0 Zp)] <37 max  |ny.
N+1<n<M

Using the fact that r € ¢,, we obtain that {fy}yen is @ Cauchy sequence in H,(B.,) with respect to the
uniform convergence on compact subsets, and then converges to a certain function f that, by theorem 34,
belongs to H,(B,,) and satisfies || f||, < 7. Let us see that c,(f) = ¢, for all a. Take a € NMando <r<1.
Then (note that ¢, (f) = ¢, for all N > M), if we take N > M,

3 L o 1 & s G 0, .2)
ca—ca(f)—hlrvnca(fN)—lggl—(zm)M f{ B f{ M-l B
FGo e o 0, s“M,o 2 4 _
Finally, we have » < ||f||, since
n=supsup | 3 co2 |—sup sup 1/4(@)] = Ul < I e .

N zeDN ae]NN

We move now to the side of Fourier analysis. To begin with, we need a way to go from T*® to TV in a
reasonable way. Given f € L;(T*) and N € N, we define

i) = | f(w 2)dz.

TOO
Recall that H, (T*) C L.,(T*®) C L;(T*). Let us see that with this definition everything works fine.

Lemma 40. Given f € LP(T"") with p = 1,0, and N € N, we have the following:

() fin) € Lp(TN), and || finllp < If1lps
(i) finy(@) = f(a) for every a € Z{';
(iii) if p=1, then fixy — f in L;(T*®); if p = oo, then fin; — [ in the w(L, L,)-topology.

Proof. Let us first look at (i). If p = 1, using the monotonicity of the integral together with Fubini’s theorem
f(w,u)du

we have
N = ()dw—f dw < (f (’) )
||ﬁ ]”l f |ﬁN] w | N . /N ) |f w,u |du dw

- [ wardwn = [ @iz = .
TNXT® ©
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If p = o, recall that

[finy ()| =

[ wawads [ 1wl

< f 1l dut < 11l f du = [|fllo, almost everywhere,

so we have || finjlle < [1fllo-
For the proof of (ii) take « € ZN and f € L,(T*). Then, again by Fubini’s theorem,

Jiny(@) = [ ( f(w,u)du)w—adw= f fw, w(w, w)~™* d(w, u) = f(a).
TN \JTe TNxTe

We begin the proof of (iii) by considering L;(T®). Let us suppose first that f € L;(T¥) for some k.
Then, a straightforward calculation shows that f; = f for every N > k. In particular, fin; — f for every
f€Uien L,(T*), and as an immediate consequence of the density of trigonometric polynomials on L;(T®)
(proposition 37), these functions are dense in L, (T). Now, by (i) for p = 1, the projection L;(T*®) — L,(TN)
given by f — fi is a contraction. Given f € L,(T*) and ¢ > 0, we can take g € UkLl(Tk) such that
llg — fll < &/3 and, by the previous coment, || fin1 — gnlli < €/3. Since gy — g in L;(T*), there exists
Ny € N such that ||g;n7 — gll; < /3 for every N > N;. Then, for every N > N, we have

vy = fll < Mlfivy = gl + llginy = gl + 119 = flh <&

It is only left to show (iii) for p = co. Given f € L,(T*), we have to show that (fiyj, -) = (f, -) pointwise
on L,;(T*). Using (iii) for L,;(T*), this holds true on the dense subspace L (T%) of L,(T*), and using
(i) for L, (T), all functionals {f{yy, -) are uniformly bounded on L,(T*); that is, for every h € L,(T*),

[ivpy W< N f ol

Then, given h € L;(T*) and € > 0, we can take g € L,(T*) such that ||z — g||; < T Since (fin}, 9) —

(f, 9), there exists N, € N such that [( fiy; — f, g)| < &/2 for every N > N,. Then, for every N > N; we have

[Uinp o = (1 < [inp B = @l + (K b= 9)l + (i, 9) = (> 9)
< 2/Ifllllh = gl + Kfiny = fr 9 <& u

Proposition 41.  Given f € H,(T*) and N € N, we have the following:

(I) ﬁN] € Hoo(TN)f and ”ﬁN]Hoo < “f”oo’
(i) finy(@) = f(a) for every a € NY';
(i) finy = f in Hy,(T) in the w(L, L,)-topology.
Proof. Tt is a consequence of lemma 40 and the fact that H, (T*) is a closed subspace of L (T). [

Theorem 42. Let {C“}aeN(N) C C. The following are equivalent:
0

(i) there exists f € H,(T*) so that f(a) = c, for every a € ]NSN);

(i) for each N € N, there exists fy € H,(TN) so that fy(a) = c, for every a € NY satisfying
sup [|fulleo < 0.
NeN

Moreover, in this case |||l = supy [l/nlle-

Proof. Taking fy = fin) in proposition 41 immediately gives that (i) implies (ii) and sup,,_\ lI/nllec =
SUPyen [fivilleo < (1f lco-

Assume that (ii) holds, consider the sequence {fy}yen as @ bounded sequence in L (T*), and let K =
Sup o I1/nlleo- Using remark 15 we can find a subsequence {fy, }ren that o(Ly, L;)-converges to some

f € L (T™) with ||f]| < supy . lIfwll- Take now « € Z™ and find L > 1 such that a = (aj, ..., ¢, 0,0...)
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with o # 0, and some k; such that for all k > k, we have N, > L. As a consequence, we have f&k(a) = Cy
for all k > k,,, and therefore

cg ifae ]NQN),

Fa) = ~a qu = 1 -2 dw = lim fy, (@) =
flor= [ semaw=gim [ fy o = fim fy@= o T8

Finally, the uniqueness of the Fourier coeffients (proposition 35) shows that fy = fj5) and completes the
proof of the equivalence. [

We finally have at hand everything we need to prove the result we are aiming for.

Theorem 43. There exists a (unique) isometric isomorphism
R, 1 Hyo(T%) » Hy(B,)

so that c4(P.[f]) = f(«) for every f € H,(T®) and all « € ]N(()]N).

Proof. Our aim now is to define
Poo : Hoo(Too) - Hoo(Bco)r

satisfying our requests. First of all, given f € H,,(T*) we consider fy] € H_(TN) defined in (41), that
satisfies f(a) = ﬁN](a) for every « € NY. Theorem 29 provides us with gy = P[ finl € H_,(DN) satisfying

fin(@) = co(gn) for all @ € NY and ||gnllee = [lfingllo < [1f]lco- Now, for each a € N we consider
¢y = f(a) and, by theorem 29, the family {ca}rerN(JN) satisfies (10) and (11). Then, by theorem 39, we can
0

find g € Hy(B,) with f(a) = c,(g) for all« € Ny and [|g]|e < ||f]lso- In this way, B is well defined and a
contraction.

Conversely, given g € H,,(B,,), define for each N the function gy € H,,(Dy) as the restriction of g to the
first N variables. Then, again using theorem 29, look at fy = By ![gn] € He(TY). Considering this time
¢y = cq(g) foreach o € ]N(()]N) and using theorem 42 we obtain f € H,,(T*) with ||f|| < ||9lle- Finally, the

uniqueness of the Fourier coeffients shows that fiy; = fy for every N and, therefore, B[ f] = g. (]
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